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Abstract. The classical Kepler's problem is generalized to n--d.imen-
sional Euclidean or pseudo-Euclidea.n (real or complex) spa.ce a.nd a
simple solution oí this generalization is gi"en for any n ~ 2.

PACS: 03.20.+i

1. Introduction

From the old works of Laplace, Runge and Lenz we know that thc classical (i.e.,
3-dimensional, Ncwtonian) Kepler's problem can be solved almost without integra-
tion (1,21.

The airo oC this note is:
i) to generalize the solution on n-dimensional (n ~ 2) Euclidean or pseudo-

Euclidean space.
ii) to show that the formal complex extension oC the problem also holds.
The generalization of the Kepler problem n-dimensional Euclidean space with n ~
2 is self-evident. The cases oC pseudo- Euclidean space or complex apace are less
obvious but as we show in our note they can be al50 considered, and the solution
of the Kepler's problem in these cases can be Cound in the analogous way as Cor
an Euclidean space (although sorne aspeds oC the complex case require Curther
analysis).

v..'e hope that our paper elucidate the role oC constants oC motion and especially
the role 01 the Laplace.Runge-Lenz vector in lhe Kepler's problem [1-41.

2. Sol"tion 01 the problem

Let xQ be coordinates, Pa-the canonicalIy conjugated linear momentumj a, b, ...
fun through 1,2, ... , n; the surnmational convention will apply. Let 9ab be a non-
singular, constant metric tensor with the inverse gGb. The latin indices will be ma-
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nipulated. by this metric in the usual manner. \Ve intend to study the motioo oC a
mechanical system oí the Hamiltoniao

(1 )

wbere JJ and .\ are sorne fixed constants. lo other words, we would like to find the
solutions oí the íollowing differential equations

d, &H 1,-x = -::: -p;
dt &p, l'

d &H I _,d¡P' = - &q' = -,\. (XIX) 'x,. (2)

(Remark: In the real case we assume xaxa > O).
We will now review the basic first integrals oC Eqs. (2). First oC a1l we have the

energy integral

&H dat = O => dt H = O => H = const.

Then defining the angular momentum tensor

one has

The nexl basic inlegral is lhe Laplace- Runge- Lenz vector [1-4 J

One easily shows lhal wilh (2) assumed

d
dtL, = O => L, = cons!.

FinaUy it is convenieot to introduce the vector

(3)

(4 )

(5 )

(6)

(7)

Ka = consto (8)

We can find sorne important relations between the integrals discussed aboye,

(9a)

(9b)
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La/(" = O, (ge)

KaL, - LaK, = L,L'Ja" (9d)

where J2 := ~JabJab,

Now the following relations

1, _1
-p -.\r = If = const.;
2"

where

( 10)

(11 )

irnply that the scalars (11) can be always parameterizL'd (along the trajectory) by
a single pararneter,

Using the explieit lorm 01 Ja, in the definitions 01 La, Ka (sce (6), (8)) we
rewrite these integrals in the form

/'a = (-1" + .\I,r-I )xa + spa,

Ka = (-.\"r-I")Xa + (.\/'" - J')Pa.

(12a)

(12b)

Treating (12a,b) as a pair of linear algcbraic equalions on xa, Pa wc fiod their
dcterminant to be

IThe first eqllality lollows lrom Eq. (10) alld the second Irom Eq. (9a)].
Thus a special silualion ariscs whcn La La =J. O, In lhis case (120, b) lead lo the

formulac

Xa = _1_,. [(.\1'" - J')La - "Ka],
1,,1,

Pa = _1_,. [(.\/'"-ls)La + (-1" + .\ltr-I)Ka],LbL

(14a)

(W)

Due to the relations (10), the formulac (Ha, b) rt'pres{,llt already a lrajcctory io
the phase space: La, /{a are constant v('ctors and thf' coefficients in (14a,b) depeod
00 one variable parametcr,

\Ve explore our solutioll in the case wberc the initial conditions are such that
not only LaLa t- Obut also)2 t- O. (This ('aSt' can 1)(' adlit'ved ir and only ir n 2: 2),
Then we define the constant vectors

:1 _1 b _ 1 ,
fa := -.1 (1.,/,) 'Aa. (l.';)
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From (9a, b, e) it follows that these dimensionless vectors satisfy the conditions

(16 )

I ,
ID lerms of e., e. (14a, b) read

where

(17a)

(17b)

XI := (L.L.)-l . (J' - .Il'r),

PI := -(L.L.)-!.I¡¡r-Is,

(18a)

Now applying (9a) and (10) one ftllds lhal lhe pairs XI, X, and PI, P, fulftl
the following quadratic relations

( )' [ ]'2// l. 1 21'1/,-- . X, - -_. (L.L)' - --X, =.1,
.1 2/d¡ J'

(19a)

(19b)

Discussing these relations it is convenient to work with the familiar parame-
le", [1,31

.1
a:= -2Jf' [

J' ]1 1 I
,:= 1 + 2/,// (.11')' = .11' . (L.L.)',

In tenns of these parameters (19a, b) reduce to

(Xl + <a)' xi----+ -1,a' a'(l _ ,')

pl + (p, - .I~')'= en'

(20)

(2Ia)

(21b)
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The Cormulae (21 u, b) suggest a specific parametrization

Xl + f:a = aoosu,

>'1' . </>PI = -7slO ,

, I
X, = a . (1 - , l' sin u

>'1" >'1'P, - J = TCos</>

(22a)

(22b)

with ti (the l<Ieccentric anornaly") and 4J (the l<Itrueanomaly") being new pararneters.
Then from (17a,b), (18a,b), (20) ~nd (22a) one finds

and

r = a. (1 - (COS u), I

S = (. (,\,uap sin u, (23)

[
I , I , ]xa=a. (cosu-()ec+(I-t )7sinuea ,

(
>'I')l [ sinu I (I-")lcosu,]Pa = - . ------e. + ------e •.
u l-tcosu l-(cosu

Similarly, using (17a, b), (18a, b), (20) and (22b) we have

(24a)

(24b)

and

r=
pi

1+ feos</>'
I I sin 4J

s=,'(>'¡'p)' </>1+(cos
(25)

I [ oos </> I sin </> ,]
Xa = p' ----e. + ----c. ,

1 + feOS</> I + feOS</>

(>'1') l [ . I , ]p.= 7 . -sm</>e.+(oos</>+,)e •.

(26a)

(26b)

OC course the coefficients at Ja, la in (24a, b) and (26a, b) must agree what leads
to four relations betwccn u and 4>. AH these relations are cquivalent to the one which
follows hy comparing expressions for r through u or </>(sc" (23) and (25))

1 - (2
1 - (COSU = ----o

1 +,oos</>

This on its turn can be written more syrnmetricalIy in the form

I U I 4>
(1 + ')'tan 2 = (1 - ,), lan 2'

(27)

(28)
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It remains to determine the dependence of u (or <1» on t. Substituting (24", b)
into !txa = ~Pa and comparing coefficients at Ja one obtains

which implies the Kepler's equation

,
(Jl~3) '2' t = u - (sin u

(the integration constant is so selected that u = O;;:}t = O).
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Resumen. El problema clásico de Kepler se generaliza a un espacio
euclideano o pseudo-cuclideano de n dimensiones (real o complejo) y se
aporta una solución simple de esta gencralización para cualquier n 2: 2.




