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Abstract. \Vestudy the entropy production surfa.ceof the Curzon a.nd
Ahlborn cycle under usual restrictions: no friction, endoreversible a.nd
free of inertial effects. \Ve find tha.t the Cuezon a.nd Ahlbom formula.
for the efficiency, r¡ = 1 - ~ (T2 < TI. reservoir temperatures) il
not exclusive for the ma.ximum power regime. We obtain this formul.
by using the mean value theorem for derivatives and also by meana of
a Legendre transformation a.pplied over a hyperbola. associa.ted to tbe
directiona.l ma.xima of the entropy production surface.

PACS, 44.60.+k; 44.90.+c

1. Introduction

A great deal oC attention has received the Curzon and Ahlborn (C-A) paper (1),
where they shown that a Carnot-type cycle with heat transfer in the isothermal
branches given by Newton's Cooling Law at maximurn power output performance,
has an efficiency given by 7JCA = 1 -IR, where Tz and TI are the temperatures
of cold and hot reservoirs respectively. From this work several authors [1-9) have
studied the optimal configuration of operation for heat engines at finite time, usiDg
sorne criteria of merit such as maximum power, maximum efficiency and effective-
oess, minimum entropy production and others. The C.A efficiency formula has been
obtained by d¡trerent maximum power analyses [2-61. Recently, Torres [7J published
a work about the CA cyclc analyzed by means of minimal rate of entropy production
as a criterion of Olcrit for the besl Olode of operation of such a cycle. He found
the expccted result lhat cntropy production per cycle ~s(1", cycle period) has a
minimum for X = Y = O; t.e. in the quasi.static limit, where X and Y are as in the
CoA paper, the diiTercnces of tcmperalure between heat reservoirs and the working
substance: X ; TI _.T¡\v and Y ; T2w - T2, with T¡\I' and T2w the corresponding
temperatures of the superior and inferior isothermal brauches (see Fig. 1). Then, it
is c1ear that by a minimal cnll'0py produdion critcrioll lhe e-A efficiency can not
be recuperated .
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FIGURE l. PrcsslIre-yollllTlc diagram for Cun:oll allJ Ahlboru cyclc.

In this work \Ve study thc C-A c)'c1e under lIJe usual I"l'strirtions [2]' [(ij, [SI; /,(.
without frictioll, the \\lorkillg fluid in internal equilibriuIIl (cIHloreversihilily) ¡¡nd fn'f'
of Incchanical incrtial dfl'cts. \Ve propase an a!tl'rIlati\'(' <lnalysis of tllf' ('ntropy pro-
duction funct.ion tbrough it.s dircctioIlal deri\'at.ivcs along ccrtain llIollOparallwtric-
straight-linc famil)' with negativc slopc in X -)' planco \Ve finí! that it ('xi."its an
hypcrbola in thc X -V plane which is the locus of aH pairs (X -}") wllf'rc tlw ('ntrop)'
production surfacc has dirl'ctional maxima along the IIlcntiolled famil)' of straight
lines. Thc C-A point. corresponding to maximulIl po\\'(,1" belougs lo t hal cm\"{' alld
it is found by Ilsing the mean \'alue th('orem for dcri\'atiH's [ID] alld aiso by lI1£'ans
oC the Lcgcndrc transCormation [11] for sllch an hyperbola. So. tlH' e-A formula COI'
efficicncy is rcached by an unusual entropy production proccdllrl'. \\'(' sho\\' also
that the C-A efficiellcy formula is Bot exclusive for th<.' lIlaximum po\\'cr regilIlí'.

2. Entropy production surface

\Ve consider the C-A cyclc (Fig. 1), with heat transfer III the isotlH'rrnat hralldJ(~
givcn by Ne\vton '5 Cooling La\v

dQ¡ (7' '1') \'--;¡¡- ;:; n 1 - :Hl' ;:; o. ,

(1 )

whcre {} alld f3 are constants ocpl'JlJillg on the thickuess illlO thcrlllill cOllducliviti('s
of the walls hetw(,cll r(':-;('("voirs and working substall<"t' alld t i~ till]('. I)IW lo irn'-
versibilitics which are Pff'~(,llt in tllf' coupling lH'tWl'l'n It('al. ]"t':"l']"voir:";tnd workinc;



A n erltropy l'ro<iuction ul'prooch lo the Curzon and Ahlborn cyele 89

fluid Su, according to the second Law of thermodynamics, must be a positive definite
quantity,

(2)

Su is the entropy of the therrnodynamical universe ¡.C. heat reservoirs plus working
substance. Because the working substance undergocs an endoreversible cyele, the
entropy prodllction per cycle for a pair (X, Y) is [7]

. tJ.Su
au = -- =

T

0(3 X'1'T, + X1"T,
'1'1'1',oT,X + (3'1'1Y + (o - (3)X1"

(3)

this equation is obtained considering only the contribution in au due to entropy
production of heat rescrvoirs, Lccause of the change in entropy of the working
substance, !:J.Sw is null and its entropy production }ler cycle is also nulL Then we
have

(4)

Thus, the cntropy production pcr cycle for heat reservoirs plus working substance
¡S,

From Eqs. (4) and (5) and using for one cycle period,

Q1 Q,
T = t, + t, = oX + (31"

(5)

(6)

WC obtain Eq. (a). I1cre, as it is usual, the adiabatie branchcs are considered instan-
taneous [2]' [SI.

The surface corresponding to functioll 0'11 (Eq. 3) is Ml increa.sing surface for
increasing X, Y in the same domain D = {X, Y I X E [O,'1', - '1',1,Y = TI - '1', -Xl
in which the po\Ver of the e-A cycle P, is non negative. The cxpression for P in
tcrms of X,}I" and for i'~stantallcouS adiabatic branches is [1]

,_ o(3XY(T, -1, - X-n
1 - oT,.\' + (3'1', Y + (o - ¡1)X1'

(7)

From Eq. (7) \Ve scc th¡tl domain D rOl" P 2: o is as we indicatctl in thc previous
paragraph (see Fig. [¡). Power fllllctioll 1) (st:'C fig. 2) corresponds to it convex surfacc
\V;l h :"t "in"lf"' m::lyiml1m in V. itnd aH is (l surfaCl' which has zero values along the
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F1auRE 2. Power output surfa.ce for C-A c::ycle with TI :;::1000 K, T2 :;::500 K and a :;: p :;::
100 J/K- •.

FlOURE 3. Total entropy productioo surfate with TI :;::1000 K, T, :;::500 K and Q" :;:: 100 l/K-s.

x, y a.xes (see Fig. 3). From the shape oí 0'., we observe that along straight lines
with negative slope in dornain V, it ha.s diredional maxima.

From Eqs. (3) and (7), il follows Ihal

where

P(X, Y) = g(X, Y)".(X, Y)

T¡-T,-X-Y
g(X,Y)=T¡T, TX T ', + ¡y

(8)

(9)
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FIGURE 4. g(z-, y) 8urface with TI == 1000 K and T, == 500 K.

The graph of fuoetioo 9(X, Y) io domaio D is shown io Fig. 4. We koow (1) .that
P( X, Y) has a single maximum in

X' = TI [ti~~1'
Y' = T, [f:~],

amI coosequently it follows usiog Eq. (8) that in the point (X', Y'),

(10)

(11)

(12)

Due to the shape c~ the surface (1v (Fig. 3) the directional maxima are such
that,

d"u = (a"u) dX + (a"u) dY dX = O
dA as y. dA al' x.dX dA '

(13)

whcre d)" is the magnitude oCdA, which is the infinitesimal displacement in the
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FIGURE 5. Hyperbola corresponding to Eq. (22) in dOlIJain V.

considered direction. From Eq. (13), we obtaiu

dI'
dX =

(:f),..
("9)

iW x'

(11)

After substitution of Eq. (9);u Eq. (14) w(' gel,

dI' 1".. V + '1', •
- = --- = ---- = -TTl
dX T¡¡,.' '1',- X ( Lo)

which gives us the slope -m- of the straight line which is parallel to the directional
derivate in (X', Y'). From Eq. (15) we obta;u

( 1G,,)

which is a particular case of the rnolloparalllctric'straight-lillc family giV(,ll by,

}I" = mT¡ - '/'-2 - mX

with m = ~. As we shall sce bclow, alollg tite straight-line fami1y givcn by
Eq. (l6b), Lhe (Ju surface has directional Illaxillla, If we use Eq. (1Gb) in Lhe expres-
sioo for endoreversible efficiency [I J,

'1, + V
?=l-T,_X'
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\Ve are lead to the result,

11 = 1 -m. ( 17)

Eg. (17) mcans that cfHcicncy for engine configurations (X, Y) which bclong to
straight line (166) have al! of thcm the samc emci~ncy 1](m). Thus, the C4A formula
for cfficiency at maximum power regime is nol exclusive for the point (X., Y.). AH
poínts (X, Y) on the straíght line (for " = 13),

j' _ ~/"" T rr; v
-V1)12- 2-vr;"" (18)

correspond to cycle configurations with 1] = 1 - /fi:..
Straight lines related \Vith Eqs. (16b) and (17) are displaycd, in other context,

in Fíg. l af Hef. [9].

3. e-A point and entropy production surface

In this seetion we find thc C-A point of maximum powcr output by an entropy pro-
duction surface analysis. In oruer to manipulate algebraically Eq. (3), for simplicity
\Ve take the case Q = 11, as an exarnple of the procedure. For this case

this function has direetional rnaxirna along straight
substítution of Eq. (16b) in Eq. (19), we obtain

(19)

lines given by Eq. (16b). By

')'1'/2 "'" ,2--a" = (mi 1 - 12),\ - m.'\
"

The point (X., y.) whel'e Eq. (20) attains its dircetional maximum is

(20)

x. = ~1'1[1 - ~.~,] ,
2 111 7}

(21)

and hy elimination of m, it fol!o\Vsthat

'''1'' + l'T' ". - 11' j".1. 2 12 ..1. - 2 1 . (22)

En (22) (,olTesnonds to an hVDcrbola (sec Fil!. 5L which is the locus oC aH points
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(X, Y) in dornain V, which maximize entropy production along straight lines given
by Eq. (16b), as can be seen frorn Fig. 5, this curve intersect the dornain 7) bound-

. h" d h . (n-T, T,-n)a.nes at t e onglO a.n at t e pomt 2' 2 .

If we apply the mean value theorern for derivatives 1101to the function Y'(X')
obtained frorn Eq. (22) and given by

Y'(X') = T,X'
TI - 2X'

we obta.in

(TI -2 T,) _ Y(O)
dY(X')

= T T =1.
dX --.!....=..2_ O

2

Taking the derivative of Y'(X') and substituting in Eq. (24), il follows lhat

TIT,
(T¡ _ 2X')' = 1,

From here, we obtain

and substituting this expression in Eq. (23), we gel

(23)

(24)

(25)

(26)

(27)

Eqs. (26) and (27) give us lhe CoA point for o = /3 [see Eqs. (10) and (11)). All
alternative way to filld the CoA point frorn the hyperbola givell by Eq. (22) is by
using the Legendre transformation [11) of that curve. The Legendre transformation
F is obtained by the vertical distance between the straight line Y = X and the
curve y = 1;:1y. It is given by

F= X _ T,X
T¡-2X

Dista.nce F(X) necessarily has a rnaxirnum in the interval [O, Tl;T, ]; i.e.

dF T¡T,
dX = 1 - (T¡ _ 2X)' = O

(28)

(29)
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Eq. (29) is the same that Eq. (25) and cOlIsequently, we obtain the same pair
(X., y.) giveu by Eqs. (26) aud (27). So, the poiut where the tangent at the curve
}I' = }'(X) is parallcl to straight line }I' ;;:;; X i5 a150 the point where the vertical
distance octween tIte slraight line anJ the curve is maximum. In this way, we have
shown that the CoA point has a very spedal place in lhe entropy production surface
and corresponds to a directional maximum in that surface.

For the ca..•e o :¡. {3the algebra is more complicated hut the equivalent results
are obtaincd using the equation for lhe hyperbola givcn by

which reduces to Eq, (22) for thc case o ;;:;;{3. Eq. (30) follows by using the facl
lhat the C-Apoiut IEqs. (10) aud (11)1 belougs lo lhe hyperbola. This procedure
seerns to be a tautology. hut it is not. Qur aim is to sho\\' that the C.A point has a
conspicuous place in this ellr\'(' and in tlll' ('ntrop)' produdion surfaee also.

4. (onclusions

UntiJ no\\' olll)' minimal entropy production approaches {2J. {jI, [8J have becn applied
to lhe CoA cndorcwrsiblc eyel(•. In Ollf work, we make a differeut entropy produc-
tion approach lo such a c.rele. \\'e find a monoparamctric-straight-line family along
which au has din'ctionalmaxima. The cHiciellcy rt~ulls a constant for pairs (X,Y)

beloTlging lo c<lchof thc:'ie lilles. Thus, tile falllous formula rICA;;:;; 1 - .j"fi;, is oot
exclusive for maximum power f('ginw. \Vl' silo\\' lilat the C-A point (X., }'.) has a
conspicuollS place in tile al! slIff<l(,(,.\Ild W(' IIwd it hy IIsillg hoth the mean value
thcorem alle! a Legendre trilllSfOl'lllatioll 0\'('1' a ilYIH'l'llOli1ol)lailll'd fmm direclional
rnaxima of au. 1'11(' mean \'allll' t1H'OITlllfol' <ierivativ('s illld tIH..' maxillllllll of the
Legendrc transfonJla.t.iOlI ['('slllt ('quivait'llt for COllV('Xeurves.
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Chapo 11.

Resumen. Se estudia la superficie de producción de eutropía d,,1
ciclo de Cuezon y Ahlhorn bajo restricciones usuales: sin fricción.
endorreversible y libre de efectos inerciales. Se encuentra qUl' la fórmula

de Cuezan y Ahlborn para la eficiencia, 'J = 1-A, uo I'S "xdusi\'a
del régimen tle potencia llI<t..xima.Se ohtiel1e esa fórmula II.<;aJl(lo.tauto
el teorema del valor lIledio para deriva<1a.<;como ulla trnllsforlllaci(lll
de Legendre, aplicados sohre una hipérbola asociada a los 1Il.íxill1()s
direccionales de la superficie de producción de entropía.


