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Abstract. \Ve gi\'c au c<¡uation desrribing the el{'etrie current stream-
lilws 011 the surfacf' of a sphere that generate a magnctic field which
cOlllaius a siugle multipolc compollent. The cquatioll shows how to
willd a coil ill.order to produce a pUfe multipolc ficld and helps to
gi\"e an intuiti\"c grasp of how well existing atomic traps approximate
multipoles.

PACS: 32.80.p; 32.90.+a

1. Introduction

Que subject tilat ha.~ attracíed much aUentioll recentt)' is the trapping of neutral
atoms. Thc traps can be loosel)' grouped ¡nto 1\\10 categoriesj optical traps [1] that
use countcr-propagating laser heams to conl and/or confine lhe atoms, and magnetic
traps [2--:1] tilat use static magnetic ficlds to hold lhe atoms. \Ve concentrate here
on the lalter c<l5e.Various trap configurations of experimental interest are shown
in Fig. l.

In a recent paper 15) it was shown how to cxpress an arbitrar)' current density,
confined OIl thc surface of a sphere, as multipolar expallsion in terrns of vector
sphcrical harmonics. The magnctic field produced could then be expanded in a
similar fornl. The expansion is proposed in order to facilitatc thc analysis of the
fields, the sources and finally the possiblc trajectories oC the trapped particles.

Such a multipole cxpansioll has the advantagc that it has a straightforward
physical interpretation. !\.10st traps are constructcd out of basic components that
correspond closely to one or other mllltipole component. As a first attempt, at
gain:ng an intuitive understanding oC the lTIotionof atoms in magnetic traps, it sccms
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FIGURE 1. Various configuratiotls of ll1<\gllf't.ictraps for neutral atollls; a) quadrupole, h) octupolt>
and e) hybr-id, which is a mixture of a uniform axial field, and octupole "ud a trans\usf'
quadrupole.

reasonable to ealculate the orbit of an atorn moving in a pure, single component
mllltipolc field.

In the present paper we find eqllations for the uniqllc single eIedric current
strcamlines corresponding to a single Illultipole cOlllponcnt.. Thcse f'quations teach
us how to wind a coil 00 tile surface of a sphcrc in order to produce apure rnultipole
of any order. By inspection of the streallllincs it bccotn(.s d('al' hm•...closely particular
experimental setups approxil1lalf~ 1I11lltipole fields.

2. Streamlines

In Reí. [5] it wa.."sho,,~'n tllat an arhitrary current dist.l'iblltion Oll the surface of a
spherc can be represented a,s

(1 )

where r is the point at which we are ohserving the current, a is the radius of tile
spherc, T! is the position whcrc the ClIfff'llts are, )?>.¡I are the sphcrical harrnonic~

contrihuting with intensity f{ >.¡ll and ¡is Ihe usual angular lTlorncotum operator,
¡== -irx V. After applying Maxwcll ('qllations t.o (1) 01\(' obtains the corrcsponding
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FIGURE 2. Projection of sorne of ¡he st.rearnlines 011 the surfacc of the sphere generated by
1',,(0,.) = c.

magnetic field::;,
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[".\(.\ + I)YA,,(F) _ il' X Ih,,(r)(1 + .\l], (2b)
L (2.\ + I)e aAA,.

Not.e lhe conlillltity of tile normal componcnts of the Illagnctic field in passing from
one side t.o lhe other of thc spherical surface, and the discontinuity of the tangential
componcllts,

(3)

thal are proport.ional and transvcrse 1.0 lhe multipolc componcnt corrcsponding to
the surface currcnl Eq. (1).

Thcse equatiolls, in principie, can be used both in lhe analysis and synthesis of
a givcn rnagnelic field configuralioll frorn an electrie ClllTCnt.dist.ribut.ion restricled
to the surface of a sphere.

In practice, howevcr, sincc currcnt di)oltriblllions are gcnerated windings of con-
ductors, it is more useful lo kno\\' the palh traccd out by a givcn currcnt elerncnt or
charge carricr. Thc!'.e paths are t.hcn tll!' curves that the ronduclors in the winding
should follow. The winding dcnsil.y is c1('<Hlygiven by 1.11 for uniform conductors.



234 A. Góngom- T. nnd R.C. Stuart

al

bl

FIGURE 3. Typical streamlines 011 the surface of a sphere: a) gt'nNated by Y22(O,';) ; c. b) By
Y:w(O,é); c. e) Shows the experimf'ntal set 111' for a qlladrupole trap with 2 coils at
::1:450 and currents f10wing in oppositc direclions. Tlit' dorninant component for this
trap is Y20.

The family of currcnl streamlilH.'S wil! he Jcscrilwd hy an equalion of the form

!J(O,,p)=c,

where e is sorne cOllstanl. Difff'rcnt valuf's for (~yi('ld different streamlines. 11lC
veclor field represenling the e1eclric currcnl dellsity is evcrywhere tangcnl to lhe
slreamlines and hence

9fl(O,,p) J(i') = O (.J)

Por a general] lhe sollltioll lo this differenlial equalioll IIlllst be found nUIllcrically
but for J(i) = -ii\\JI it can be solved ana.lytically and exactly using slandard
techniqucs and assuming a separable solutioll of tIJe form e(O)<I>(~). Afler some
work this gives

(6)
Since this result is no\\' to be t1scd in Ec¡. (.1), the conslant of proportionality is
unimportant. The complete family of str('amlill(,~ i~ cOllstructcd by allowing e to
vary over its full rauge.

Consider the particular case of the streamlillcs tllat gellerate the pure quadrupole
componcnt correspollding lo Y22(f) in Eqs. (2a) ¡Ulc\ (:!h). The spherical harmonic,
}"22 (O, t:f¡) = sin2 Ocxp2iq. and tIJe currcnl dellsity is givclI hy Eq. (1). The current
streamlines found using Eq. (6) are showll fOI"this casc, for variolls valucs of e, in
Fig. (2). Note that cach value of e yiclds two discolllle<:lcd streamlincs bccausc hcrc
Eq. (6) is 01 secono oroer.
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FIGURE 4. A possible trajectory for a jO ud, carbon atom ronfined in al T quadrupole magnetic
trap. 80th scales are in centinll'lers.

In Fig. (3a) \\'e show the streamlincs of Fig. (2) on the surfacc of the spherc.
Fig. (:lb) shows stn'illlllincs gcnerated by thc cqllatioll }1'20. Fig. (:le) shows the
expcrimcntal sct up for a quadrupolc t.rap that has as its dmninant componcnt
the sphcrical harrnollic }1'20. Note howevcr that the trilp has a diffcrent currcnt
distribution than that for a purc }'2o and therefore cOlltains other sphcrical harmonic
componcnts.

It has rccently become possiblc to caiclllate, by computer silIllllation, the orbit
of a neutral atorn \\'ithin a rnagnetic trap. An examplc of a possiblc orbit deseribcd
by a carbon atom in a 1 Tesla quadrupolc trap \.....ith initial tempcrattlfc 70 mK, is
shown in Fig. (4). Furthcr details of this aspect \ViIIbe gi\'en in a later publication
ReL [61.
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Resumen. Se obtiene una ecuación que describe las líneac; de flujo de
corriente en la superficie de una l'sf£'ra las cuales generan un campo
magnético que contiell{' ulla sola componente mllltipolar. La ecuación
muestra cómo enrollar un alambre para producir un campo multipolar
puro y ayuda a dar un entendimiento intuitivo de que tan buena es la
aproximación de las trampas atómicas existentes a mllltipolos.




