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Abstraet. lJnder cf'ftain circumstances, sOllle f1uids f10w in sllch a Wfl.\'

that the U¡;lI1<l] stickillg houndary conditioll, commollly explaillPtl illvok-
ing surfare roug,1;!leSS, lllUSt be rC'laxed to allow fol' SOIllCamount of
slip. This paper arg\les thal th£>surfare tellsion al a flnid-solid inlprfan'
should playa role ill defilling the appropriale hydrodynamic bOlllld-
ary condition; lhe eITect is incorporaled througlt lhe slip cocfficiCIl1.
Furthermore, an experimenl is proposed, has('d 011 ;¡ can'ful sludy of
the Jnotioll of settlillg sphcres, to demonstrate tite previous cOl1tclltioll.
The required th(,oT£'tica! tesults, needed to interprl't the OlllrollH' of Iht>
experiment, are provided.

PACS: 47.10.+g; 03.40.Kf

1. The background

When Navier 11] forrnulated the dyn<tmical equations for a non-ideal fluid in IS:2:L
he idced the analytical problem of df'!.f'rlllilling (he appropriatc boundary cOlldi-
tions. For impt-'f\'ious solid bOlll](i<lries he aSSlllllf'd [2], following !.he Ikrnoullis <tul!
Euler [3], that the nOTllla1 t"OllIP0!ll'llt of 111('reiative velocit.y is equal lo Z('t"O. T1w
new equations, of a higher or<!el", refjllired <llIextra assullIptioll 011 tlH' n'1o,il.y or jI:-;
derivatives at the boundaries. Consistent with his "statistica! IlH.:chilllical" proCl'-
dure to derive lhe equations, he dcduccd that there is slippillg al, él salid hOlllldary.
Finding that slipping is opposeo by a force proportional to the rclative n'loril).
he then introdueed a slip cocfTicient to equale the viseous tangclltial Sl.]'('SS('""lo t lit'
tangential component of the relativc velo,ity. Differcnt valucs of this codficil'llt \\"('1"('

used to reproduce previously proposcd hypothcses [:2] 011the rclatin~ 1ll0tiOll of fluids
and solid boundaries: zero tangerttial stress correspondillg to the slipping boundary
conoition and absence of relative motion between f1uio and salid corresponding to
the sticking baundary condition. Confusion on the issue was thus born.

Two decades latcr, Stokcs [4J dcri\'ed indcpcndently the satllc equations frolll
a phenomenological point of view. By a\'oiding aitogether Jnolecular assUlTlptiollS
he explored some of the consequences of the sticking bounJary conditioll. After
five years, he established that the)' agrccd betler with the experimental results of
Coulomb, Hagen and Poiseuille, among others [2]. A long tilIle elapspd hdore SOllle
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general agrccIllcnt was reached 011 this point. This was accomplished primarily for
practical reasons since inquiries inlo its origin remained unanswered [31.

A quantitative analysis oC a plausible explanation oC the sticking boundary con.
dition was givcn :-;orncwhat recentl)' by Richardson [.5]. Arguing that aH surfaC(~
are, in practicc. rough on a mesoscopic scale he proposed a very specialized model
ror the wal!. He then clevcrly showed that, as the fluid passes over and around
the irregularities, the energy lost due to viscous dissipation is enough to bring the
fluid to rest on a macroscopic scale, rcgardless of whether slip or stick is assumL.J
on the mcsoscopic scalc of tlle surface. Deviations from the macroscopic sticking
boundary condition being of the order of the asperities of the wal!. A few years
laltcr, Zwanzig [fi} extended the analysis to a finite body and carefully discusscd
the relf'\'anl Icngth scalcs.

From lhe rnicroscopíc point oC view, t\taxwell [7] was probably the first to con.
sidcr the problcrn using the kinetic thcory oC gases. \Vhen therc is no temperalure
difference bCl\'ll'Cn the fluid and the soliO., he showed that Navicr's slip codfieient
i!' proportiollal to thc invers(' of the mean free path. Thus, under norIllal con(li.
I iOIlS, the cffcct of slipping would be IIcgligible. ACter a eentury the issue was again
reco[lsidcrcd, among others, by Cercignani [S], van Beijcren and Dorfman [9] and
by Oppcnhcim and van Kalllpell [i O]. Vet, belter understood, thc basie problem
rcrnains open.

On a diffcrcnt linc of reasoning, the pioneering numerical studies of Alder and
\\'ainwright II1] suggested tlle existencc of hydrodynarnic behavior on a molecu-
lar leve!' The work of Z.wanzig and Bixon [12] provided some of the cad)' c1ues
on such surprising results. Tlle \lse of hydrodynarnical models for molecular mo-
tions in liquids hecalTlc sllccessful whell stick was replaced by slip in the boundary
conditiolls 1I3J. Again. Zwanzig [14] contributed to clarify sorne points on purel)'
hyclrodynamic grouncls, giving sOllle illsights for the stick to slip transition. Using
rough sphere kinetic theory, lIynes, I,apral and \Veinberg [I51 and Montgomery and
fleme [16] ga\'(' a mieroscopic coullterp<lrt.

2. Surface tension and the slip coefficient

Thcre is an overwhelrning alllount of experimental evidence that supports the stick-
ing boundary condition, suggesting a COrIllllonuniversal behavior. However, there
are some cases whcrc zero shear strcss mllst be necessarily assumcd or whcre partial
slip is ohserved. For cxample, rarefied gases can, under certain cirCulllstanccs, be
treated as Newtonian continua \••..ith a pcrCect slip condition at solid boundaries [17];
slip velocities llave becn obscrved in strucLured fluios under sorne fiow conditions,
such as polYlllcr rnelts during au extrusion process 1I8]. Although the rough surface
argurnent is cOllvincing anO. providcs a souncl basis in most cases, therc are the
cxccptions to cunsidef ami sUlIle unanswered questions that s("(:m worth dwclling
on: \Vhieh boundary conditioll applies on the seale where the surCace looks fiat, if it
is Bot so everywhere? How universal is the stick hypothesis? Or, are the exccptions
prcdictable? Furttwrmorc, are there any other macroscopic properties that evolve
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fram micrascopic aspects of tite int('rf<ice. such as lhe fluid-fluid <illd f111id~:-;o[id
molecular interaction ratio, that could have some lH'al'ing 011 whctllCl' st.ick 01":-;Olllt'
amount of slip is the appropl'iatl' hOllnditry cOlldil.ioll'!

A case in point rnight be smface lerlsion. The pmpose of !llis Pil])('l' is lo i1rguí'
m support of this contentioll,

lt is ver)' COmIllOtl 1.0 invoke ,}I(' val'iolls illtermo!cclllar forces in i1Ct.iOllal all
interface 1.0justify the sticking bOllndélry colldition. :\dsorptioll of fluid IllOkcllks 011
a solid surCan' 01' thc occllrrence of differcnt t.ypes of dWlllicctl hOllds 1)('1.\\'(-'('11fluid
and solid part.iclcs most cCI't.aillly take place ("()]]tillllollsiy. 11.would he ilS himl lo
argue that lhey are t.he dominanl pro("ess('s al. t.lw illtc]'faC(' as il wOllld lJ1'dillind! lo
ignore their presencc. Thc wt'tting prolH'r1ies of diffl'rcnt liquids OH <l giV('11",Urfi;c('
are a clear example. Non-weUillg f1uids (anglc of conlacl dos(' lo 180°) rt'pr<'S('ll!
situations whcre lhe Corees bel\\'('cll liqllid lIlolecllles mil)" \)(' ordcl's oC IllagllitlHII'
grcatcr than lhose across I.he interface. Orle would cXlwd undel" tb('~c Ci1'Cl11l1,,1illH"f',
and a f1at surface. that t}¡e appropriate comlit.ioll would he t.lla!. 01' zero SllI'iH ",ll"t':-;,~.
For perfect-wetting liquids the I'('\"('r~(' sil.llatioll is 1.0 he eX1H'cted. Intcrlllol('('ulill"
forces can therefore be cal\ed l1POll 1.0 support. it hOUlldill'Y f'olldir.ioll Iwl\\"('('1I t [11'

extremes of slip amI stick, dPIH'lldillg Oll thcir relat.i\'(' lllagllit.ll([CS. Sllrfil("(' !('IISiOII
follow.s t.he salTle trends; fOl"IlOII-\\'cuillg liqllids it is kllO\\"ll 10 \)(' 1111](:1tgn'al(T tll;-1I1
for those in which there is 1)(,l'f('('1.wdtillg. (1(,1l("('.a dep('lI([('IU'(' lH'tw('('n slil) illl(1
surface t.ension, through suitably defill('d (,(H'filciclIls, S('('llIS wort.h looking fuI', (11
whal follows we assllme that. surfiH'(' 1('IlSiOlI is apparellt. tllroUgh 11l<'slip ("()('lficit'llt.
as defined in ~('dion IV.

Provided a relation bclween lhe ("(wffici(,lltS of slip <lI1dsurfan' lt'llSioll C<lll he
established, on both theorctical ando <ibo\"{'al!. eX¡JI'l'il1U'ntal gl'Ollllds, tlll' pl"('\'iol]sly
raised questions wOllld appcar to !Jél\"{'él COllIIllOll. Silllp!(' alld straigllt. ,IIlS\\'{'["(11]('
theory and the experi01enl.s might. be c\"('rything hut silllple!): TIlI' precise hOllllr!ilry
condition or the amount of slip on él ([ocally fla!) slll"fac(' \\'oltld r!1'IH'lld (JIl lllt'
local surface tellsion. In view of the anll11111lated evidelll'l' sllppor!.illg t 1](' sI irkillg,
boundary condition, the assullH'd delH'lldclll'C of slip Oll SurfilC<' tellsioll should 1)('

rather weak in O1ost cases, while cxplainillg t.hosc in wllich slippillg OC("llr~ ;-llld
~universality" breaks down. As COI'the last queslion, all allswt'r is illlplici! in lllt'
foregoing argument; the dircct depclIdencc belwt'ell lbe surface lt'lISiOll codlicil'lll
and the intermolecular forces is weH klloWIl for ti\(, equilihriulll liqllid-g;IS illt('I'-
face [19]. Something analogolls is 1.0 be expect.ed frolll a ("ollvillcillg; 1l01l-eljuilillriu1l1
fl.uid.solid interface theory.

To convincingly establish lhe poillt Olle should eitlter producc él lllath('lllatical
proof, based 00 physical ideas. aud thcll l)('rCorlll all ('xIH'riJlK'1l1 tu corrohor<-llf'
the prediction or carry out an experilllcnt with iUI llllalllbiguolls illterpreLüioll.
Seldorn are these procedurcs silllple. Assuming that. tiw lalter is easicr in tJ¡e prescllt
case, a Ceasible experiment is skdched anJ it.s Illain ft-atures discus:-;ed in t he lH'xl
scelions 1201.
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3. Sketch of an experiment

:\ st.andard Illt't.hod for measuring tlll' :-mface tensioll cocflicient., for a given lIuid-
solid :"ystelll, con!'i!'t!' in detennining tlw contact. angh' thal forms when a drop of
1lit' t1uid sits 011 thl' (lIat) surfac{' of ti\(' solid: it is nSSlltlled that surface roughness is
irn'levanl. Suppose that in a particular ("as(' the nWnsur('d contact anglc is c10se to
Zl'ro; the liquid wds the solid, :":(,XI.. aSSllllW that the solid\ surface can 1)(' lreat.ed
in SIlCIt a way that tlw conta("\. ang;I(, is now dos(' to JS()O, draslically challging
tllt' ,,,'('lting prop('rli('s, ,••..hile lcavillg t 111'g('oll)('trical characteri:-lics of llt(, !'urface
(its rouglllH'ss) IIIlchallged: like a lay('r of snow Oll n landsca¡l<', FOl"exalllpl(', a fine
coating of silicon(' on gla-ss would prodllc(, sllch iln ('I[('ct W!lCIl the fluid is water,
sayo \Vith t!lis Im'liminary (,xpl'rillH'1l1 in tIlind. tlll' possibl(' dynamic cons~'quenc('S
cau Iw f"xplon'd,

FroIll a hydrodynalllical poillt of "i('w, few prohlf'lIls have rcceived more atten-
tiOIl, both tiworl'tically alLd ('xIH'rill\('ntally, lhan tllal of a salid :-phere Illoving in a
';¡"cou," fluid; tl1l' mot.ivillion Iwillg ils l't'latiVl' matlH'lllat.ical simplicity, sllch illj the
.IIOWIl~olulion of 11l(' lim'iH cas('. ,11](1ils ('IlOl"mOIlSpractical l"el(,\"élIlCt'.Thollgh the

g('lwral 1'1"0111('111has.vd to 1)1'soh"'d. lllallY of its f('atlll"l's ,trI' well ulldel"stood alld
aplwar iJl lllosl 1l'xlhooks [:llj. It is ,111'11ollly natural to pUl lo work hydrodYllalllics'
sllow h()r~;¡>,FmtllCrtIlOl"l', it i:- lIst'd as a n'pl"(,~I'ntati\"~' ("éI~.;l'(workhorse) of él sys\('1JI
wilh lilwar frid ion in dassical l111,(.It;lllics.

'1'111'1M!'ic i(lt,,, f(Jr 111('('X1H'l"illu'lll is tll<' followillg: rq~istl'r thl' fall (Jf a s(,lid
sl'l1<'r(' in él liquid ,111<1n'JH'al 111.,PI'O("('SSk('cpillg ('wl"ything fixed ex('('pt fOI"lhe
wd tillg prop(,l'l i('s al t hf' illl('rfac(': t 1)(' surfan' tf'IlSiOIl, as Illld('r~lood in t lit' pre-
liminary eXl'erillll'lIt disClISSl'd aJum', All things "('PI conslant. dilferl'lIces can only
1)1'at t rihut(,d to challgl's in t 11<'sllt'ar sll'('s~w!' 011 t 1](' splH'n"s surface.

('an Ilw oh\"iOlIS ("olllplicatiollS lllal aris(' aftl'l" a 1l111llwIlt's thought \)(' SIll"-
Il}()ll11t.('d? 11('rhaps.

First, 111<'falling ohj('ct. lI\lIst 1)('as :-plwrical as possihl<, and tlle f1uid's propt'rties
/ll1ls1 r('maill f"Ollst.ant (d(,llsit.y (1 étlld slwar ,.iscosily codlici('Ilt. '/); él ("(Hllrolkd I]('¡ll
hath would k('('p l' alld '1 fixed. SC("OIl<i.1111'sp\wJ"('s lIlus1 lit' re!eased syst('1I1atically
a\"oiding rolatioll alld l'IIStll"iug a rq>roducihl(' path. '1'0 n'gist('r the IlIolion, a video
film can he mad(, with a l1igh sJH'('d shuUl'r callu'ra ,\1111s\lita!>ly C110S('11illlages
digilaliz('d to be furt.her analyz('d.

The crucial point is clcarl)' tl](' splwrf''s surfan' "transllllltation": The ~pll('re's
IlIass, radius and surfaCl' q\lalit,Y IlHISt. n'1I1ain fixf'(1, \\'hih~ its wetling response to
tll<' fluid is lo c!tall¡!,(' as lIluch as pO.'isihl(" This can h(, accolllplished followillg the
sc!lematic pron'durt, olltlilled in 1111'prdilllillary experilllent, AssulIle, for Ihe sakc
of a.rgulIlellt. tl1a.t tll(' \\'orking fluid is W¡I!l'r and tllat tlle splH'res are 2 mm diameter
glass balls (silicill<'s), "'iLh a di'illl sudan' lllt' élngle of <'<lIltild is practically zew, A
1hin (fl'w 1Il0111)1;¡Y('l"st lIick). sl.i1hl(' (.o,.al('nl hond('d) and splwrical coatillg of waler
ICIH'lIent lIliltl'ri.d, SIl("1ias a silinllll' flllid. ca]} 1l{' 11I;ll\ufiletllr<,d so as lo produc£'
tlL(' d('sircd drl'ct. '1'1](' rcsulling cOlltarl allgle is Vl'ry c10se lo 1800 and lhe changcs
In lllass and radius Ill'gligible,

Lcaving aside sOllle othe!" points tha! should he tak('lI care 0[, like cardul han-
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dling of the sphcres to avoid contaminant.s that could mask thc cffect. completely [22]'
one last critical issue deserves attcntion: The ullcertainties must Le slIlall t'llough lo
allow the effcct to be rneasurable. In order lo be able lo carry a thorough trcatllU'1l1
of error propagation and accurnulation, from which the requircd accuracy on ('(lch
of the measured quantitics can be estimatcJ a pri01'i. the tbeory under!ying the
experiment should be developed. An outline of the fonner is given in the llext
section.

4. Sorne theory

Consider a solid sphere of radius a and mass 111. rell'ascd from rest in a c¡uieSct'llt
infinite viscous fluid with den::;ity {I ami shear viscosity coefficient 1}, lindel' tlle (lclioll
of a uniform gravitalional field characterizeJ by g.

The equalion of motion for the center oC mass of thc spherc, assumillg il is
one-dimensional (along the z axis), is given by

(1)

whcre each dot represents a time d{'l'ivati\'t' ami m/ is the fluid's llIass displau:d by
the spherc. The forces 011 the ("ight hand sidc are tbc weight. the buoyancy alld tll('
hydrodynamic friction. In arder to sol ve this ec¡un.t.ioll. wlLicil is fOrl1l<dly eXilct. aH

explicit expression for Fa in tenns oC z, :., i ami t is l't'quil'f'(1.
The derivation begins with the sol11tioll oC the Navier-Stokcs equations ror all

incompressible fluid [21]

v .U = 0,

pa/u + p(u. V)u = -VI' + 'IV'U,
(2)

(1)

where U and pare the velocity ami prl'sstln' fields. l>ot1l dept'llding 011 posilioll
and time; incompressibility applies equally wl'1I lo liqtlid~ and gases provided i111
veiocities are small compared with that of sotllld. NI'xt, sOllle initial and bOlllldary
conditions must be given. Tite sphere ITlo\'es with vdocity U(t), relcascd from ]"('s1.

Hence, initially, fluid and spherc are al rest. Que bOlllldary condition is t1lat the fluid
remains at rest at infinity. Thc other ooundary condition concerns the bchavior or
the fluid al the surface of the sphcrc and rcquircs separate trcatlllcnt of t1t(' normal
and tangential components of thco\'{'locit,Y field. Firsl. lile normal compollent of liJe
relative velocity of fluid and sphere vanishes 011 tlw surCan',

(u - U) . i, = 0, (1)

where er is a unit vector normal lo the surfacc of lhe sphere. TlJis kincmatic conJi-
tioo ensures that the fluid does 1101pcnetratc the ::;phcre. Secund. lile amount oí slip
is established. Following Navier, lhe assumptioll is tila!. tile t<Ulgelltial cOlllponcnt of
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lhc rdalive vdocily of fluid and sphcre is proporlional to lhe tangential component
of the forn' acting on the spherc. That is

(é,.I1) x é, =¡3(u- U) x é" (5 )

whcre f3 is a coefficient giving the degrec of slip. \Vhen {3= O there are no tangential
strcsscs, corresponding to perfect slip, and when ¡3 = 00 the fluid adheres to the
spherc. Thc str('ss tensor n is givctl by

11= -1" + ,¡(V'u + uV').

lIere. I is the unit second rank tellsor. The force on the sphcre is

Fo= j(fl'é,)drl.

(6 )

(7)

As poscd, the problem remains unsolved.

Se••..eral approximations can be made in arder to filld the velocity of lhe sphere as'
a function of time, .:(t). This is dOIl(' in lwo stages. Firsl, assumptions are inlroduced
to f¡ud an cxpressioll for Fo. which are basically of two kinds: linearization of the
Navier-Stokes cqualions 01' nonlinear stcady state ca1culatiolls. Second, given lhe
hydrodynamic fOTCC,Eq. (1) is intcgratcd and the cxpressions far i(t), resulting
fmm the dilTerent approximations llsed, are compared.

The basic rcsull is lhat thc dominating fcatme in the sphere's motion is the
boundary conditioll usedj whichever of the hy<lrodynamic approximations here
takell, the lerminal vdocity of the sphere cannot excced a certain value unless
there is some amollllt of slip at its surface.

lIytiTY)(iYTwrnic f01H

\Ve begin with the linear approxilllatiotl {21]. \Vriting E(I. (3) in terros of dimension-
h~ssvariables, using a characleristic length a and a typical velocity Vo, the non linear
term comes out Illultiplied by thc Heynolds number (ll = apvo/1J). Provided R is
slTlall the nonlinear ter m can tiJen he omiltC(1 (sce be1ow). With this approximation,
an exact expression for Fo can be found. Extending well known results due to Stokes,
Basset and Boussinl-'S<¡,Zwanzig and Bixon !I2] obtaincd the drag force 011 a spbere,
including cOlllpressibility and viscoclastic clTects (through Maxwell's approach of
frequcncy-Jependellt viscosity codficients). Their result, extended Cor arbitrary slip
and specializcd for an incompressible and constant viscosity fluid, is

Fo(w) = -((w)U(w), (8)
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where the friction cocfficicnt (. as a fUllction of frCCllf'llcy (•.•..'), is gil/cn hy

The slip coefficicnt ~ is defined by

( .
:lTl)-1

~= 1 +~
da

('1)

(111)

Stick corresponds to ~ = 1 <mil I)('rf('("(. slip to ~ = O, The I1rsl tenn is Stok('s's \\"(,!J
known zcro~ frequellc)' result. The second term is related 1.0 tlll' df{'ctin' 01' virlll;d
rnass. The last tcrm. giving risc to a nWlllory type time ::icpeIldclICí', origillil\('S frolll
the viscous unsteady flo\\' arolllld the sphere: Ó = (2,/lp ..••,)lj:.. tlJe viscolls lH'rwtril-
tion dq)tiJ, bcing its signature. 111tl](' t\\'o extn'lJH' cases of slip and stick. Eq. (i)
reproduces the Zwanzig- BixOll f('slllts (f'xcept for tlw sign in lhe dellolllilliltor wlw!1
f. = O), The corresponding cxpresSiOlt for tlw time-depcndent forcí' Fu(l) is (lisellss,,!l
belo\\' .

An altogether diffcr(,llt starting ¡mi lit is tlH' asslllllption of slt'itdy lJIotioll. 1111his
case, thc tilllf' dClwnd('[lc(' nI' tite hydrodYllillllic forcc COIIlCSill soltd,v thl'Ollgl1 i!"
depenclence 01\ the jnstantilll('OIlS velocity of the splH'n~, Dropping tltt' lililí' d('l'i\',I"
t.ive in Ec¡, (:3) still lcaves illl insoluble p)"oblclJl, The lISll,ll ilpproMh i~ 1.0 1(¡(Jk fOl"i\
solution in pow('r:; of t1w IkYJlold~ llllllll)('r. Tbe zerotli order apl'roxilllali()J1 kild~
directly to Stokes's iaw, ilS ext.endt'cl by BilS~d; olllit.tillg tlll' kllowJI dí't.¡-¡ils. llll'
rcsult is

(11)

As ('x¡wcted. jt. is tlle zt'ro-fn'qUl'tll"Y lillli! of ('qll<ltioJls (8) illld (~J) ("()Illbill(,d. I'he'
vdocity oí t.he sph('re U has 1){'('1lwriUl'1l <l~::. Tltat tlle higllt'1' orcl(')" i1ppruxilll,tlioJls
fail t.o cxist i.s knowll as \Vhit.dH'ad's jlaradox. O~('('1l [~:~jWilS III!' firsl 011\' lo poillt
out that at a gn'at. distilllC(, frolll IIIt' splll')T tll1' Jlt'gl('c1ecl lIoJlliJlí'élr 1t'rllJ.S lw("(jIllC'
more important than til(' l"et.aillt,J viSl"OllS 1t')"Jll~, illld sllggestt'd a II('W appruxilllil-
tion. Latcr. Goldstein [~.lJ solv('d tlw n'sll!t.illg c'qllat.ioJls in ¡H)WI'['S01' t he Bc'yn(jlds
numhcr. lIowt'ver, his n'sll1t, was sltowll lo 1)(' v;-t1idonly IIp to lirwal' j('["IJIS itl /(;
using the stickillg hOllllclary eOlldjt.ioll, EII' U')) witll /i = x, t.llI' rt'slllt.irrg t'xpn'ssioll
for tJw drag (orn' is

(
:l/!O)1'1)(3:) = (;lnlll 1 + -,- :.
:S"o

(1 ~)

\\'ithin Os('('n's tl)(,ol")', SJ¡allks [~:)] ilpproxillliltt'd 11]('dril).!, r()['('(, llsillg 111('(;old-
slt'in s(,l'i('~ up lo ancl indudill¡:!; lf'rllls of ordel' ¡(í l¡y il raliolJ;-d frael ion (:.! :.! Parir',
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1
, . ,11',i+/!/lI'o:+CII':'.
'u = ()T;"/o» ')::'

"\"ü + /)/1"0: + /;/1-:-
( 13)

W¡WH' :1./J.C, f) illld ¡~.•11'(' re<tl 1II1I1llwfS(i:J920. G6GOO, 10880. :~S880, (89). This
r(,~111t works W('I\ fOf \'altws of n as high as 10. wher('as Eq. (12) is lIsel{'ss a.bovc
/1=1.

'l'lu' I]('xl illlll]'()\'('11H'ltl. elll(, lo Kal)lllll alld I.agefstfolll [26] a.nd I)rolldllla.ll a.ud
»cilrson [271. ['l'qllin'd it sp('ciall .•• suiu'd d('\'('loptrWIlI of lhe Illclhod of lIlalehed
<lsYllIptotic ('xpittlsiolls [28], TIll'ir <lllillysis pn.)\'ides a syslelllatic procedme to ca.l.
Clllilt(' higlwr urder ilpproxill1al iotls fol' ,1)(' drag fOfC(, obtaining ¡l s('ril's ill POWI'f5
¡HLd logarit.lLlIls uf 11](' IkYllolds ll11llllWL Althollgh wdl fOlllllkd, Iltt' l"t'i;\I1t,sart~ of
lilllit('d lISl' dlw lo 1.11('fad, t llitl 11}\'applicability is l'clitrict('d lo villul's 01' /( smallt'r
1hall 0.,1 alld 11w COlllPIIt.¡lliotlS an' uf ('1I0rIllOIIS cOlllplexity. For t.he ¡m'st'nt. purPOSt'
Ec¡. (U) will sullin'.

(;i\"('1l 1lit' ltydrodYllillJlic frid iOILilet iIJg 011 t he splwre t.1H'soll\t ion of it s f'qllatioll
01' Illolioll C(l1I l)l' pm~lll'd, Bq~illl1itlg, with :,OIlW pl'elimillary ['I'lIlarks, two St'P¡tr(ltl'
caktllatioll~ an' IWl'fortlH'd: \\'itlt lixl'd (sticking) bOlllldal'Y cOllditiotls. llw lllotioll
of tlw splll'rt' is ,lIlilIYZI.¡J wllt'lI dilftTf'ul hydrodynamic a.pproxilllatiotls 1'01't;) iW'
illtrodll("l'd, TIIt'Il, willlin tlll,ltyt!rodYll(llllic approxilllation thal If'tI to Eq. (!)). 1111'
('ffeet 01' Cll(ltl¡.;ill¡'; lltt' 1'\JII!]ll'1ry C'OIl(lilioIlS is consi<!l"fed.

'1'0 Iwgin. tllI' prl'vious 1'1....•ul1s for 1-'0are specialized fol' stickillg boundary eOIl-
ditiollS (~ := 1). Eqllatioll (!J), itl tllis ("(lS(' [2~]. call he Fourier illwrl.('d lo obtain
¡'jl(/) ilIId 11H'n'sult is

,..
m::

¡'!) = {¡t:lla: + -,,- + '( )'/'l' " I
!1111 'l (-:: (T

~ í.p O dT~ (t - T)I/2'

As 1ll1'IIt.iOlll'd abo\'('. tlll' first. tel'lll is Stokes's law, the st'cond \.erlll is rdatt'd \.0
llw virtllal IIl¡¡SS alld 1.11('[¡tsl. tl'rlll is c()]]Ilec1ed to tIte viscolIs pelletratioll depth
¡¡ud gi\"l'li r¡sl' 1,0 ¡\. llll'fllory dfed 011 ,he llIotion; when Eq. (lit) is substiluted
illl0 Eq. (1) <llld tlll' SI'WIld \('1'111is tak:t'll lo tlw Idt hand sitie of tlll' ('qualioll,
111l' i\CCf,It'l';ltioll is 1Il1l!tiplicd hy a l'l'llo1'lllalized lIlass 1/l0 = 1/1+ rn'l'2, This is an
illlll'rt'llt Iy 1illll,-dclH'lldf'llt dfl'ct. Since t.he approxirnatiolls leading lo Eqs. (11),
(12) ¡¡lid (I:q ignon' t!lis poillL lhey can all be rnarginally illlproved by simply
p"tlillg in /lIU illto Eq. (1). ;\f'.'\t, dimclIsionless variables are iul.roJu("t'd using the
following ddinitioll:-':

T = 11 alld u=
"0

(15 )
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where

6r.~a,=--
mo

and
(m-m')g

Vo :::;:
67r11a

(16 )

The equation oC motioo now reads

u' = 1 - uf(u, T), (17 )

where ul :::;: duJdT and f(u, T) is the dimensionless frictioo coefficient. The initial
condition ¡s, in al! cases, that the spherc is rc1cascd frorIl rcst at the origino Pro-
ceeding in order of complexity, Eq. (17) is solved using Eqs. (11), (12), (l:J) and
(14 ).

For Stokes's law one has ¡(u, T) :::;:1. The solutioll is

u = 1 - exp( - T), (18)

where, obviously, (u')r=O :::;:1 and the terminal vc10city is 1.
Next, Oseen 's extensioIl of Slokes 's lil\\., Eq. (12), corrcsponds to f( u, T) :::;:1+

~Ru. The resulting nonlinear (quadratic) cquation can casil)' be intcgrated. The
soIution is

( 19)

where X2:::;: 1+ ~R; (u')r=O:::;: 1 and the terminal vc10cily is 2(1 + \)-1 :S 1. \Vhcn
R --t O Eq.( 18) is, oC course, recovcred.

The solution of the quadrature obtained when the Padé approximatioll. Eq. (1:3),
is introduced into Eq. (17) is

T= Xln (1-~) + \11" (1+~) + IVln(1+~), (20)
1t¡ 112 UJ

where the Uj'S (i = 1,2,3) and X, V and IV dcpend Ol! the constants A, 13,C, D. E
and R, given after Eq. (13). The Uj'S are positivc real numbcrs; u!, -U2 and -u:¡
are the roots of

3 (Ji - I,NI'" (A - !J/ij" A
u + e R + e /i' + e 11' = o.

Also, one can show that (u' )r=O :::;: I illld that. the termillill \.clor:ity is u 1 :S 1.
depending on the vaIue of R which mllst be smaller t.han 10. Fol' slIlall n, llj :::;:1 -
(B - D)RJA + .... In Fig. 1 the bchavior of the terminal vc10city (1/1) as a fllllclion
of R is shown.
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u,

."

2 3 • • • 7 • • 10
R

Fl(;lJRlC l. 'rh" tNlnillal n.'locity of lile spllere (111), in reJUCI'd UJlllS, as a fUllClioll ofltle H.eynold~
Illlllllwr (U) for ttH' Palie apprOXilllittion. Eq. (:lO).

Tlw cxprc:-;siollS fOI"tlw n'lllaining qUillltitil's in Eq. (20) an'

..\ + /)U,'1 + I,'U',,;
ell'("1 + 'I.¡)("I + ",) illld \1= A - f) U", + 1,'U'"j

Cfl'(U3 -",)("' + ",)'

FOI" H' 01H' illt('rchang('s ttU' :;lliJilldic{"s 2 ¡¡lid ;~ in the expressioll for V. These results
;l["l' d iscllssed illld d isplaYI'i1 Ill'lo\\'.

I1I t\J(' tilllc-dclll'll(kllt C<lS<',substil.llling E,{. (1.1) illto Eq. (17) with the appl'o-
pl"iilÍl' variable.s. tJI(' eljuatioll of 1Il0tiOll ¡s

, . (/') 1/21,'.1" '¡Su=!-u-2-
.Ir. tl'¡S Ir - s' (21)

wllCre JJ = 9m2/2mll' This intcgro-difrel'ential equatioll can be transformed into a
Vo1tt'l'ra eqllatioll of the second kind alld, heing lilwilI'. sol ved by standard methods.
Tlw finill I"I'sult is

/',,= 1 - llew(q) - --lrnw(q).
1-1'

(22)

wllf'rt' He u' and IIll w d('!lol<' lll(' real and ilJlaginary parts of ttlt~ Error Function
with cOlllplex al"gulIH'lIl [:10]

2
w(=) = (.-' erfc(-i=).
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4 20
T

FIGURE 2. Sphere's velocity as a function of time, in reduced units (broken Iille F:q (22), contin-
uous line Eq. (18)).

Here

( (3;;)'
q' = T ),+ iV"8 ami )" = 3(4-1')

8 .

Also, (U~)T=O = 1 and the terminal velocity is l.

In Fig. 2, the velocity of the sphcre is shown as a fUllctioll of time as describen hy
the linear approximations (R ---+ O), Eqs. (18) aJl(1(22). The differencc is noticeable
at intermediate times and eventually the velocities reach their cornIIlon aSj'mptotic
value. The assumed rnass ratio (m/ 1m) was 0.128, corresponding to iroIl spheres
in water, say; for glass spheres in water (ml/m = 0.66i) the differences are even
smaller.

\Vhen the inertial effects are talen into account, at Icast in an approximate way,
the limiting value of the velocity bccomes lower. This is illustrated in Fig. 3. llsing
Eq. (20) that incorpora tes such an effect; Eq. (19) would give the same result in the
range where applicable, R :S 1.

In Fig. 2 the improved approximation, given by Eq. (22), shows a slo\\'cr ap-
proach to the terminal vclocity. the differeIlce never being grcater than 20%. In
Fig. 3, the asymptotic values for u (1.00, 0.80 and 0.45) depend 011 the Heynolds
number R (0,1 and 10, respectively); the approach to the terminal velocities is faster
as R ¡nereases.

To condude this section, Eq. (li) is solved assuming arbitrary slip on the
sphere's surface. The simplest approximation ¡s, of COUl'se,givcn by Eq. (11). The
result, shown in Fig. 4 for the two extreme CasL'S~ = O and ~ = 1, is a trivial
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u

.R=o

.8 .R=,

." .R.'0

2 3 4 • T

FIGURE 3. Sphere's velocity as a fundion of time, in reduced units, for different values oC R. From
Eq. (20).

u

'.5 .

..:..~:-._ .....•.....•..•....•.•..•....•...•..

2 3 4 5
T

FIGURE4. The time dependence of the sphere's velocity ror stick (broken line) and slip (contin-
UOU8 line) boundary conditions, a..'1given by Eq. (23).

exlension oC Eq. (18)

ti = _3_ [1_ e-(2+()T/3] .
2+( {23)

A generalizalion oC equalion (23) is easier lo oblain working in frequency space
froro the beginning. Heoce, one takes the Fourier Transform of Eq. (17); the second
term 00 the right-hand-side corresponds to Eqs. (8) and (9), writteo in dimensionless
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variables, while the first tcrm (corresponding to the 1) introduct's a siugular Iwhén-ior
(a delta fUllction) that must he handled carefully. \\fe labe! tll(' later hy 0.•: and
formally carry out the calculations. Solving for u" tlw Fouricr Tran:-;form uf u. gin':-;

3-(I-O,FlS ,
ti, = l' ( ')( ~)' (3 ( ) ~)o.,l' 2 +... 1 - V -1$ - lS - 1 - { V -IS

(21)

whefe s is a dimensionlcss ffequency (s = ;;.)Q2p/7J) and ¡l was defilll'd "fter Eq. (21)
(p = 1a2P/7J ;; 9m' /2mo). It is ('asy to s{'e that for low anJ high ffequt'llci('s tlll'
oehaviors are

COllseqlwnlly, lbe long and short-time asymptotic behaviors are

u = :1(2+0-1 + ... ('1' ~ (0) and u = '1'+ ... ('1' ~ O): (2'»

wbere the initial ronditions are sllch that the Fourier illVt'fsion fOl"tilt'Sl' ilsYlIlpt.otic
behaviors are guarantee<i. TIH' terminal velocity and the initial acrdt'ratioll MI' llw
same as in the pn'violls ra-,>e (Eq. (2:Q). To Fourier invcrt Eq. (2-1), in orill'r 10 find
u(T). lhe denominator can be faclorized as (-(1 - ~).,jii + k¡)(.,jii + k,)(.,jii + k.¡),
where q ;; -i$, and k¡, k2 aud k3 are complicatcd exprcssions ill\'olvillg 11 <tud r
Next, the IlUllwrator is divideu out and the result is expanded in partial factiollS,
each dl'Ilomillalor being a binomial times q; the Fourier Transforms are, in eaeil ca,'>e.
of lhe form 1 - exp( b2T)crfe (b./f) times some constant depending on k¡, k,! and
k3; the delta multiplying each term takes care of itself when using tlll' con\"ollltioll
theorelIl and liJe appropriate initial ronoitioIlS. The b's, lwing cumplex, lead to all
expression for u(T) similar to Eq_ (22). \\re have Ilot cared to writc down tlH' c'xplieit
results since the hl'havior II1USI.be v('ry close to that showll in Fig. -1; this is IH'CilllSl'
the initial and final vahws of the velocity as weH as the (olTt'spondillg \'altws fOl' tll!'
slopes are idelltical (s('(' Eq. ("2;»)).

The main (onciusioll of t.he foregoing calculations is that the lIlotioll of el sl'1 t lillg
splH're is controllcd by tile sltt'iH stresses 011 its surface. That ¡s, tlH' bOlllldary nmdi,
tion used, regardless of the hydrodynalllic approxilIlation, <:an ehallg(' t.1l<'t('rmillill
vclocity hy more than :10%, l)('twe(,1I t.lw extrenw cases of p('rfect slip <tnd llo.s1ip.

5. Discussion

Arguing tha! slipping at a fluid-solid interface should ch'p('wl 011 t.1ll' sudan' (or
interfacial) tcnsion, an l'xpcriment to pro\"(' lhe poillt was proposed alld ¡lIieny
sketched: To ¡)CrforlO a careful deterlllination of the settling velocity of two 111('-

chanically identical spheres w¡th different wetting charach'ristics, for a gi\'('1I vis.
COll5 fluid, Tht.' argurnent steltls from the possibility of rdatillg lile slip and surfaCl'
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tcnsion cocfficiellts through thc procedure outlinrcl in Seco :t \Vall cffects on the
drag experienced by the spheres [31] have bt.'cll over1ooked. The experimental sctup
must be such that these can be neglected; this is BOt a crucial point because the
issuc is lo kccp aH lhings the same and to compare the motion of the spheres when
only t.he wett.ing charactcristics are changcd.

A thcorctical basis was then given (schematically) in Seco 4 to interpret t1le
outcome of the experiment and to eslahlish the amounl oC slip prcsent: Several
calculaliolls were carried through lo d(,ternlillt' tile lime-dependence of the velocity
of a descending sphere. Using sticking bOlllldary conditions, it was showll that linear
approximatiotls Icad to a COllllllOIlterminal velocity and that allowing for slip al
tlw splwrc's surface (ould increas(' lilis valuc by as much as 30%, when the f1uid's
shear stresscs vanish at the surfacc. These inciud('d timc-dependent effects in tlle
hydrodynamic calculations. ;";onlinear rorrections giving a lower asymptotic valuc.
A full ami corr('Ct throrctical treatlll<'1l1.shoulcl include tile couplCti time dependent
amI lloll1illf'ar dTects; even if feasible, for the pr('sent purpose this sccms unneccssary.

Tile lack of a ('omprehensivc microscopi(' tlieory to cOllllect tile coefficients oC
slip and sllrfac<, lension. as lllldcrstood iu tbis palH'r, suggesls a simple dimensional
argument to derive, at least, a fOfmal functioual relation. From the wbole sel of
pllysical paramclcrs thal. playa role iu this pmblf'm, il can be sbowll thal thel"c an'
four indepelldcnt dimellsionless qll<llltitit's: .\11 ::; 1II/p(1.1 (a lIIass ratio), (!::; 0/(l9u
(a squared Icngth ratio of the capillory kllgth lo tlw sphcrc's radius), l' = ya.1p2/TJ"2
and ~ (the slip codJi('ient). In t.lw preseJlt. case tlle parallletcl"s m and r I'cmain fixed,
hcuce the ollly possiLle functional relatioll is ~ :::;G(l). \Vhere, for largc valtlt's uf
the arglllllcut G -+ O and for small \'ilhlf's (,. - l. The explicit form can only be
pro\'ided by the experilllent and 1I11l11'rstoodfmm a Stalistical ~Iechanical basNI
theory.

Aside frolll tlle main idea put forward iu tllis paper, lllost of the analysis d('als
with tlle study of a descending spilel"e in a \'iscolIs fluid. Other experimcnts might
be simpler to conceiv(' amI perfonn in onler lo pro\'f~ lhe \\'orking hypothesis: lile
llnder1ying tllf'ory lo determine lile illllount of slip \\'ould probably be harder 1.0
dt>\'dop. This is tIJe lIlain 1"('<1.'\011 jusI ifying t.1lt'pn'sl'nl allalysis.
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Resumen. Bajo cierta.') circunstancias, algunos fluidos fluyen de tal
manera que la condición de frontera usual de adherencia, explicada por
lo general en términos de la rugosidad de la superficie, debe ser relajada
para permitir deslizamiento parcial. En este trabajo se argumenta
que la tensión superficial, a.<;ociadaa la región de contacto entre un
fluido y un sólido, debe jugar un papel en la forma que debe tomar
la condición de frontera hidrodinámica correspondiente; el efecto es
incorporado a través del coeficiente de deslizamiento. Con base en el
análisis detallado del movimiento de esferas en un fluido viscoso, se
propone un experimento que demostraría la tesis del trabajo. Con objeto
de poder interpretar el resultado del experimento propuesto, se dan los
resultados teóricos necesarios.




