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Abstract. '!'lIt' norma!izatioll collditioll of thc :l- and 4-pa.rticle distri-
butioll fUllrliolls is IIs('d to integratC' thl' c10sure rclatiolls that generalize
the wdl.howll Ornstdll-Z('rnike (oz) integral for the compressibility
and tl1(.'two-partic!l' wrrC'lalion, In a similar wa)' to the two-body oz re-
lalioll, the:J- alld .l-partidl' c1osurl' ill!egrals aH' wr¡tten in terms of lhe
compr('ssihilily and its dl'fi\'atiH's. al10wiug lh('ir illllllediate evaiuatioll,
Tlu's£' ('xpliril (,xpH'ssioIlS an' IISdll1 in !ht' pcrttlrhation lll('ory of ftuids
a.lltl ill tl'slill~ approxilllaliolls foc thl' :1-ancl .I-p<lrlide correlatiol\s, such
as h:irkwood's superposilioll approximatioll, As ¡lll illustratioll, lhesc
r1osur(' inlegr<lls arl' ('\'aluatl.d foe the hard-spheft. systelll.

PACS: OS.20.Gg; OS.70.Ce

1. lntroduction

TIIt, theory of ('quilihriulIl das:-;iral lIuids (olltaills all illlportant theon,'ll1 rclating
tll(' isothel'lllal (,olllpn~sibilily S lo ti1£' 1wo-pal'tich' total ('orre!atioll fUllction h( 12),
11il111<'1)'

P:~ = 1 + U:')) j<l(12)h(12) (1 )

where d( 12) IDeans integralion wilh resp('ct lo the positions oC particlcs 1 and 2,
(N) is lJ¡e Ill('all llullllJl'1' of pal'lides, p;;; (N)fV the mean dCllsily and (3 = lfkT.
Eqllalioll (1) wa.,.<¡originally ohtaill(,(\ hy Ornslcin and Zernike [1], In lhis paper
\\'(' show !lo\\' lhe l't¡uivnkllt dosur(' 1"l'lilliolls for liJe :j- alllI .t-body corrclation
fUIlct.iolls call be wrillcn ill il fonll Silllilnr to ('qllalioll (1), Although thcse rclations
follO\\' dirccliy by integratillg wel1-kllowlI l"ecUl'sion propertit.'S of lhe dislr'ibution
fUIldiolls [2,3], they are not ('unently available in their explicit integrated form 14-6].
Tlw dosure rclations are nsdul in several cases, e.g" in liquid-state perturbation
theory [i) ami in tcsting Kirkwood's supcrposition approximation [8].

In oruer to obtain the closurc rclations, inslcad of integrating the recursioll rela.
tions of tile dislribution functiolls [2,3]. it is more direct to obtain them froID the 1I0f-
maliziltioll Ileollert)' of the m-pilrt.ic!(' dislribution function dClIsities p(m) (1, . , ., m l.
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In the Grand Canonical Enscmhle, thi~ pro¡H'rty rt'il(l~ [~)]

J d( 2 (mi ) ( N! )1 ... m)p (l ...••• = (.\' l'• - m),
(2)

where the brackets { ) denotc th(, average with r('~I)('cl to the lIumLer uf p,u,tidt'); in
the system at constant volume \1, tClllpt'rilturC l' and chemical potential¡L. \\'¡l('1l
the fluid is isotropic, the radial tiistriblltion fUllctions are defined Ly [9]

p(m)(I",lIl)
9(1 ... m) = () .

p'"
(1)

The case 111= 2, with h(r') = h( 12) = g( 12)-l. is vt'ry wdl kllOWIl ami equaliolls
(2) and (:3) l<ad directly to

J ((:>X)')/, = n <1.1,. h( •.) = --- - 1
• r (S)' (1)

where D.N:;:::. ¡'\/ - (i\') is tlll' Illlllllwr d('viatioll, Sill('l' tlH~ lIleall ~qllan' dl'viatioll is
related to the comprcssibility by

((~"')') = (X)/I.

where 1\ = pXj13, OIJ(' obtains tllt' oz tlleOrt'I11 (1).

2. Three- and four-body compressibilíty integrals

(') )

For threc particles, tlw tot<ll corrclalioll flllldioll cílnl)!, a[)propriatcly ddill('d by [lO]

h( 12:1)= 9(12:1) - [h( 12) + h(2:l) + h( 1:1)1- 1. (fi)

which correctly vanislws wlll'1l allY Ollt' partid" is fal" ilWilY fmlll tlw other t\\"O.
An alternative definit.ioll of lhe tol<d corwlatioll f1l1ll"t.iolls. w!lirh is ('qllivfllt'll! to
equation (6), can be given in U'I"IlISof I.llI' Ursl,lI flllll"t.iolls IJ 1]. In tllt' flbsCllt"I' of
long-ranged corrclatioIls, this propnt.y illlpli«'s tilal dI(' illlt'gr¡t1 of It( 1:!;q 0\"('1"all
relative configuratioIls lIlust IH' fillilf'. Sll!lslillllilll!. cqllatiolll'> (;q alld (6) ill (:!) fOl"
m:; 3 ami usillg (4) Olll~finds

p.l J <1(12:1)"(12:1) = ((.:."')') - :1((':'.\')') + 2(,\').

Similarly, thc appropriatc definitioll of tllt' tolal .I-partide (urrcialioll i:-;

"(l23~) = 9(12:1-1)

(7)
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-1"(12)"(:14) + "(1:1)"(2-1) + "(14)"(23)1

-1"(12:1) + "(124) + "(131) + "(2:\.1)1

- ["(12) + "(1:1) + "(14) + "(23) + "(24) + "(34)] -1, (8)

which vanishes in a fluid whell OIJe. two or threc partides are far away frolll the
oth('rs. Again, the normitlizatioJl ("ouditioll (:!) givcs. llsing equations (3), (4) (i)
antl (8).

p' J d(I2:\.I)"(IUI) = ((~S)') - :I((~NJ')' - 6((~"')')

+ II((~,\')')- 6(N). (9)

Equation!'i (i) and (9) arl' tile :1- and .¡.hody analogucs of the equation for the
lIU'an Mlual"(' dl'viation (.1). Of ('ollr~w. tl1<' ¡lVI'rages of powers of the deviations are
relalf'd to tlll'l"modynalllic variables [.1]

and

¡i'( V)((~¡\')I) = _'._,
f)o~

iJ'( V)((~N)') - :1((~N)')'= -'-
iJa'

(10)

(11)

\\'be[(.' (.}= pJ1. EquatiollS (5), (10) illld (11) allow to wrile the closure relatiolls for
h ( 12:l) and h( 1:!:J.l ) l>ntirely in terllls of tiJermodynalTlic propcrties. Thus. inl ('grating
Ihe posilion of 011(' partirle itlld usillg rdativc coordilli1lt."S r = 1'L! all(l,-' = '"13. OIle
flnally finds for tlw triplc integral

anJ lhe quadruple integral. with ,.11 = '"1,1. is

1, = p' J ,1",.,1"," dI,'" "( 12:l.1) = 1"(1\' - 6 + 4pl,p + p'¡';pp)

+ 1\'(p'I,/ - 6pl,p + 11) - 6,

wbere the sllbscript p llIt'itns di!Terentiation with respcct to the Jensity.

(12)

( 13)
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FIGURE l. High-order cOlllpressib¡lit~ illlC'grals for 111('hard-splwrC' sys!.l'1l1. "l'lle (-OlltillllOllS linl'
is -l;!(p.); lhe dashed lilll' rC'presl'llls 1111'!ripll' ¡ulegral I;\(p') ,,"ud lile dash-dol l¡ue
-I.(pol/:).

3_ Discussion and illustration

Since at the critica! point h(¡') bccolIlcs long rallgf'd amI the isotherlllal COlllpn'ss-
ibility diverges, f\' -t 00, then from equations ( 12) ilnrl ( 1:1) tite triple ami quadruple
integra!s h and 14 al so divcrge. lIellcc', olle lIotin's frUIIl tll('sC equat.ions that. tll('
3- and 4.body corrclations abo hccolllc long rangecl at lhe niticí\! point. 011 tlw
othcr hand, if the interparticle pol.cllt.iitl has a hiHd con" 11ll' 1l11'all dcvialiolls in
the llulIlbcr of particles rJIIISt. \'allish Wlll'll tlw sysl,('llI is ('losl'd pack('(i, wliidl Cí1t1

happen in the crystalline o]' llw alllorpholls ¡¡hits!'. Tlwreforc. fmlll l'quiltiollS (j')
and (9) one finds at all)' c1osl'd-packcd st.all' tl1(' lilllit.ing vaiu('s 1:1 = :! amI 1.1= -(i;

of course, the dOllble integral J.! = -1 in tlU' SillIU' s1.tlt.e.
EquatioIls (12) and (11) allow tlll' eXtlct calculiltioll 01'!J itlld 1.••fmlll ti\(' kllowl-

cdge oC the equation oCstille of tlH' syst('llI of illl('l'('s!. Ir OIlC uses i\1I approximatioll
for h( 123) or h( 1234) -or eqllivaiclltly for y( 12:1) alld y( 12:H)- ill lhe LJlSof tlH'se
cquations as, e.g., Kirkwood\ superposil ion apPl'Oximatiolt, lhe dcvia.tiolls 01' 1:1 ami
14 from their exact values will giv(' au ay('rag(' lIll'aSlln' 01' tlw ('1'1'01'inlro<illced hy
the approximation.

Second-order tcrms iJl tlll' pcr'tll1'hat.ioll 1.II('0l'Yof liquids [7] alld in d('ctrolylf'
theory [10] involve intcgrals 01' ;3- alJ(1 .t-body corrdatiolls 01' lile tYlw apIH.'aring
in equations (12) and (13) for tlle hard-sphel'c rdel'cllcc syst(:IlI, aud t.he I'('su!t.s
presented here are useful in those cases /7,121.

As an illustration we prcsenl in Fig. 1 lile valucs of 13 and 14 as fUIlCliolls oC
reduced density p. = pa3 fol' a hard-spherc system witll diameter (7. Tlle (om-
pressibility integral 12 is also showll as refercnce. A'(p.) \""a.s obtained fmm lile



Carnah;U1-Starling pquatioll of stale [1:1]. In lhe liS 01."'<', !J anu rt va!")' Tllonoloni-
caH)' with (J- betwpcn their zero valllc al (Jo == O alHI their limils al thc amorpholls
c1osed-packed slate, which is al (Jo == G/ro \,,'ith tlw es formula. One also !lotin'S
fmm this figure that 14 is always J1egati\'(' anu abollt lhricc 13.

J\('\'('rtlwkss, onc Illllst kcep in mi lid tiJat t.llt'SC' thcorcms are valid for <\11)'

tlwrmodYllillllically staiJle systcIll and thus can ha\"(~ widcf applicatiolls.
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Resumen. La rOlldifil'lll d" lIol'lllalizill'iún di' las fUllCiolll's di' dis.
tribuciúll dl' :l Y .1 partícula."i s(' utiliz,l p;¡ra illlq?,l"ilI" la:-; l'daciolll'S
de ('('rr"dura IJlU' g('lIl'1'alizall la hil'1l fOllorida illlq.?,ral dt' Orust<'ill-
Z('rlli~t' (oz) para la I"Olllpresihilidad .\" la rllllrióll dI' rorrl'laci{lIl t!l'
dos IMrlíl"lllas. 1)(' lIIalll'ra similar l]UI' para la COITl'lal'ilÍlI tI(, dos fUf'r-
pos dt' OZ. las illlegral('s dc ccrradura d(, :l ." .1 parlíl'ulas SI' ('xpn'S.lll
('11 térlllillos dI' la COlllpl'l'sihilidad y :-;us dl'ri\"adas. pl'l'llliti('ll<!O así su
cálculo illlll('diato. Estas l'xpn'sioll('s ('xplí('ila."i SOll litil(,s ('lL la t('mía
de Iwrturh;u-iolll'S d(, fluidos y pII('d('1I ~('r\"ir para probar I~ aproxima.
CiOllPS dI' correlaciolles d(, :1 ." .1 partículas t<lll's COlllO la aproximación
de slIpl'rposicióll <1(' I\ir~wllod. A maliNa dc iltlslr<lCióll. ('stas illt('gral~s
se l'vahian para el sisll'lIl~ dI' ('sfNas duras.




