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Abstrnct. The diffel"elltial raparilallc{, of all l'h,rtrir dOllhl" 1<IYf'1'COll.
ta.ining a mixture of charg('d hanl spheres and dipolal" h;nd !'pIINt'''; ¡O'
obtaillf'd using tlle lI1('an fit'ld approximatioll. TJ¡I' I"Pslllts ;\TI' (IUalita.
ti\'cly similar to ('X¡H'rillH'lIt and lo thos(' obtailH'd ill lll(' 1lIf':tll splwric;ll
approximatioll,

PAes: 61.20.-p

A double layer of charge is fOfllWd at dI(' inlf'rfMf' of 011 c1('cl rolyk ¡¡lid <In ('lcTt rutll'.
Capacitance mea.,'HJrl'IIII't\\:o;ha\'e \'(,I"Yimportilnt and useful applicatiolJ in c!ectro-
chcmistry. The IJlean spllt'rical approxilllatioll (~ISA) capacitalln' of illl aqu('oll:-'
e1eetric double layer ar various conCt'lllratiollS of the e1l'ctrolyll' Itil\'t' ht'('ll 1'1'('('1111:;
ealculated, !I] Thl' rcsults are in good. hut 110 complete. flgr('t'llwnt wilh Iht' t'X-
pNimental curve [2J for a IlIf'rcllI'yjaqU('OllS :\aDP (sodium diltydrog£'1I I'hllspllilk,
NaIl2P04) interface al. :!r,oC,

The MSA cxprcssioll fol' lhe in:.crsf' cap;H"itaIlCl'. C:-1, obtililll,¡J for iI dOllhk. layet
model of chargro hard sphl'r('~ and dipolar hanl spllt'res lH'xl lo ¡¡ planar dwrged
wall, alld valid al low coll("cntratiolls. is gi\'t'1l by p..t]

1 -Ir. 2. [ ( - I ]- :; - + - di+ --dI)e (~( >. (1 )
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where dI and dI) are the dialllett'r~ of lhe ions and tl1(' dipole~ rcspectivdy, t tlw
dic!ectric constant (of the pure dipoliH lifluid), ,\ l)('ing a parallleter related lo (
through

,\'( I + ,\)" = lG"

and '" i~the Debye-Hückel parallwtel"

.,_üd"" O
, - -- L-fllll'

I ,

(2)

lIere e¡ and ,,? are lhe ehargt' ,lIul a\"I'rage 1l11IllIH'rdellsity in ti\(' bulk of ions of
:-Ipecies i, ¡1= l/kT,~' bl'ing tllt' Bolt.zmallll constant ami T lhe absolute tcmpcra-
lllrl',

Note tha! e in Eq, (1) is holiJ lhe illt.egral aJl(1 dilferential capacitancc p,tj
sinc'c' tlH' ~IS,\ is a lilH'ar tllt'(II"Y \'¡¡li(1 ¡-¡tor IU'¡-¡I"Z('ro surf¡-¡n' r1l<1l'g('dcnsily on tll<'
w¡-¡ll. In applyillg Eq. (1) in ¡((,r. lijllH' ¡-¡uthors usC'd dI == dI) for simplicity alld
¡-¡(I<I('d.In ('I('cl rodc COlltrillll! i(lll -:!.l; III..!1"-1 (for a lllt'lTury ('lec{ rode/aqueous 1:1
e1('("lrolytt') [:),61 to tlH' rigill hill1d sil!(' of the equatioll. 111t!lis Ilote we report a
<¡lIalilalively similar n':-Illl! lo th"l rcported by BlllIn ti al. 111 (Fig. 1 of Her. [11)
IIsing a I!lean fid<l approaeil.

Olllhwait(' 17.8] has n'('('ntly applied tllt' lIlf'all field approach lo lhe presellt
intl'rfacial llIode!' \\'1' will uo\\" prl'sent. a brief outlillt' of the tl\('ory. Tlw nola.tion
lhrollghotlt. this not(' dos('ly fol1ows th¡-¡l of Outhwait(,. \\'I' writc t.he Poisson equa-
t.ion fOl" t.ile lIIean ('!cd.rost.at,ic potellt.i¡-¡I 1/'(,1') al a pnpelldicllla]' dist.all("(' .r frOIll
t.1H' \Val! as

(1)

lI('r(' ¡'o is tllt' dipole mOIllc.'llt of dipolar species o . .:: are rota.tionai coordinalcs.
11.(X) llw average nurnoer dellsit.y of t.he it.h typ(' iOIl~ al l' and 1!1l(r,w) lhe average
1I1llllber densil.y oC lhe otlt lYI)(' dipol(,s al .r alld Oril'lllatiolJ w.

Usillg the mean ficld appl"OXilllatioll

and

!!J.,r < "2

!!J.:r > 2

(50)

{
O

110(X,'::) =
,,~exp( -J3Ro . V1/J)

>!.o.x < 2

x > ~
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and performing the necessary integrations over dipole orielltations. Eq, (-1) trans-
[orms lo [7.81

"''¡.(x) = --Idl (x _ '!!) '\' t,,,O,-J,,,'
~2 2 ~ I

•
_ (_ do) '\' ° -.'£ [OocoshOo - S¡lIhO,,].1ro 11 I ~ no/Jo l'

2 a ( :r O;;
(6)

In the above, I/(r) i~ tlH' lIeaviside st('p function, and O"
boundary conditiolls that ti'("T) satisfies are,

d'"t/J(.r),- --+ O as.r --+ 00
dx

tl'{x) continuous in the region :r 2: O, (7" )

d~"1 = -,l1l'a (a is the surface chargc dellsil.y),
dx r=O+

and

(7/.)

= d'¡'1 r +.1. LJ¡to,no (~~).",)d",
dI r=':¡ o -

Thc last condition arises due to the discontinuity in dv/dI al J" = liD!'!.. Ilw
distance of nearcst approach of the dipole lo the wall. The abon' (olldiliollS will
specifya uniquc value for tj'(:r),

Being non-linear, Eq. (6) is difficull lo sol ve. By Iilleariúng tltis ('<¡u,llion wi,h
respcct to both the ion alld dipole lerms, Outhwaite ¡7,S] ha.s obtitill\'d <tllillyli("al
results for t/J(x) alHl has sluH','n [8] thal the expression for tlle ill\'\'I"S(' capilCililllc(' IS
analogous to that froIn the MSA, viz ..

where

1
e j '::[1 + <~,+ «t _ 1)d~]

4. [ di '" + "o tanh ¥(do - rId]
-- /(0 - + -----~----
/(0 2 '" lanh ~(dD - d() + /(0

(!'I
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(lO)

If the difference in diarneters of the dipoles and the ions is small and if the
concentration is not too high, expansioll of Eq. (8b) to linear terms is possible an
thus becomes identical to Eq. (8a). Note again that because of the linearizations,
e aboye is both a differential and <U1 integral capacitance.

Comparing Eqs. (1) and (8) for the case whcn the ions and the dipolar hard
spheres have the saIne diameter, di = do = d, we obtain

where

{ (-1} { }f d+-d = d+(c-l)d
). MSA Mean Field

f = (
1+«-1)/'\

(11 )

(12)

For the system parameters utilized in the work of Blum el al. [1]' viz., Syrnrnetric
1:1 eleetrolyte with d = 2.76 X 10-10 m, < = 78.4 giving,\ = 2.65, and at T = 298 K,
we ohtain

2~ {d+' -1 d} = 6.01m'r-1
( ). ~tSA

and

2~{d+(f_l)d} =15.6m2r-1
( Mean field

(13)

and thus f = 2.6. A plat of C-1 against 4rr/ fK thercfore yields an intercept '" 3.4 on
lhe C-l axis (including an electrode contribution -2.6 m2F-l) in the MSA(sep, for
example, rig. 1 oC ReL [1]) and an intereept oC ~ 13.0 in the mean field approaeh.

Ir we linearize Eq. (6) in the dipole terms only and set dI = do = d we arrive
at Eq. (24) oC ReL [7]' that is:

d''¡' _ 4~ '\' o _P"~ ( d)
dx2 - - f( x) L el ni e JJ x - "2

•
(14)

In this form the above equation is analogous to the non-linear Gouy [9]- Chap-
man [10] equation in the double layer literature. The boundary conditions are now
as before, Eq. (7), w¡th the exception oC Eq. (7c) which now becornes

(15)
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Solution of Eq. (14) considering the associated Loundary conditions is no\\"
straightforward, and one obtains for a 1:1 clectrolyte

and

(d) 2, -1 [ 003]""(x) = -4rr<7X + 4~ :2 <7 + ,13 smh av ~ d
OSl'S:2 (lfia)

d
x2 2

( 1Gb)

where e and nO are the e!ectronic chargc and average hulk tlurnLcr density of eitlwr
¡onie species.

The differential capacitance CD Illay nmv be obtaiucd frorn

_1_ = d¡J¡(O) =2"d + ü --;====
CD da ti.• /1 +a1 7f;3V ~

In the limit a -+ O, Eq. (17) reduces to the exprcssion

1 4 ro
- = 2rrd+-,
CD Ui.

( 171

( 18)

which is the same result as that obtained in the linearized theory, as expected. FWIll

a theoretical point of view, eJ) provides a real-\'iorld experimental test of tile theory
as opposed to simulating a mode! 011 tile computer.

The results prescnted in this llote are esscntially Eqs. (16) ami (17). BeCilll.'il'01'
linearizatioo of Eq. (6) in thc dipo]e tcrrns on]}', the differclItial capacitance depcllds
00 the surface charge density a. The integral capacitance el, Illay be obtaint'd fmm

~ = ¡J¡(O) = 2rrd + ~ s;"h-1 [<71 "I~] ,el a (:¡3a 21l f
(I!J)

In Figure 1 we have plotted the iuve!'se capacitallcc e-l. against '17:"/0', l'al" <111

aqueous 1:1 system at zero sllrfilce charge deJlsity, using Eqs. (1) alld (8) (dI = dI) =
d). The experimental points are the resu]ts 01' Parsolls alld Zohe1. [2] The lllí'illl ficld
capacitance is qualitatively similat to t1w :-'15A n:'su1!.siH](.! to experimcntal values il.t
low concentrations. The discrepancy in the in!.ercepb hcl.wt't.'1ltile :-'ISA and Illt';lIl

field theories is understandable. The ((x) given by Eq. (10) is oIlI.yvalid for ra!.IH'l"
low concentrations. This, in turn, is the rcsu]!. of thc admittedl.v ovcrsimplificatioll
Íntroduced through the mean fie1dapproximation [Eq. (5)). A full non-linear allalysis
to yield a better t:(x) would be an improvement. In any case the qua]itative nature
oí the work here reported is cllcouraging ami suggests that tile mean potent ial
approach is reasonable.
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"

F1GUIU: l. I'lol of IIH' rl',iprocal of lhe capacitance versus .11r/u::. al zero surfac£' cbarge den.
sily, The qUí\ntily u,Itrr is lhe dilfuse ¡ayer capacitance. - mean field th",ory, ...
nH'an spheri,al approximatioll. The (ircl",s are lhe experimental results of I'arsolls and
Zohd 121
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Resumen. Empleando la aproximación del campo lIH'dio SI' obtit'lH'
una expresión para la capacitancia diferencial de ulla capa (,Iéctrica
doble que contiene una mezcla de ('sferas duras cargadas y esf('ra-;
duras dipolan's. Los resultados son cualitativaIlll'utt' semejantes a los
experimentales y a los obtenidos mediante la aproximación ('sf,'rira
media.




