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Abstract. By using the method of a.djoint operators, the complete
solution to the Einstein vacuum field equations linearized about thc
Minkowski metric is expressed in terms of scalar potentials that satisf,y
the wave equation. 1'he mllltipole fields are then obtained from the
separable solutions of the wave equation in spherical coordinates and
the amplitude of each multipole is related to the energy-momentum
tensor of the sourees. 1'he gauge.invariant components of the multipole
fields are written in terms of thc spill-weighted sphericaJ harmollics
and the power radiated per unit solid angle by each multipole is also
obtained.

PACS: 04.30.+x

1. Introduction

The Einstein vacuurn field equations lincarized about the ~1inkowski metric possess
wavelike solutions, interpretable as gravitational radiation, analogous to the elec-
trornagnetic waves. The Iinearized Einstein equations are obtained from Einstein 's
equations by writing the metric of the space.time gap as the ;\1inkowski metric 'la/3
plus a srnall perturbation haP, keepillg only tite first-order terms in the perturbation
hap. In the standard approach [1,2], hy imposing suitable gauge conditions, the
linearized vacuum field equations are reduced to wave equations for each eartesian
cornponent of the perturbation hap; however, tiJe solutions to thcse wave equations
are not independent sinee they have to satisfy the imposed gauge conditions. Never-
thelcss, the main difficulty usually CJlcoulltcrcd in obtaining a multipole expansioll
for the gravitational radiatioll comes from the use of tensor spherieal harrnollics, for
which there exists a variety of rather cumbersoIJlc definitions and notations [3].

The aim of this paper is to give a very simple derivation of the multipole
expansion of the gravitational field, restricted to the linearized Einstein theory,
in which no gauge conditions are impose<l and where aB the expressions for the
metric perturbations arise in a natural way, without having to propase expansions
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in tensor spherical harmonics Cor the fields. In fact, most of this paper requires
only the elementar}' tensor Ilotation using cartesian coordinates. The derivation
presented here is based on the rncthod oC adjoint operators introduced by Wald [41
(see also [5}) which is applicable to systems of homogenoous linear equations. A
similar derivation Cor thc case oC the electromagnetic field has been given in Re£. (6].

In Seco2 the mcthod of adjoint operators is briefly surnmarized and sorne iden.
tities are obtained Crom the linearized Einstein theory which are used to find the
solutions to the linearized vacuum field equations. Two types of multipole fields are
then constructed which are analogous to the e1ectric and magnetic multipoles found
in electromagnetism. In Sec. 3 the amplitudes oC the multipoles generated from
localizcd sourees are given by mean s oC integrals of the energy-momcntum tensor oC
the sourees; the resulting expressions are equivalent to those Cound in Re£. [7] (..'lee
also Ref. [3i). In Seco 4 the components oC the curvature perturbation are written
in terms oC the spin-weighted spherical harmonics and the power radiated per unit
solid angle by tile gravitational waves is expressed in terms oC the amplitudes of the
multipoles. Throughout this article Greck indices run froIn Oto 3 and Latin índices
from 1 to 3 and on each repeated index the surnrnation convention applies. Indices
are raised and lowered by means oC the Minkowski metric.

2. Solution of the linearized vacuum f¡eld equations

Following Re£. [-tI the Einstein equations linearized about the Minkowski metric will
be written in the Corrn

with the linear partial differential operator £ given in cartesian coordinates by

[E(h,6 JI a~ ;o i{o' o,ha~ - 000' h,~ - o~o' h,a +OaO~(~,6 h,6)

+"a~o'o6h,6 - ~a~O'o,(~6'h6')},

where

represents a small deviation oC the metric gop from the Minkowski metric

('Ia~) = diag( -1, 1, 1, 1),

(1 )

(2)

(3)

(4)

80 == 8j8xo. fr == r¡oPap and To/1 is the energy.momentum tensor of the sources to
first order in the perturbation hopo
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In arder lo solve the linearized VaCUlIl1Ifidd ef¡uatiolls:

(''¡

by eornbining linearl)' the equations in (5) and tlH'ir partial d"rivati\'"s. WI' sball
derive d(~eoupled sea lar equations for certain lilll'ar cOlllbillatiou" \. (lf hu;J itnd il."
derivatives: '( = T(hoiJ). where 7 is a lillear partial dilr('l"t'ntial "I,'-¡ijtUr that lIlélpS
two-indcx tensor ficlds into scalar fi('lds. Tlw e(llIat ion sat.isfied by \ v.dl he writtt'lI
in the forlll

0(\) = o.

.•....here O is a linear diffcrential op('rator that lIlilflS sCédar fields illlo tlwlll."I'I\"t's,
The faet that the decouplcd equation (6) is iI WIlS('<¡II('Il("t'oC t1w original syst('1Il (.';)
rneans that there exists a linear operalor S slIch that 0(\) = SE(}¡-,b): tlll'rd(IH'.
the linear operators £. T. O alld S salisfy the op('rator equatioll

SI' = OTo (7)

By defining ttw adjoint. At. of a linear 0IH'rator A in such él Wil)' that At i...•"Iso ,1

linear opcrator and

ror any,pair uf lincar operators A alld 8 wllos(' WlIlpositioll is wel1 ddilL(,d. hUIIl

Eq. (7) it follow, thal

(!l)

IIcllce. ir ~, satisfies the equation

( 10)

thell Eq. (9) implies that st(~,) satisfies ft(St(,P)) = o: thus, if El is proportiollal
to [, lhen [(SI(1/») = 0, ¡.e., SI(~,) is a ,ol"tioll of 1-:'1.(5).

1( the adjoillt of a linear partial diffeJ"('lltiitl o¡H'rator A that lllap~ m-index lt'nsor
fil'lds iuto n-indcx tensor fields is defillt'd as that lillt'ar pill"tial different.ial operator,
At, which maps n-index tensor fields into 1II-illd(,x tCIISOI"fields sllch that [4]

(JI)

where.:;o is sorne vector field, then one finds lIJat Eq, (oS) holds and that the operator
£ defined in (2) is self-adjoint: [t ::= f. Tlwrdof('. hy sol\'ing the scalar equation
(10) one obtains a complete soiutioll to Er¡. (!'». giwll hy St(l,"),

Thc lincarized equations (,j) are ill\'ilI'iillll lIlldel" the gauge transformations ill-
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duu'd by "infinitesimal" coordinate transformations:

(12)

\•...Iwre ~o are lhe compollcnts of an arbitrary vcctor field, in thc scnse that if h(~p
satisfics Eq. (5), so docs ho{J - j)o~{3 - Bp(o, which can be S('CIl frorIl the fad tlJat
£( l)o~{j+ a;J~o) is identically zefO. A gauge-invariant description of the gravitational
field is givcn by the tC'llsor fi('ld

which is thc Riemann tensor corresponding to the metric gu¡3= '1013 + hop to first
order in hop. From the ddiuitioll (1:1) it follows that K{"fP1b has the symmetries of
t!w Hi('mann tensor:

( 14,,)

( Ilb)

and it satisfies

( l.»)

which are analogous to tlle Biilll("hi identities.
In terms of the tensor ficld

(16)

wbich is symmetric as a consequC'llce of (l~a). the lincarizcd Einstein equations (1)
are

or, equivalently,

( 17)

Equations (14-16) imply lhe idclltities

(18)
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and, from Eqs. (14), (15) and (18) we oblaill

o = ao80 K fhé{ + 8°a( I{ ;ho6 + él' eh {\"/.hm
= fj"{)./{p,¡, + {),({)P/{,I - o,/,'p¡) + OI(iJ,/'¡J, - 013/,',,)

= fj"{)./{P,¡, + Op{),/{" + iJ,iJ./{p, - o,o,/{P¡ - {)p{),/{,,, (19)

which shows that oulside the sourcc.s (i.c., in C\ region wlwre To/3 = O) caeh cartesian
component J( nfJ¡6 satisfies the wave cqllatioTl.

Due lo the syrnmetries (14), only 20 colllpOlwnts l\'o/.J¡6 can be indt.'()l'I\{!t'nt

and in the case of vacuum (where, according lo Ec¡. (17). /\'(J:J = O) this lIullllwr
is reduced lo 10. In this latter case, the indepcndent components of KafJ1h Ciln he
given by KOiOJ• which, by virlue of (14a), is syrnrnetric in the indiCt __'S i and j and
has vanishing trace: J<OiO' = HOnOo = 1(00 = O, ano hy K~,o}' where

(~O)

and tap..,6 is completely antisymmctric with (.0123 = l. The components I\'olu) ar('
al50 syrnmetric in the ¡ndices i and j :-lince it:s alltisYlJlmetric part on thesc indin's
vanishes:

and from Eq. (14b) it follows that tbe trace 1\'0,0' is cqual to zcro: 1\.0,0'
I IP(f L' O= 2"(0 1\ Olpo' = .
\Ve shall now obtain identities of the forlJl (i) starting from the d(,col1pl(~d

equations satisfied by certaio gauge-illvariant quantities made out of the lIll'tric
perturbation. Making use of Eqs. (146), (15), (18) alld (~O) we find lhal

hence, from Eqs. (19) and (17),

""a (1(' . ' ') - i j {)0'/' '" , ('a 2)0'/' '"u O' OIO}X X - X X I'O}km tl \¡ - X (O}km X 1+ \()

_ 8~G{ , , o 0'7' '"--7 x x lO}km o i

, ('" ")0"/' ",}- X lOJkl7l I u, + .:. o . (21 )

Thus, ir the linearized vacuum field equations are satisfied then the scalar ficld
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J(~iO)XIX) satisfies the wave equation, which has the form (6) with

I a2
0= ff'ao= ,,2 - '-a 2

c t
(22)

and X = KOiOjXixj = txixjlO/ffl(808khm¡ - 8¡8khmO)¡ this means that, in this case,

T(ho~) = ~xixj'o/m(aoa,hmi - aia,hmo).
By using Eq. (1) the right-hand side 01 Eq. (21) can he written as

where

L - . . la'm = -UOm)kX , (23)

which are the components of the orbital angular momentum operator divided by h.
Therelore, Eq. (21) takes the lorm (7) with

where the parenthesis denote symmetrization on the indices enclosed. The adjoint
operators can he easily obtained using Eq. (8) and the re¡ations (A+ S)I = Al +SI,
al = -ao and JI = J, lor an arhitrary function J, which follow from (11); hence,
L~ = -Lm, 01 = aoao and [Sl(,¡.)]"~ = i6jo~P)maoLmxj,¡. - i6¿0~~)mLm(ajxj-

I)'¡' = i6jo~~)mxjLma.,¡. - i6¿0~~)mLm(xjal + 2)'¡'. Thus, if'¡' is a solution of the
wave equation

( la2)01(.1.) = ,,2 ,¡. = O
'f" c2 8t2 1

(25)

then the tensor field ho~ = [SI('¡')lo~ satisfies the I;nearized Einstein vacuum field
equations. The nonvanishing components oC hafJ are given by

(26)

where r is the usual radial spherical coordinate.
From the definition (13) jlnd the expressions (26) one gets:

(27)
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<tul! frotll Eq. (20), using tile fad that /{rJlo) must be syrnrnetric in tile indices i
<tud j.

') ¡¡I{"'I n¡¡ +") ,}- (Okm(I()) , J' '1 ~ 1p , (28)

According lo (27), tile "elect.rie" com¡)()J}('lllS /{UiO)<,orresponding lo (26) satisfy

1\'Ud)) ,r',rl = O (2!J)

As it is wdl kllown, in splH'l'ical coor<!inat('s the .scalal' wavc cquatioll (2,i) ¡s
s"parahk wilh solutions of the forlll

(:1O)

wlwl'C lilll is a (.scalar) spherical hanllonic alld ft(kr) ohcys the diffel"ential equatioll

[
d' 2d ,f(f+ 1)]-, + -- + k- - --, - ft(kr) = O.d,.. l' dI' /'.

(:11 )

\\'illl l' := w/c hClIce, Ji caB be Wl'iltt'lI as a lilwar cOlnbination of the splu..'l'ical

Bl'sscl fllllctiolls ji ami H{ 01' of tlll' •.spherical lIallkel fUllctions h~l) aud h~:'!). By
:lnalogy witil tl1<' eiectl'omagnl'tic ca.'ic, ill vi('\\" of (29). the field generated by tht,
l'0ll'lltial PO) by mean s of Eqs. (2G) ciln 1)(' calkd lIlugntlic or transverse eitcr"c
IJIII/tipo/t' o/ on/f" (f. m). Frolll Eq. (2~) OHt' fillds tha!

(a' ji ,., iJ' ).. ') _! .l__ ')' __ .) _
l\olO}I:r -, 1 ') ,) + -, ') - ,) ',1-).• (r. (r C~{Jt.

LmLrllv ( :12)

tllt'rt-fon', in Ihe case of a magnetic lllultipoll' of onh'r (r. 711) with t/J given by (:10),
llsing Eq. (:11) olle obtains

1;1:1)

which v<tHislws wl]('11( = 001" ( = l. In fael, OIWcau !:lee from the explicit expressions
giv(,1J iJl Sec.1 [E<¡s, (GO) aJl(! ((JI l¡tlla! tlw cllI"valml' ¡wrturbatiolls COiTl'spollding
lo (lIlagllf'tic 01' e1ectric) lllultipolt's wil.h ( = O or f = 1 are equal lo zero; this
IIWitllS thal llH'sl' metric perturl,alions ('itll he redun:d to zero by using the gaugc
t ri-lllsforlllatiolls (12).

:\ot t'\'('ry solution of the IiIlearized Eiusteill vacllum field equations is of the
f01'1Tl('26) 01' call be brought to this form by tTleans of the gauge transformations ( 12).
111 order to obtain lhe general solulioll lo Eqs. (.5) it is nccessary lo introdlH'C a



•

Multipole expanSiOTI o/ the gml'itational jield. .. 517

second (real) scalar potentia1. (It may be pointed out that the metric perturba-
tiaos (26) are real if 'Ij; is a real fundion; it is undcrstood that aue takes the real
p.rt olexpressions like (30) .nd (33).) From Eqs. (16-19) weget

- (2x'xJo)8o + 4xIOO)/{Oi + xlxJOOoof(ij

= _8;.G {(x'x'&,&,+4x'&,+2)(Too+ ~T, ,)

- (2x'xi&,&o + 4x'&o)To,

+ x'x'DoDo(T" - ~8"T, ')}, (34)

which gives .nother identity 01 the lorm (7), with O = &"&0' T(hop) = l\o,o,x'x'
.nd

S(bop) '" {(x'x'&,&, + 4x'&, + 2)(8oóg + hOP)

- (2x'x'&,Do + 4x'&o)8¿O 8ft

+ x'x'&o&o(8i8f - ~Ó,,~OP)}bop.

Therefore

hop = [st(IjJ)JoP = {(~o0710P + hop)(DAxix' - 4&,x' + 2)

- ~O(o~p),(2Do&,x'x' - 4Dox')

(35)

is a solution oí the linearized Einstein vacuum field equations, provided that t/J
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satisfi •• Eq. (25). The solution (35) can be written more explieitly as

(a' 'a' )1 j i I ,i 1 2 rhoo = ,(x ajX a; + 3x a, + 2 + x x;&o&o)'¡'=, ar' r + e' at' ,¡,

ID ,la,¡,
ho• = (x;X'aj + 2x.)&O'¡'= x;;: arr ~8t

h;j = ~b'j(x'a,xmam + 3x'a, + 2 - x'x,aoao)'¡' + x;x,aoao'¡'

1 (a' , r' a') l. ¿¡',¡,
::;:2bij 8r2 r - c2 8t2 1/J + 2"X1X} 8t2 .

(36)

The components oí J(ap.,1J, obtained from the definitions (13) and (20), corre-
sponding to (36) are determined by

and

[(0;0, = H[<Okm(iXj)a'Lm - iL(iL,)laoao'¡'

- <Okm(,aj)a'Lm(x"a ••+ 2)'¡'} (3í)

(38)

[eL Eqs. (27) and (28») where we have assumed thal ,¡, obeys Eq. (25). These como
ponents satisfy

(39)

and are analogous lo those oí a transverse magnetic electromagnetie field. Hence,
the metrie perturbation (36) generated by a polenlia! of the form (30) will be ealled
electric or transverse magnetic multipole o/ order (l,m). In the case oí an electrie
multipole of order (l, m), one has

[("o,x'x' = i(e-I)l(l+ I)(l+ 2)'¡'. (4 )

Again, the curvalure perlurbations corresponding to multipoles with f. == O or f ::;:1
tum out lo be equal lo zero.

By combining lhe lwo lypes of fields given by Eqs. (26) and (36) we oblain a
solution lo Eqs. (5) of lhe form
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(41 )

with

~ / 4
,pE = ~ m~/ yI(£ _ 1)£([+ 1)(£ + 2) aE(£,m)e-,wtJ¡(kr)Y/m(9,,p) (42)

~ /

,pM =L L 4 aM(£,m)e-iwt9/(kr)Y/m(9,,p) (43)
1=2 m~-/ yI(£ - 1)£(£ + 1)(£ + 2)

where the coefficients aE( e,m} and aM( e,m) determine the amplitude of the eledrie
anJ magnetic multipoles oí order (e, m), respectively, and ft and 91 are solutions to
Eq. (31). The lactors 4/ yI(£ - 1)£(£ + I)(E + 2) are introduced lor later convenience.

It must be pointed out that one can also consider singular solutions to the wave
equation (25) that generate well-behaved perturbations (Sec. 5).

3. Sources of multipole radiation

We shall now derive the relation between the multipole coefficients aE(e, m) and
aM(£,m), introduced in Eqs. (42) and (43), and the sources 01 the gravitational
field in the linearized theory. We shall assume that the components oí the tensor
Tap appearing in Eq. (1) and the metric perturbations have a time dependence oí
the form e-iwt. Then the solutions of the inhomogcneous wave equations (21) and
(34), with the boundary condition oí outgoing waves at infinity, are expressed in
terms 01 the corresponding Green lunction lor the Helmholtz equation [8J

?G J "lx-x'l { 1) }
(KOiO,xixi)(X)= :' ~x-x'l kxiLmTim-il)rrLmTom (x')d'x'

and

(44)

i i 2G J e"lx-x'l {1 (1)2 2 2 2) . m 1 1) 2
(KOiOix X )(x) = -;;.- Ix _ x'l 2 I)r2 r - k r Too + 2,kx ;: I)rr Tom

+ [~8ii (~2r2+k2r2
) _k2xixi] Ti'} (x')d'x'. (45)

Since we are considering outgoing waves at infinity, the radial functions appear-
ing in Eqs. (42) and (43) must be the spherica1 Hankel lunctions hj1); then, taking
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into .ccount th.l Eqs. (29), (:1:1), (:19) .ml (40) hold [or each ll1ullipole, using lhe
orthonormality oC the spherical harmonics W(~ have

where the bar denotes complex conjugatioll. !\Iaking use oC the spherical wa\"!' ex-
pansion for tite Grecn fundion ek1x-x'I/lx - xii it £0110\\'5 that ¡S]

Therefore, by combining Eqs. (-14-.17) \Ve f¡lId that thl' multipole coeflicil'ub aw
given by

(£ ) 8.ikG j . )-.{ , .."
aA/ ,m ;; ---,:======= Jt(kr }(m kx L,¡1)

c'..j(£- 1)£(£ + 1)(£ + 2)

(.IS)

aM(£, m) =

S.ikG j _{ 1 (D' " ,)a £ m = . h}' - --,.- - k- l'E(,) c')(£-I)£(£+I)(£+2) J'( ),,,, 2 D,.' ou

10, [1 (ii' ",) , ] } ¡+2ikx"--,.-'[o + -ó" --,.- + k-,. - k-T'T' l' d J' (49)
r or TI 2 or'! 1).

Integrating by parts, thcse exprcssions can be rewritten as

S"ikG j(L Y){ .(1 )1 'T"
c')(£-I)£(£+ 1)(£+2) ,,'''' JI .,. 'T ,

+~~(,.'j¡(kr)),[o"} d3T (.50)

(£ ) 8"i kG j Y {1T (17' , k")' (1 )
aE ,m = c')(£-I)£(£+ 1)(£+2) '''' 2 ou Or' ,. - .-,.- J' .,.

-2ikTo" :r (rx" j,(h)) + T" [~ó" (~r' r' + k',.,) - k'T' T'] j,( h) } d3 J'.

(51 )
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Assuming now that tIJe source dimensions are very small compared to the wave-
length oC lhe waves, the Besscl functions can be laken approximately as it(kr) ~
(kr)l/('J.f + 1)!! and restricting ourselves to slow-motion sources with negligible
internal slresses, keeping only the lowesl power in kr, lhe multipolc coefficients are
determincJ by Too = pc2 and TUI = -{JCPi, where p is the mass density and Vi are
lhe componenls oC its velocity f¡cld, (I("eording to

Sr.Gk'+1 (+ 2 J( - ,
a Cm = - L}' r vn d3x
.If( ) e\/((-I)£((+I)(£+2)(U+I)!' "'''') P

( .1r.iGk'+1 (£ + 2)(£ + 1) J ,-¡, dJ
(1 .1n = r xE( ) e')(£-I)£(£+I)(£+2) (2£+1)11 ,,,,p

(52)

(53)

lef. Bef. [71 amI Eqs. (5.27) ni B"f. [:lll. Thus in the loug-wavelcugth, newtoni.n ¡¡mit
tlw (']('c!.rie multipolcs are rdated lo tlle lIlass dcnsity and tile magnetic multipoles
depend on Lhe angular mOlllelltulII density of the souret'.

4. Curvature perturbations and energy of multipole radiation

The Cllrvature perturbations given by Eqs. (27), (28), (37) and (38) can be rewrit-
ten in a simple and conwllienl way by calclllating the components of KOiOj and
l\oiOj with respect to the orthoIlOrllli\\ basis {e(J,e~,e.,.} induced by the spherical
coordinates and eonstructing cornhinatiolls of these components with a well defined
spin.weight [9-11]. From tlle COlllpollellts /{OiO} one can form thc five combinations

(54)

which havc spin-weight 2, 1, 0, -1 and -2, respectively. Sirnilarly, we will .denote
by l\ta) (a = 2, 1,0, -1, -2) the combinations obtained by substituting J<~8..,~in
place of l\a8¡6 in (5,1). A straightforward but sornewhat lengthy cornputation, using
Eqs. (27-29) and (32) shows that in the case oC a transverse electric field

, i f) 1 f) ,_
['(O) = -----r iJiJt/J~ 2e Dl r2 a,.
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i & (O' 2 & 2 1 &' )
K(I) = - 4c &1" Oe' +;:&e - e' - ;:; 01'. O.¡,

K(o) = O

, i & 1 & ,=
A( ') = ----1' Ou'¡'- 2c &11" &1'

where, acting on a function " oC spin-weight s [9-11),

iJ~'" - sen' O (~+_i_~) (sen-' 0)'1
&0 sell O iN

0- -, (& i &) ')r¡=-scn 'o ----- (sen Or¡
&0 sen O 04>

and,

• 1 (O' 2 O 2 1 O' )-.K --- -+------- aa,¡,
(O) - 4 &1" ,. O" e' c' 01'

• 1 (O' 2 1 - 1 O' ) 1 O ,-
K(_l) = --8 O" -, - ,00 - 'Ot" --O l' a,¡,r- r- r- c- - r r

1(10' , lO' )--
K(_,) = 4" e' 01" e +;:; 01' aa.¡,

Hence, in the case of a mugnetic mllJtipole of arder (E, rn), taking

4,¡, - ---;o======e-,w'f,(kr)Y:, (O4»
- .j(f-l)f(f+ l)(f+2) no ,

(55)

(.,6 )

(5,)

(58)
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Id. Eqs. (42) and (43)), using Eq. (31) and the relations

[U-S)!],,2 ,
O$s$£(£ + s)! iJ Ylm,

,Ylm =
(-1)' [(1 + S)!r

2
(j-'y'

(59)
(l-s)! lm, -l $ s $ O

O, Isl > £

satisfied by the spin-weighted spherical harmonics [9-111, we get

k -;w, 1 d 2 ( ) v ( )1«%2) =:¡:2'e 2-d r ft kr %2'lm O,</>
r r

and

1«%2) = e-'w' (~~r2 - k2) ft(kr)%2Ylm(O,</»

1«%1) = )(1- 1)(1 + 2)e-;W'~ ~rr ft(kr) %1Y1m(O,</»

1«0) = )(1-1)1(1+ 1)(1+2)e-;w.
r
I
2ft(kr)Ylm(0,</».

(60)

(61)

lo the case of outgoing waves at iofinity we can take ft ;;;::h}l), which has tbe

asymptotic form h\I)(kr) - (-i)l+le;"/kr, for kr > l. Then, Eqs. (60) and (61)
show that in the radiation zooe (kr ~ 1) the curvature components of spin-weight
:1:2 are greater than those oC spin-weight :1:1 by a factor kr and greater than the
components with spin-weight O at least by a factor (kr)2. Qne finds that, in the
radiation rone,

v 2 '( ')l+1 k ;("-w.) v.1\(:1::2) -+ =F 1 -1 -e :l::2Jim
r

v. _2(_i)l+1 ~e;("-w') Y..I\(::t2) -+ r ::t2 lm.

(62)

For an ele.ctrie multipole of order (t, m), with t/J given again by Eq. (58), the
components K(a) and Kta) are exactly of the same form as Kta) and (-K(G)L
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respeetively, for a magnetie multipole of order (l,m) given in Eqs. (61) and (60).
Thus, we see Crom Eqs. (62) that in the radiation zone the elect.rie and magnetic
multipoles oC arder (t, m) have the sarne depclldcnce but haye polarizations that
d¡frer by a rotation through 45° around the radial dircction. (:\ quantity that has
spin.weight s lransforms under rotations around er by a multiplicative factor eljo.)

The power radiated per unit salid angle can be ealculated by means oí the
expression [1-2J

therefore, using Eqs. (62), [oc a superpositioll of rnagnetic and eiectric multipoles
given by Eqs. (41-43)

dE e' ,
dtdf1 = 4rrCI¿la£(l,m) + ia.ll(f,m)J,Ylmi.

l,m

Hence, in view oC the orthonormality oC lhe spin-weighted spherical harmonics rOl'

a fixed spin-weight, the lo! al powcr radiated is

(64)

The mass quadrupole part of the powcr radiatcd is

(dE) e' '" "di = 41rC L la£(2, m)l-
mass qua.drupole m

which, according to Eq. (53), becomes

(dE) 81rCek'IJ 2-y d3 1

2
- = --- T 2mP ~.
dt ma.ss quadrupole 75

= Cek' D D')
45 I} ,

where
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5. Concluding remarks

Apart from tlle metric perturbatiolls gt'.'~rated by the regular solutions (30) of the
wave l'quation, there exist wcll-behavcd solutions to tlle lincarized vacuum field
t'quations corrcsponding to siugular potentials [12J. For example, by expanding the
Schwarzschild metric to first order in the mass paramet(~r .AI, one obtains the static
sphcrically syrnmetric metric pcrturbation

I 2(;.11
lOO = -,-,

e-c
ho• = 0,

which. by means of a gauge transformatioll (12) with ~o = O, ~I
transformco into

I
2(;,\/

1041=-,-,
('-r

hOI = o.

Tbis lIletric Iwrtllrhation is oC tlll' forlll (:16) with ~, = ¥(ln rcsc 0- 1), which is,,
a sollltion of Eq. (2,1) that di\"t'rg('S 011 liJe axis O = O, 7L

The invariance of lile Jillearizcd vacuum field C(lllatiolls (5) under the gallge
transformations (12) is re!al('(! with the identity a.'1[£(h.,b)Jo¡J = O, that follows

frorn lhe definition (2) {l:l]. Ir 9 is defined by 9(bod) '" (oiJ3Ibod, whefe (O is
<tu arbitrar)' vector ficld. thcll g£ = O; therefore Eq. (7) rt'lIIains valid ir s is
rcplaced by S + g. This alllbiguity iJl lhe choice of S amotlllb to tile replacement
of !I"d = [st(W)i"d by !l03 = Ist(~')]oil + 19t(~')]03 = ISt(#')j"3 - iJ¡"(3)W, which
is prccisely of lhe fOl"m (12) witlt ~n = 1~'(....
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Resumen. llsalldo d método dI' Ol)('rador('s adjlllllus.la SOlllCiúll ('0111.
pleta d(' Ia.s ('cllaciolles de Eillstl'ill para ('1 vacío lilll'aliz;ld,l:-i ;t!n,dl,dlll
de la métrica dI' !\lillkowski S(' ('xpr('sa ('11 t(~rllliIlOs di' POII'll('ial('s "S
calares que satisran'll la ('CUnCiÓII dI' olida.". Los (",lIIlPOS 1Il1l1Iipola¡'I's .Sl'
ohtienen ('lltolH'I'S de las soluciollt's s('parabll's di' 1" ('('lIa('ilíll d" olidas
en coordenadas ('sri>rieas y la amplitud d(, ('ada Illllltipolo l'S l'f,I<lci(IIl;I(I,1
con el tensor t](, ('Iu'rv;ía-impu!so di' las fI1l'1l1l's. Las (Olll]Hlll"lllf'S ill\;Il'i
antes de norma de los campos ll111ltipotarf's SI' escrilH'lI t'll !1.'l"llliIIOS11" Il)"
armónicos esféricos ('011 IH'SO dI' ('spín .\' SI' ohtil'Ul' lalllhil'lI la 1',)lf'lll'i;1
radiada por unidad dI' áll~ulo sólido por c¡¡d¡¡ l1Iu1til'0lo,




