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Abstract. Tite grolllld statl' enerp;y, tlle pressure alld the sound veloc-
ity are ralculatpd frolll first-principles for a wide rauge of densities in
fluid Spill-pola.riz{'d atolllic hydrog(,ll. We emplo)' Quantum Thermody-
Ilamir. Pertnrh"tioll Theory (QTPT). wilcl'chy t1le íntcrpartic1t' attrac-
tioll is the perturh¡ttioll, with two p"ir-potclltials for the spin-polarizeu
statc, the LC'IIIl¡¡nl.,Jones alld Kolos- Wolniewicz forrns. EIlC'r,l!Scaicula-
tions reported in thf' literature agrf'e with 0111'5in thc regime 01"\'ery
low dellsity. and for Iti~her densitie~ mil' caIc-ulatiolls are below tite ..•.ari.
atiollal Ol1es,

PACS: 67.65.+zj 67.40.Kh; 05.30 ..Jp

1. lntroduction

During the past fiftccn years. the possihility of prodll('illg hulk eiectroll-spill"polar-
ized atornic hydrogell at opt.illlum ("oJlditions of dCllsily aud t.empcraturc in order to
observe Bosf:'-EillstC'in (BE) C'OJldensatioll, has ("aptllrl'd the interest of both tlwol'ists
and experilflt'lltalists, who havl' t.ried to predict illld ()bSI~rVe t.he propt'rties 01' this
1Il~\VqualltullI systelIl. At very lo\\' tt'lIlp{'rature, it has bt't'll possible lo produce and
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FIGURE 1. Lennard-Jones (LJ) and Kolos-\\'olnicwiez (KW) potentials between two hydrogen
atoms in lhe triplet electronie state. Inset; The interaelion in lhe sillglet and triplet
e1eelronie states of hydrogen compared with lhal of 1\\'0 helium alomo;.

store atomie hydrogcll by introdueing it inlo a magnelie field of the order of 10 T
(tesla). In lhis way, pairs of atoms are foreed to interact via the spin-polarized state
J~t instead of the singlet lE: spin state. the latter Pi being unstable and thus not
leadillg to recombiui\tion iuto molecular H2. The rapid three-body recombinatioll
of hydrogcll I>oth in tile bulk gas, and particularly when adsorbed 011 the confinillg
heliulll slII'faces, have llllfol'tunately limited the dellsity thusfal' acilt'ivcd to "-' 5 X

1018 cm-:I and hc,\Íed tile gas above the BE critical temperature '1~(in the limit
of weakly-interacting bosons Te = :~.3Ih2p~/(mk) = 7.1 mK at a density of p ~
1019 cm-J) [2J.

The grollnd-state properties of atornic hydrogcn have been calculated using a
wide variety of variational methods [3-5] as a fi1'st stcp to undersland this system.
In these calculations. it is gene rally assumed that pair interaction is the JEt ato mie
triplet potcntial, Fig. l. At best, the ealculated energies -exact in the low-density
regime- represent upper bounds to the exaet energy.

In this \\'ork, we report the enCl'gy per atom, the pressure and tile sound velocity,
as functions of the particle density p, for the ground stale spin-polarized atomic
hydrogcn. \Ve use the Quantum Thc1'modynamie Pcrturbation Thcory (QTPT) fL>"
cently developed [6] which has been stlccessful in the detennination of the g1'ound
state eTwrgy of 4 He since it reproduces lhe Green. FUllction-~lonte.Carlo (GFMC) [7]
results within the statistical e1'1'or5of the simulations.

In Seco 2 the QTI'T is briefty discusscd in a schematic way since detailed accounts
have been publisiled elsewhel'e {6,12.22). \Ve only diseuss the method appropriate
for a general bosonic systcm. In Sec. 3 we apply the QTPT to spin-polarized atomic
hydrogen (111) ano \Ve present om results. Seco <1 is devoted to conclusions.
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2. Quantum thermodynamic perturbation theory

\Vc start with the well-knowlI low-densily eXYlansion produced by quantum ficld
pcrturbation theory [8] for the ground state energy per hoson partjc1('

E 2'hh2pa[ 31 3:) '1]~(p); -- 1 + Gl(pa ), + G,(pa ) lu(pa ) + ... + O(pa) .
/" m

whcrc el ami C2 are thc pure numbers

(1 a)

128
CI=--¡.

¡'5~,
(
4~ ¡)

G, ; 8 :¡-3' ,

m is the particle mass. which in this case gives

h
2

-' \'-; 48.133116 1\, .,
rn

p js the particle dcnsity, and a is the S-wa\'c scattcring lcngth assaciated with tile
assumed pair jnteraction. In general, a ma)' be eithcr pasitive ar ncgative. To avoid
imaginary tcrms in (la) whclI a < O, \Ve replacc a by its numerical expansioll in
powers of an appropriately dcfined "switching" parameter O ~ .\. ~ 1. associated
with the intensily of lile attractive part of the potcnlial,

(2)

Thence

a; ao + alA + a,A' +. ... ; ao (f "'A')
1=0

with Cti = a¡fao, i = 0,1, ... , oo.
Sub,tituting (3) iuto (la) leaves

1,' 2 h' 00" rr,,,, i
-V; --2 T ~Qiei(X).\.,
1 mao i=O

where x ; (pa!)! and

e,(x) ; 1 + G¡;X + G"x'lu(x') + O(x').

(1 b)

(4 )

We now have a pUl'ely real cxpl'cssion for lhe cncrgy. cven fol' .\. largc cnough
SO tbat a is negative. In (4) lhe dimensionless cocfficients C1i and C21 have been
deduced [9) for i ; 1,2, ... ,6 through the computer algebraic scheme MACSYMA [IOJ
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111terms of el, e2, al, a2, .... u6. Clearly. elO = el and e20 = e2. The new
expressioll (4) for the encrgy is a double series: it is irregular in the density p.
hut regular in thc attraetive intensity paramcter >., Although we have been able
to transform tl1(' original ellergy series so as to ha\'c real tcrms only, this is still a
lo\\' dcnsity expansiono Extrapolatioll of (lb) for 1l01l-Zero x and >. is undoubtedly
rcquir('d for to systcms like 111, Padé 11 1] and tailing [12] extrapolants wil! be
Ilsed herc. They have pro\'ed [n] eonsidcrably SlI(,(,l"'ssful in reproducing the concet
behavior of fUTlctiolls for \",'hich ol1ly the beginllillg of aTl expansion series is a\'ailable.

Further cxtrapolat.iolls fol' t.hc dCllsity gi\'c liS the (¡(;r) approxilllants for e¡(x),
with i = 1,2, .... 6, such that thc C'llcrgy per hoson, Eq. (1 b) will transform into

, 00
E 2rrf¡- '" iV = --') X L QI{¡(X).\ .
i mOa i=O

(5a)

\Ve limit ourscl\'es to 6th order in the POWCI" series for >.. The t.(l') win be dis-
t"lISSl'd furthcl'. For >. dilTcrcnt frolD zero, the C'xtrapolations are ealculated using
thc (,OlllIllOIl Pad(~ approximants. To do tltis we rC\\'I'it(, Eq. (5a) in the following
way

(5b)

w¡th n(.1') = ~ such that the respective A~Padé approxilllauts give a sequence(()fi)
of approxilIlallts 1.0 lile energy pc1' particle desigllilled by

E 21rh'.!.)-,r =' --, '--'o(x)[l,/Mj(-,), O::; /, + M ::; 6_
I mao

(6)

The pair interaclioll potential F(7") between particlcs is separated into attrac-
tive alld repulsi\'c parts within the Cla..<;sical Thcrmodynamie Perturbation Seheme
aecording lo Barker & Ilendel'son (BII) [1--11 aud \Vceks, Chandler & Andersen
(WCA) [151, rcspeclively as

0(0 - ,)1'(,-) + -'0(,- - 0)1'('-),

0(,,,, - ,-)(V(,-) + ,) + -'(0(, - '''')V(,) - ,0(,-", - 'o),

(BII)

(\VCA)

(i)
(8)

with O'::; .\ ::; 1 (Fig. 2). In otIle!' words, fol' a I.J potl'ulial t.lal' (BU) d('colllposition
is at tlle zcro uf the pott'lItial, namely <7, while tlle (\VeA) splitting is at lhe zero of
tite corrcspolluillg force -dV(r)/([¡', nalllely at 1'", = 21/6<7, which is tlle minilllum
of the polcntial. It has been argucd [16] thal Eq. (7) is <tppropriate for describing
dilute g<L'ieswhil!' Ec¡. (8) is more appropriate for dl'use liquids.
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FIGURE 2. Barker-lIenderson (Sil) and Wl'eks-Chandler-AnJersen (weA) decomposition of the
potential V(,.).

As in the earlicr c1assical sluoi('s [l.',}.j], lhe firsl stcp consisls in an accurate
lrcalmenl of lhe purely repulsive fluid. In lhe low-dcllsily limil this is described by
Eq. (lb) with ,\ ; O, namely,

eo(x) ; 1 + G¡I + G2I'In x' + O(x').

(9a)

(9b)

For identical hard sphcres, ao is jl1st lile sphere diameter, and all possible Padé~like
approximants toCr) lo the series "o(.r) 01 Eq. (9b) have heen studicd [17,191. Thc
fO(X)'S are definclf so that fO(.r) - cn(x) = O(x2), if a valuc for the coeflicicnt of the
unknowIl terrn, say C30x2, is assullled. Of the twelve such cxtrapolants to eo(x), only
two possess acccptable global fits to the boson hard sphere GFMC data [18J, each
with just OIle adjustable constant C:IO. Both forms tllm out to be a.lmost coincioeIlt
with eaeh other from low to moderiltc c1f'llsities (ph.vsical, e.g., equilibriul'Il liquid
411e, or fluid spill-pol<l,rizcd atolllic hydrogcn, 01' alph.\ llIatter, cte.), as well as with
the GFMC calculations; they begill diffcring al highcr densities. Of the two forms, the
approximate having the smallest IC<lst-llwiw-sqllan'-fit vahw w¡th the four available
GFMC data poillts, turns out to he [1!J1

(0(."); (1 .c ~c_G_¡cc_. ) l
1 - '\f .•.(lll.,' + [G30 - :¡Ci/'II/(2G,))

( 10)

whiel! gave C30 ;:: '2.S.11O:i 0.~S7 and a standard deviatioll 01"0.0051 fOI"tite fi1.
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The form (10) when expatlded for small ,1' reproduc('s (9.b). It clearly possesses a
second~order pole at x == 0.7245 :f: 0.00.15.

Since ao of Eq. (9b) scales togethcr with the density p as :r == (pao)~, at low
enough densities a fluid of 50ft sphercs with an S-wavc scattcl'ing length ao should
behave likc a fluid of rigid spheres of diameter Qo. The qucstion is whether this
equivalence persists at higher dellsities, or nearly so. The ans\\'er appeal's lo be
"yes", even lo lhe extellL of postulating that, fm aH practical plll'poses, a fluid
of soft spheres described by potcntials like (7) 01' (8) with ). = O will possess a
finitc, ultimate density value at which the systcm energy-pcr-pal'tic!e is essentially
infinite. A real divergencc dcfinitely occurs for a c1assical hard sphere fluid, where
tile ultimate density might just be tIJe random-c!ose-packing (01' Bernal, x B) density
empil'ically found, in cxperimellts [I9] with ball~bearings, for example, to occur
at a packing fraction very c!ose (to within four digits) to 2/7r ;; 0.6366, 01' at a
dcnsity of about 86% of t.lte onlcl"ed "primitive hexagonal" (c1oscst) packing value

I
of ¡Jo == 2'1/c3, whcl'c e is the rigid sphcre diamctcr. The Bernal dcnsity for bosoll
hal'd sphcres, as predicted by (JO), is only about :37% of Po, a rcduction perhaps
aLtributablc to symfllctry and <¡uantuJn effects.

'1'0 incorporate thc i-th orJcr perturbation corrcctiolls, we collstruct aH possible
Padé-like approximants li(~') such that l¡(J~) - c¡(r) = O(x2), where the ei(~')
(i = 112, ... ,6) are tIJe two-termcd series in Eq. (.1). One arri \'es at fom distinct
fonll:;, cach of which upon cxpansioll for small x givc back Eq. (4). Thcse are

i) 1+ Clix/(l - C'i,T In ;•.' /C'¡,),

iii) (1 + C"x'ln x')/( 1 - CliX), and

iv) (l + Clix)/(l- C"x'lnx'),

'rhe density behavior within lhe physical intervalO;S p;S f'B of cach fonTI is con-
strained by the following conditions: 1) Sincc the pcrturhation potential is negative,
both first- and second.order perturbations to the encrgy must [17) be non-positive
throughout the density interva!. 2) The first-ordcr contl'ibutioll, moreovel', must
c1early increase monotonically in p. 3) In every order, the contribution must be
fillite; spccifically, t¡(x) fonns with vanishing denomillators in O;S.T ~XB = (PBa~)
are imrnediately discar<i('{1.The ahoye constraints are rigorous; additional condi-
tions call be imposed on physical grounds as follows: .1) Classical thcrmodynamic
perturbatioll theory [28,29] suggests tha.t fl(XB) == COlIstant, and f¡(XB) ;; O, for
i 2: 2, namel)' good Stcll.Penrose behaviour. 5) Throughollt the physical regioo,
<,(x) > <'+I(X),
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3. Results and discussion

\Ve have considcred 1wo pair ill1eraction po1en1iaJs lH'tween hydrogell a10ms in 1he
spin-polarized triplct state 3~t: Lennarti-Jones (LJ), with parametcrs (J = :3.689 A
and , = 6.464 K from Re!. [24), aJl(I Kolos-Wolsnicwiez ("IV) [251. Fig. 1 dcpiclS
1hcsc p01entials and Fig. 2 displa.ys t\\'o ways oC dccomposing 1hem. For eithcr
decomposition -( 811) and (\VeA)- A cxpansion coefficicII1s oC (:l) have becn cal-
cula1ed [24,25] up to 14-th order using doublc precision for 1hcse potclltials. The al
valucs to sixth order are givcll in Table 1 in angstrurn ullits. Applying the selection
critcria melltioned at the ('lid oC S('c. 2, the optimal approximallts l¡(X) to (4) are,
for orders 1 through 6, the fonns i,i,i,ii,ii and ii, dS defincd in SeCo2 respectivcly,
for cither iuteraction and splittillg, we llave summarized the analysis in Tables llI,
where the optimal approximants are marked with asterisks allJ thcir coefficients eh
alld C2¡, i = 1, ... ,6, are listc(! in Table 11. \.Vedispla.y in Fig. 3 these forms fuI' I";:W

(BII) case, anJ compare against tlle repulsive sphcrc zcro~order cxtrapolant la(X).
Note from Fig. 3 that l¡(.C) incrcascs in p. lIenre, the fil'st-ordcr energy-per-

particle in the prescnt (soft-sphere-fiuid-based) perturbatioll schetne is El/N ==
(2¡rh2 /m )pal ldpa~) ~. whcre (11 < O. This EI/N will dccrease Caster in p than the
familiar ¡8), exact first-order (idl'al-gas-hased) perturbatioll contriblltion -2r.pVoH3

for purcly attractive bosolls inl('rading with a rectangular well of depth - Va and
range R. In second order. we have F:2/N == (2r.h2 /m)pa2{2(pa~)~ again with a2 < O.
Since t2(X) in Fig. 3 is cssentially ,onstant in x, E2/N decreases linearly in p,
just as <loes the exacl [2i] s(,colld-ord('r result -(4¡r/15)pVo2 U5 fol' rcctangular-.well
bOSOllSin tIJe ideal-gas-hascd perturhatioll theory. This kind of cOl1lparison canllot
be continued since tJI(' exitct reslllts are wcll-kllOWIl[8] t,o divcrgc for bosons, order
by lorder, as of third-ol'dcr. lH',ause tbe unperturbed rcfercllcc, zero-order state is
the ZCr\HIlolIlcntlltn, planc wave (ideal Bose gas) statc. On the othcr hand, our
soft-sphere-flllid-based pCl'turbation result as of third order is not ollly finite hut
also is ver)' close in behavior to tllat l'xpected Crom the exactness [28.29] of the
flrst-order thermodYllitmic perturbatioll theo1')' i\.S olle approaclws c10se packing.
ni\ltwly, ll(In) 2:0, for i ==2,:L ....

'fhe energies per particle in Eq. (6), with e¡(J') rcplaccd by li(r). Padé-extra-
polated in A, have such rapid collvergcnce that aH the sixth.orcler (L + Al = 6) Padé
approximants deviatcd ¡ittll' frolll the 16/0l curve fOl"each interactioll. In Fig. " we
display Eq. (6) as givell by lhe approximallls [L/O]' 1, = n, ... ,6. (o) refer lo lhe
variational calculation of Ud. 5. The insets are t\\'o alllplificatiolls. Fig . .) shows a
very large amplificatioll oC aH t"(~ :sixth-order Padó approxima.nts to the clwrgy for
¡';W (BU) intcraction, a:swell as ti\(' fifth-ordel' rcsult [5/0]. For LILesake of simplicity.
we adopt the Padé [G/O}, as our cOll\"t'rgcd equatioll of state. nalllely

E' '!.¡rh'! ')-v (1') = -, .r-'0(.r)[6/0](.I).
1 mao

(11 )
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"H \VCA

i a,(Á) a,(Á)
O 2.84129547 2.882743
1 -1.50783058 -1.507586
2 -0476483648 -0.491292

LJ 3 -0.170703769 -0.183180
4 - 0.0619603782 -0.069353
5 -0.0225296216 -0.026318
6 -0.00819H821 -0.009991
O 2.72895857 2.787960
1 -1.35925915 -1.364790
2 -0.427170825 -0.441966

K\V 3 -0.149354116 -0.162605
4 -0.0527374815 -0.060640
5 -0.0186443233 -0.022657
6 -0.00659229887 -0.008468

TAHLE 1. Expallsion coefficients a. (iJl t units) for the scattering length a, as defined in Eq. (3),
for the Lenllard~Jones and KoJos-Wolniewicz potentials decompQ!;cd according Lo the
tlll and \VCA lIlcthods.

Gji 1 2 3 4 5 6
1 12.03605 -3123486 -10.96471 -15.54253 -16.44992 -12.76649

llll 2 78.61566 -119.4189 -75.17803 21.0166 133.4027 2245247
LJ

I 12.03605 -2.450462 -9.900332 -14.4709 -15.90874 -13.50609
\VeA 2 78.61566 -1l0.627 -75.23029 6.303165 105.2795 191.7065

1 1203605 -2.271039 -1028664 -15.20743 -16.62314 -13.68629
BIl 2 78.61566 -108.2831 -79.86681 7.758237 118.0404 214.0963

KW

1 1203605 -1.609827 -8.959857 -1371298 -15.64701 -14.16162
WeA ~ ;8.61560 -99.()15.13 -;7.0681 -7.186953 84.0:!801 169.7419

TABLE 11. Coefficicnts Gji j = 1,2, i = 1.... ,6. oC the optimum approximants (¡(x) for the
Lelluard-Joncs and Kolos-Wollliewicz pOlentials. decomposed according to lhe BH and
\VCA methods.
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KW (BII)

Fonn Appro .•;mllllt " " " " " "
o 1 + Klr+¡'''~E~lnE2 "P bSPb bSPb "SPb "SPb bSl'b

K, ~ bSPb f'~...~~ poI •• al, 1+ . r _ .01
I+K f1,',~ln%'l

, p''..'.e al p~!'at . . ." I_K¡~_h'~~'lln~5 nm, E ,07 E .05

iii I+K,~'ln~2
'P "SPb bSPb bSPb bSl'b bSl'b, o,.

H K,~
poi!' al po •• al

bSPb bSPb bSPb,. 1_1\~%1¡h %5 'ln•• E _ ,07 E .04

KW (\VCA)

Form Approx;m",n¡ " " " " " o,

O 1+ /\'Ir + '''-2x21I1x2 l'p bSP" "Sl'b bSPb "SI'b bSI'"

J', %

pole 1\( p"le ",l, 1 + 1+1'2/I,,%ln%J
. . . bSl'b E = .05 E =.01

, poi" ",t poi!' al .,; , 1\1%_I,p51"%J nln, E .05 E .04 .
'"

1+''''2%'ln~~
'P bSP" "SPb bSPb bS/'b bSl'b, k, %

1+ "1 %
pole <11 pole at

bSP" b5P" "S/'b" I_I,,,.'llt, ~j "m' .' .05 x ~ ,03

LJ (8H)

Fonn Al'l,n, .•;",,,,,t " " " '. " "
O 1+ ¡';¡x + 1\'lx2Inx2 'P bSI''' "SPb bSPb "Sl'b bSP"

1 + 1'1 ~
pole al pole ,,1,

l+h'11"'¡.ln.1
. "SPb x .02 • 01

, poi,:, at , pole at

" , 1\"_""1.5In%J nml x = .05 x =.1 . .

'"
,+ 1\,.'ln.~

'P bSPb bSPb bSPb bSPb bSI'b1_1" %

1+ 1\,. pole al pole al
bSP" bSP" "51'b" 1_1\,.1ln.J lln" x = .04 x = .on

LJ (WCA)

Fonn ApprOlclrnll.ul " " " " " "
O 1 + ""IX + 1\"2x21ux2 "P bSl'b bSPb "SP" "Sl'b "SI'"

1\¡ % "SPb
pole al pole ••1

o 1+ 1,;,/\,1/\,%1" .5 . . . r .02 X .01

, p<,le at pole "t
,;

1-1". 1".1 In ~J '1"" I .05 X _.1 .
'"

I.;.h',.'ln~'

" bSI'b "Sl'b bSI'b bS"b bS/'b1-/" •

1+1". pole al pole ,,1
bSI'b bSl'b bSI'b" 1_h"~¡5In.1 'Iml r = .04 r =.06

TABLE 1If. Summari ••" {rom the d"llsity ser;••••<lna.!)'seslo d!'lermine the opt;mmn AJ>proxim./Ulh!,(;r), which are
nllU"ked wilh AIIleri"h, ro,- the l...,nnard.Jones ••.••d Kolo<>.\Volnie •.•.ia pol"ntial". decomp •••.•••<.I accordiug
10 th ••811 "ud WCA ITl"lhod". Abbr"v;Illions \~~,:,d.vp:;;o violl\l<"s p<'sitivily; "mi:;;O non ",onololucally
;ncreui"A: "SPb:;;o b"d Sldl,P"'l7""" l,.,h"v;or.
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HI E,(i)

KW(BH)

E2(i)

E4(ii)
E3(i)

O
E5( i i) 05 0.8 X
E6(ii)

FIGUItE 3. Optimum approximallt.s (¡(r), j :::; 1, ... , ti from the analysi.s ror the KW potential
with the decompositioll a("C"OTdingtite HII JIIdhoJ. TIt(, Toman nUlllber in parcllthesis
indicates the forlrl of tile approximant lJst'd alllollg the four defilJcd ill Seco :l. Al.so
displayed i.s tht' approxilllallt (o(J:) for tlw t'Ilt'rgy of the hard spht>re fluid Eq. (10).

In Fig. 6 wc silow tiJis cllt~rg'y for CéIChilll.eractioll illId splittillg within the dt'llsity
range [1 to 100] X 10-" :\-:1 . ..-\Iso slJOwll are tile rcsu!ts frulil st:'\'cral \'ariatiollal
cakulatiofls, as illdicatcd, Fig. 7 illusl.riltL's tht'st~ r(,slllts jn tlw dCllsity rallge [1 to
20J x 10-

4 A -3. At such lo\\' densitics uur l'esulb agn-e \"t'ry Wt'lI with aH \'ariatiollal
calculatiolls reported in tile literatllrc. At higher d(,llsitit's our l'('sults are bduw
thesc gi\'en by i\liJler & Nosallow (M&N) and variational ~1011k CarIo (MC). Similar
calculations [6] with the QTI'T fol' thl' ,1I[e liquid system agree \vith Grt--ell Function
Monte Cario (GF'MC) calculatiolls witbin tile statistical erro!,s of thc simulatioll.
It would be very good to have experimental results to compare with. For thesc
densities the illlportancc of tile repulsive part of the potcntial is Wt,1J kllown, lu our
case, as the hard spherc djameter illcr('(lses, the clIcrgy per boson for a given density
illcreascs too.

The pressure P(p) and the soun<l \.elocity v¡¡(p) for
of the density are obtailled from Eq. (11) through the
rclations

the system, as a fUlIctioll
foJlowing thermodynarnic

P( ) ~ ,dW(p)/N]
l' l' dI' ,

d[I'({»]

dI'

(12)

(1 J)

The derivatives were performed with the mmputer algebraic program
HEDueE [:lO].
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FIGURE 4. Convergence oC Padé approxilll3nts [1./0], L = 1, ... ,6, for Lhe cllergy per hydrogen
a10m as a fUllctioll of Jensity, for lile KW pOlential ami lhe HtI decomposition. The (o)
are lhe results for Miller & Nosanow for lhe same system and potential. Inset: Three
different amplificatiolls.

2627

E/N

2.626
50

H¡
KW(BH)

50.005

F[(iUllE 5. Amplificatioll of Padé approxilllitllts of 6th arder fot tll(' cllergy per hydrogcn atom for
lhe KW interactioll with HII decompositioll. TI\l' strip 011which all these approxilllants
(al! is only '" 0.2 lllK.

Our results [or the pressure are shown in Figs. 8 ami D.anJ fOI" tite sound vclocity
givcn in Figs. 10 ami 11, fOI" densiti("s within the sanw ranges in which the encrgy
E/N \••..as givcll. In thcse figures \Ve also sho\\' the rcsults for lhe few existent other
calculations. In Fig. 11 the crOSSL'Sdenote results of Lantto & Nieminen for the KW
polClltial. In Fig. 8 we do Ilot ohserve the fluid-salid phasc trallsilion predicted in
Rd. [24) al a deosily of p = 6.5cm] /mole = 92.6 x 10-.' A -.1 alld a pressure uf lhe



Zero-lemperuture propatifs o/ a spin-polariud atomic hyd'YJgcn jltJid 305

5

a L-J,MIIlN
ll. II-W,R!lL
o l(-W,M81N
)( II-W,L60N
• l(-W,MC

•o
o

--L-J(\lICAl
~L-JltHil
/,'-l(-WlWCA)

'-l('\lI(8-Hl

HI

o

-5

50
, ,

P X 104 (A-3) 100

FIGURE 6. Lncrgy curves per hydrogen atorn for LJ and KW potentials, decomposed according to
the HU and WCA methods. (O) Variational results of MilIer &. Nosanow for the LJ

potential; (o) salllc for the KW potential; (~) variational results of Histig &. Lam [3}
for tJ¡e KW potcntial; (x) results of Lantto &. Nieminen {3] for K\••..pOlential; (.) results
of Etters, Dallilowicz and Palmer [4J with a variational Monte Carlo mcthod for KW
potcnlial data lit lo a Morse poten ti al formo

HI

EIN
"K

0.5

o

o LJ,MBoN
.KW,MC
6 KW,R6.L
o KW,MBoN
• KW,LfIr,N

'0

•
o

20

FIGURE 7. Sallle as Fig. 6 but alllplificated in scaJe.

arder of P ;;;;;50 atm_ This may be a limitatiolJ in our calculatioIls. Nevertheless,
(rom the sallle figmc we can ohserve that at this density the systcm is at a pressure
of 21..1,24.8, 2i.i or 31.1 atlIl, depending on \vbether the interaction is l\W (BII),
l\W (weA), LJ (BU) or LJ (\VeA). In the same wa)', in arder to obtain a prcssure of
50 atm with (12), densities .010265 .. 01056, .01090 or .01136 Á -3. respectively, are
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30

P(P)

Atm

15

o

HI

• KW,MC
t> KW,RaL
• KW,LaN

50 PXIO'(f,;') '00

FrGL:ItE 8 Pres:;urc curve:> as a ftlllctiolL oC tile dcnsity, El.{.(I:.!) foc LJ and I~\\" potclltials dccolll-
posed accorJillg lo liJe tUi alld \VeA methods. (.:i.) rcsults of Ristig & Lam [31 fUf lhe
KW poten ti al; (x) rcsults of Lantta &: Niemincn (3] fOT the K\V potential; (.) results
oC Etters, Danilowicz aud Palmer [1] w¡th a variational1\lonte Cario method for KW
data fit lO a ~1orse potclltial formo

KW(BH),LJ(WCA)

KW(WCA)_ I_LJ(BHl0.2

P(P)
Atm

0.1

o

HI

• KW,MC
t:. KW,Re.L
• KW. LlloN

,o PX10'( A~) 20

FIGURE 9. Same as Fig 8 but alllplilied in scalc.

Ilccessary depending on the intcraction uscd, n311lely LJ (weA), LJ (UII), KW (\VCA)
or KIV (fin).

4. Conclusions

The low-density (ideal.gas.based) series rol' the ground-state energy of a many.hosoll
system oC particies is rearranged by computer algebra iuto a double.series. The
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800

',(PI
mis

400

o

200
Vs(P)
mis

HI

so PXIO'( /(') 100

KW{WCA)
,¿ KW(BH)

100

O 10 PXIO'('\:') 20

FIGURE 11. Same as Fig. 10 hut amp[ified in scale. The cross('s denote results of Lantto el¿ Nicm.
¡nen [3] for 1,\\' potential.

two variables are density and coupling strength of tite ¡l.ttractive potential of the
pair.interaction. Thus. in analogy to the c1assical Cé\~e, ( .,'-' lieals with a quantum
thermodynarnic perturbation theory QTPT in which the lInpturhed fluid is not the
ideal gas hut the fluid of hard- (01' soft-) spheres, arlti ill \'::I:C:I ilCh order correction
to this ref('rence fluid is itsdf a "Iow.d('llsity cxpn'ssioll". The 1¡I'Il'r S('t of series are
cxtrapolateJ lo higher (i.e., physical) densities thl'ough Padé f.t'eblliques.

Que results agree at ver)' low.d(,Tlsities with aH variational ca!Cuiations carri,.,j
out 011 this bosonic fluid, and at highcr ocnsiti('s lie cverywhel'l' 1""10\'/ in erJ('rgy
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as expected. The method should be accurate, in principlc. to dcnsities high enough
that the \'ariational dcscriptiotls will break clown.
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Resumen. A partir de primeros principios, se calcula la energía del
estado base, la presión y la velocidad del sonido dentro de un intervalo
amplio de densidades, para ('1 fluido de átomos de hidrógeno COIl espines
polarizados. Empleamos la Teoría de Perturbaciones Termodinámica
Cuántica (QTPT), para la (ualla interacción entre las partículas es la
perturbación, con dos potenciales de pares para el estado de espines
polarizados: Leullard-Jones y Kolos- Wolniewicz. Los cálculos para la
energía reportados en la literatura coinciden con los nuestros en el
régimen de muy baja densidad y. para densidades más altas, nuestros
cálculos se encuentran por debajo de los variaciona1es.




