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Abstrae!. \lott and Liltldoll dCH'loped a method to ealeulate the
formation energy o( paint dd('(~ts. This methad was succesful1y used
(raIn 19:J~ to 19.)'2. and it is tht' fOllndation oC most of the subsequently
dt'velopcd cfforts concernjng tlll' rakulatjon of defert energies. There-
(orf'. jt is importan! to show all infOlIsisteney in that fundamental work.
In ordPr to solv(' tlw probll'llI which arises due to the inconsisteney, we
sllppose that tl1l' iotls (<l.nll tite varaneies they leave), which surround
lhe ¡lOinl deff'rt.ha\'E' a ('('rt..un volunw instead of considering them as
poillts (as .'.Iott alld Littlt'tOll did). In this way, and following the rest of
1h(' \Iolt alld Lilll('IOll formalism. we runclude that the displacements
of IIH' IH'aH'st IH'ighhors lo 1111'poillt dd('cts aH' very small, and so me-
tillll'S ('\"('JI z('ro. \\'Ii"ll tlll' displarl'IlH'llts aH' considered to be lero, ti\('
lh('oreliral \.alup of tlH' formatioll PIIPrgy of Schottky pairs gcts closer
lo ti\£' experimental vahws f('porh.t1 by other authors.

PACS, 61.70.-,; 71.55.-;

1. Introduction

Thl' \Iott and Littlf'ton {l} method was d('\'('lol)('d to ealculate the formation energy
of puint ddects in ionie crystals. Later OH, this method was extended by Reitz
éllld Galtlllld [2]. Bassani and FUlluni [:1] ami Huíz-!vlejía el al. {4J, in order to
ealculal.t' the forrnation energy of ,\12+ -catioll ("omplcxes in different alkali halides.
This llH'thod was also used by Tosy and Fllmi 15]' Tharmalingam and Lidiard [6],
,lIld Di('lIl's [7]. to ealculate the formatioll energy oC vacancies. An excellent review
of tlll' lattice dcfect studics earried prior to 1957 has bcen given by Lidiard [8].

The calculations of ddeet formation cncrgies have been subsequently repeated
by a lIumber of authors. and I1carly aH of thern have used the Mott and Little-
ton [I] descriptioll of the displacerncnt field or sorne simple modifieation of it; for
('xalllp1t'; rl'laxation mechanisms slleh as the clastie relaxation first introdueed by
Braller 19J. alld the deformation dipole relaxation considered by Kurosawa. (10].
Tosi and Doyama [11] have made a consistent treatemcnt of point defects in ionie
crystals, using the Mott and Littleton [Ij deseription and using the improved short-
range potential constants of Fumi and Tosi [12,13]. I1ardy [14,15] introdueed a new
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approach to the problelll of ncutral poillt d"feds in iOllic crystals by making use of
a tcdlllique dile to I\anzaki [((¡] which has come to 1)(' called the mcthod of "Iattin~
statics" .

Boswarva and Lidianl [1i] alld Boswarva [1S] !J<lH' perfonned several c;dcllla-
tions wit hin the ~lott <llld Littlf'toll [11 fonnalislll. TI]('y determine the depeu<iell<"t'
of tl1(' Schottky forlllatioll ('IH'rgi('S 011 tite e1cctrostatic. dastic. anJ deforlllalioll
dipole dff'cls. They also sllldy tlw dl'JH'udenn:- of the Schottky en£'rgies 011 liw
constanls llsed in ttl(' BOI"II-~lay('r [I~Js!Jorl-r<lllgf' pot(,lltia1. ami lhe aplicahility of
the Born-~lil,yer-V('rwe)' [201 potelltial.

The first attelllpt lo n'plan' tl1(' n'gioll, which ~lott ami Littleton [1] cOllsic!.
ered as él. eontilllllllll. by it latlin' lIlod(.1 ilPIH'ared in the work of lIateher alld
Diell('S [21.22]. 111thes(' piqwrs. tllt' itilll of tlw ('xt(,lIsioll of llw ~tott alld !.iul •.-
ton iJl metltod was prilllilrily lll(' detl'rlllinalioll of lhe acti\'alioll elwrgil's fm tlll'
formation of Iwut.ral dl'ft'ds in ionic crystals. Qlligl('y and Das [:n.2.1] I)('rfolllwd
cakulatiolls in ¡,el. f\Br and C\CI \\"ilb Lj+ illlpurities. They allo\\"ed tlw c!l'fl'(,1
to mo\'c along lIle (111), (100) alld (100) dil"ediollS in the lattice i\lId tlll'Y fOlllld
a (111) off cenU'r placl' to !lave tl](' lIIinilllulll c'lwrgy. In aH oC these palH'rs. !.Ile'
primar)' t.eciJniqut.' l1s('d \vas llll' ~lott ¡¡ud Liltldoll [I]melhod lIlodified in SOllH'
aspl'ct.s: elastic rdaxiltioll [9]' (hofol"lllillion C!ipol(.s /iD], Jattice stalin; [1.1.1.-)]. alld
rigiti.ioIl lIlodel ¡21 ,:!2,2:1,2.1].

SchoJz [2,1j,:Wj, lllt' onl)' Oltc tltitl cln('s not IIS(' lJI(' .\lot\ alld LittJdol1 [1] ;¡p-
proiLCil, ca!culale(l Sdlottky Jlilir fnrlllCltiOlI llsillg a COlll]Hlter sillllllalioll 01' tllt'
lattin',

A \'ery gO()(t n'vil'w of tllt, lillt.in' dl'f(,c\. (.ll(.rg ...•.calculilliOlIS cilrrie(1 IHofon' 197()
was gi\'(ill hy lIardy illld FlodH'1l 12i].

Tllt' llH'ory of POillt (Id(,ct.s ill i(lllie nyst.i1ls is Iilrgely COllCel"lICdwitll tlll' tn'ClII'-
rIlenl oC lalticf' rdaxatioll alld l!t(. ('\'alu,lIioll of llJ(' interionic potenlials. TIlt' 11IitjOl"-
ity of defecl calculatiolls cllrr('nlly 111<'1<1(,M(' has(,d 011 two-body pOlelltials in \\"Ilidl
11le non-colllolllbic forces an' n'pn's('nlf'd I,y BOl"ll-\layer l"epu1sin' interactiolls. In
lllany more recent pa¡H'rs [2S.2~J.:IO].('1('dl'Ollic polariziltioll is a("("ollnt(.tI fOl"IJY t lit'
use of a shl'lI lIIode! slIggestl'd hy Dick i1ntl (h('rl1alls('r PI]. The contribllt iOlls ill
this fidJ of tlU' llworetieal grollp al lIill"\\"ell il]"t' gin'lI h...•.Catlow aJl(1 \Iilckrodl [:J:!j.

1'h(' intt'riollic potentials in alkitli hillidt's d('rin'd hy Tosi alld Ftlllli [U] !tim'
IwclIlIs('d in lIlall)' ("aiclllaliolls of physicill propnlil's of liquids ami solids [TL:I I.r,].

Therc have !>e('n IlIlIlWI"OUSaltclllllts lo pres('nt ollH'r pOll'lItials ill iOI.ic cry~-
tals 132.16]. TIH'se pott'1l1ii\ls hit\'(' 1)1'('1\ critically stlldied hy EgW'llholfr]('r
d al. [:n.:J8j. who h<lvl' dClIlostrall'd thill nOI\(, of tl](,1II is capahll' of yiddillg Ilt't-
ler agr('('nwlIl with l'xpcrinwlltal results lhall t!lOS(' oblailwd witl. tlw FUllIi ¡¡nd
Tosi paranwt('rs. Ikn'ntly. BosW<ll"\'i\ [:J~),.IOl alul (:lIpl a t / oi. [.¡lliJa\"(' J"('1'\'illUillnI
the Tosi and FlIlIli [1:1] poÍl'Jlticd pari\lllctl'rs illltl tl]('.'" fOUlld good agn"l'lIlf'llt wi,1i
('xpcrillwnlal n'slllls.

In ti\(' ]ll'('s('lll palH'r. \\"1' l't'\'iew tlw \lott itlld Littldull [1] IIWlhotl illld \\"('
c1ailll thal tllt're is a lIlissillg lt'nJl ill tl]('ir I'xpn'sioll for tllt' dn..:tric fu 1'("1'.,\s tllt'
introdllclion of t,his U'ml Il'acis lo al! I1IlS0111hlt'syst('1I1 of l'qllatioll:-'. \\"1' sllggI'sl all
a!terIlatiw' pro('('dure lo ol,tailJ lit(' Scltottky (,llt'rgi('s.
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FIGURE 1. Region 1: Va.cancy (V) and its first nearest neighbors (l). ro = anion-cation distance.

2. Theory

In the Mott and Littleton {ll method, the crystal is divided into an ioner regiool
region 1, whose equilibrium is explicitly evaluated, and an outer region, region 1I1
where the dipole moments and the displacements of the ¡ons are obtained from the
macroscopic polarization causcd by the effective charge on the point defecto

In the first order approximation, the vacancy and its six nearest neighbors are
chosen as region l. The outward displacement of the neighbors is called ~rOI and
mero is the outward induced dipole moment, where ro is the anion.cation distance, e
is the electrostatic charge, and ~ and m are ajustable parameters. The configuration
of region 1 is shown in Fig. 1.

As a rule [1,2,3,41, the e1ectric force along (IDO) d¡rection on any of the six
nearest neighhors is presented as:

(0.25 + 3fJi)m _ (1 965M' + 0.388M' )]
:¡: (1+03 . '" T

~ = .' [1 + Ji + 0.25
T r~ (1 +O'

4(1 + O
(2 + 2~ + e)3/'

1
(2 +O'

(l)

where the negative sign corresponds to a positive ion vacancy and the positive sign
to a negative ion vacaney. M~ and Af~ are related to the dipoles induced at distant
positive and negative lattice sites (region 11).Those d¡pales are respectively

and
j\f~r3e
-r-'-
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fIGURE 2. Vacancy (F), displaced nearest lH'ighhors (1) and opposltely charged points (P) II.ft
by lbe ions. ro = anion-catioll distance. ~ro = OI11ward displacement.

at the position r in thc lattice.

In order to Bolice that thcre is a lIIissing tCfm in l'quation (1), we will obtaiu it
in sorne dctail. The non displaced ions, wilich are tile vacancy ncarest Ileighbors, are
in the positions (01:1,0.0)"0' (0,01:1.0)"0 alld (0,0.01:1)"0' Whell lhe displacemelll
takes place, lhe ne\\' posilions of lhe ion s are (01:(1 + 0,0,0)1'0,(0.01:(1 + 0,0)"0
and {O,O,:!:(} +0), and liley lea\'c points oppositely charged at their old positioTls
(Fig.2).

The cleetrieal force F~ is ealculaLt'd on the displiiCt.d ion (l + <. O, O)ro and it
is due to the \'acancy, the rest of thc displaced ions, the oppositdy charged points
and the dipoles forrned in lilc displaced iOlls and in region 11.

The e¡e<:trieal force in (1 + <,0,0)1'0 dile to lhe vacaney is

"
-e el.
FT(vacaney);::--:;- .)1.

T "0(1+0-

The c1celrical force dile lo lhe charged poi lit at (-i,U,O)1'O is

And that dile to the iOIl at (-1 - e 0, 0)1'0 is

-f' (;2 1
1"~((-1 - (.0.0)7'0) = 1'612(1 + OFí. (1)
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\Ve also have

F' 01 r __ ('2 (I+~)i+j
'1'(( , ,O) O) - ri [1 + (I + 02]'/2

p' ((O 1 H O)r ) = ('2 (1 +Oí - (I +Oi
'1" ,O ri [2 + (1 + 02]'/2

(5)

(6)

The charged poinls al (O, -1, O)ro, (O, O, I )ro and (O, O, -1 )rO give equalions
analogous to equation (5). Thcre is an cquivalcnt rcsult (equation (6» [or the
displaced ions asociatcd \•...ith thosc cbargcs points.

The i component oC F~ in equatiolls (2), (4) and -1times (6) gives the term

('2 (1 + 0.25 + V2)
ri (1 + ~J' (7a)

Four charged points givc thc sallle contribution (cornponent i oC equation (5)), so
\Ve obtain the second ter m oC cquation (1)

('2 4(1 + O
r5 (2 + 2~ + (')3/2'

Frorn cquation (3), we get the tbird t.enn of equatioll (1),

('2 1
r5 (2 +02'

(7b)

(7e)

Thc fourth term in equatioll (1) comes [roro the electronic moments 00 the
first nearest neighbors to the vacancy calculated at the point (1 + ~,O,O)ro. The
last term comes froro the momcnts in regioo JI, anó the numerical coefficients where
ealculated by Mott and Littleton {l}.As the fourth and fifth tcrms are not important
for our purposes, \Vewill not discuse thcm.

Aparently, al! the contributions to the electrical force have been taken into
account in cquation (1). However, and to point out this fact is the main purpose
oC this paper, there is one term that has not been considercd in equation (1): the
corrcsponding to the chargf'd poinl al (l.O,O)ro. The eleclrical force due to it is

(8)
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so equation (1) must actually be

F,=e' [1+J2+0.25 4(1+0 1 I
"r5 (1 + O' (2 + 2~+ ~')3/' (2 + ~)' - e

:¡:(0.2~l+:~;;)m _ (1.965M~ +0.388M~)]

( 1')

In this way, we do not arbitrarily omit the contribution of the charged point at
(I,O,O)ro.

In order to obtain the displacemcnt ~ and lbe rnomcnt m through the force
balance method, it is neccssary the repulsive force

where

, [( M') ro] 4 A [ M' ] [dro]F =-Aexp - I-~-- - +- ~+--exp- -
" 4 P d 2V2 P

ro [ro ro] 4C" [ M' ] [.\"0]+2v2C" -v2(1+~)p +-.\- ~-3V3 exp- P

4C" [ 2M'] [~ro]- -~- I - ~+ 5J5 exp - p

(9)

and

d=

.\=

(M')' ( M')''+- + 1--, 2J2 2J2 '

(M' )' ( M' )'~-- +2 1+-
3V3 3V3 '

(2M')' ( M' )'I-~+- + 1+-
5J5 5J5

witbC+_ = 1, C__ = 0.75,C++ = 1.25,P = 0.345x10-8 cm, b = 0.299x10-12 ergs
and e = 4.8025x 10-10 esu.
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The other necessary equations are

o F':::!.:..I. = :i:m ero
e

F~+ F~= O.

(lO)

(11 )

Then, < and m are obtained through equations (1), (9), (lO) and (11). How-
ever, if we use the correct equation (equation(l')) insteaci of equation (1), there
is no solution to the system oC equations. As a rnatter oC Cact, the term given by
equation (8) is numerically much biggcr than any oCthe terms in equation (1), and
cannot he neglected in equation (1').

In order to be ahle to use (1'), we have considered that the holes left hehind by
the ions (vacancy nearest neighbors) when they rnove to their desplaced positions,
are not rnerely charged pointsl hut they have spherical volume and a uniCormily
distributed charge. We make the sarne assurnption Corthe ions. Then equation (1')
changes to

Ji"; _ e' [1 + Q(.,/2 + 0.25) _ 4Q(1H+ x)
~-r5 (I+<+x)' [(1+<+x)'+(I-x)'J'/'

Q Q (0.25+ 3/.,/2)m ]
(2 + <)' « + 2x)' :¡: (1 + <)3 (1.965M~ + 0.388M~)

where

( 12)

2 ~
x = -y - -< and1 2

y = r=f;
ro

T=f is the radius oCthe negative and positive ions.
According to this model, the overlaping parts oC the charge of the spherical ion

and the spherical hole leCtbehind do not contribute to the electrical force.

3. Results and discussion

Table 1 shows the displa.cernents oC the first nearest neighbors oí a positive ion and
a negative ion vacancies using equations (9), (lO), (11), and (12). For a negative
ion va.cancy there is solution Cor all the alkali halides. In the case oí a positive
ion vacancy there is no solution Cor sorne of the alkali halides. When there a.re"no
solutions we see that I~Iand IF~1are doser to each other in value when { tends
lo zero.

Foe the calculations of the displacernents we have taken into account tbe
Brauer [9J term < (1.965 - 0.388) in the electrical force in order to inelude the
elastic effect.
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{- E':.. {+ E"+
LiCl 00166 5.3997 0.0133 .5.7806
NaCI 0.0216 4.7677 0.0195 :).1663
KCI 0.0000 0.0155 5.0!J2'1
RbCI 0.0000 0.0032 5.7776
LiSr 0.0118 4.4398 0.0112 48122
NaSr 0.0128 4.2406 00169 4.5846
KBr 0.0000 00122 7.8800
RbBr 0.0000 0.0035 69862
Lil 0.0071 5.3322 0.0090 6.17S:)
Nal 0.0060 5.4033 0.0136 575;11
KI 0.0000 0.0090 6.5412
Rbl 0.0000 0.0029 9.136,1
LiF 0.0598 5.8011 0.0255 u.2388
NaF 0.0551 ,').6707 00355 59174
KF 0.0331 52366 0.0291 5,6400
RbF 0.0259 49644 0.0167 5.6lfi I

TABLE 1. Displacements (~_,~+) of the vacancy first nearest neighbors, and formation energíes
(E~, E':..; in eV) of positive and negatíve ion vacancy.

\Vhen the Van der \Vaals term was includcd fOf lhe cases in which ( = O, \\'e

obtained non-physical solutions (~ ~ 0.5). Then, in 'rabIe 1 \Ve take iolo anount
the elastic effect only. Table 1 also shows the forrnation energy of the vacancies
corresponding lo each ~ and m.

The formation energy of a Schottky pair [8] is ES = E¡ + E':... - EL, wherc
E¡ and E".!.. are the formation energies of a positive and a negative ion vacancy
respectiveIy, and EL is the lattice energy per pair of ious. In arder ta compare om
results with the experimental anes, we !lave done the calculation of E~o ami E~o
when { = O. AIso in the cases when ( is diffcrent from zero but very small, \ve have
put { = Oand we used the express ion for E~oand £1.:..0. 'rabie 11shows the cncrgies
E~o,E~o (order zero) (1] and EL for all the alkali halides.

Table III shows the theoretical and experimental valucs of the Schottky energies
and they are compared with the values obtained by I30swarva and Lidiard (17].

4. Conclusions

We have used the balance force method in order to find ~ and m. The express ion
for F~ had to be change from equation (1) to equation (12), But even when a
minimization energy method [17] is used, and cxpression for F~ is necesary lo find
the vaIue of m.

From Table III we can see that for the alkal¡ halides with ( = O (marked with
an asterisk) the value oCE' is in good agreement with experimental results [17J.
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LiCI

NaCI

KCI

RbCI

LiBr

NaBr
KBr
RbBr
LiI
NaI

KI

Rbl

LiF
NaF
KF
RbF

E:" E"''+
5.0513 5.5785

.\.0140 .\.4639

4.8054 4.9706
4.4574 4 ..\473

47545 52729

4.7556 5.1571

4.5617 4.7962

4.-1033 4.5628

4.4457 4.9293

4.3674 4.7989

42340 4.5388

41817 4.4277

6.4041 6.7815

6.1024 61887

5.5412 5.3997

5,3879 5.1852

EL

8.6881

8.0000

7.2561

6.8160

81740

7..\9&0

6.9491

6.6900
7..\.\41

7.0662

6.5251

6.3700

10.7930

9.\.\60

8.4260

6.8162

TABLE 11. Order zera formation energies (E~", E:"; in eY), alld lattice energy (f.:L in eY) per pair
of ions.

LiCI
NaCI

KCI

RbCI

LiBr
NaBr

KBr
RbBr
LiI

Nal

KI
Rbl

LiF
NaF
KF
RbF

E' (B-L) E' (this work)

1.0830 3.7817

1.7940 3.8236

1.9780 2.5201.

1.9840 2.1887.

0.9170 3.9752

1.6220 3.718.1

1.8690 2.3147.

1.8720 2.2761'

0.6400 1.8210'

1.3500 2.1004.

1.7000 2.2478.

2.2395.

1.6430 4.9438

2.2900 4.4649

2.0402 4.2127

1.8490 4.2989

¡.;' (experimental [17])

2.1200

2.1200

2.2200

1.8000

1.6800

2.5300

1.3400

2.6800

TABLE 111. Theoretical (B-L := Boswarva and Lidiard; and this work) alld experimental val-
ues [17] of formation energy (t.., in eY) of a Schottky pairo Asterisk corresponds to
~= O.
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The majo condusion is that the picture of point charges must be changed if we
one conserve the Mott and Littleton 111 formulation.
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Resumen. Mott y Littleton desarrollaron un método para calcular la
energía de formación de defectos puntuales. Este método se usó con
éxito de 1938 a 1952 y es la ba.<;ede la mayoría de los desarrollos
subsecuentes relacionados con el cálculo de energías de defectos. Por
lo tanto es importante mostrar una inconsistencia en ese trabajo funda-
mental. Con el fin de resolver el problema que surge de la inconsistencia,
nosotros suponemos que los iones (y las vacancias correspondientes),
los cuales rodean al defecto puntual, tienen un cierto volumen, en vez
de considerarlos como defectos puntuales (tal como lo hicieron Mott y
Littleton). De esta manera y siguiendo, en lo demás, el método de Mott
y Littleton concluimos que los desplazamientos de los iones vecinos al
defecto son pequeños y en algunos ca.<;osson iguales a cero. Cuando los
desplazamientos son iguales a cero la energía de formación de pares de
Shottky calculada resulta muy cercana al valor experimental.




