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Abstract. An explicit expression far the Lanczas potential, which gen-
erates the conforma.lcurvature tensor, is obta.ined for aHthe space-times
that admit a shear.free congruence of nuH geodesics, provided that the
Ricci tensor is suitably restricted. The most general local expression oC
the Lanczos potential of a conforma.lly flat space-time is also obta.ined.

PACS: 04.20.Jb

1. Introduction

The Lanczos potential oC a given space-time is a tensor field, Hp./.1p, that leads,
by covariant differentiation, to the conCormal curvature tensor [l,2J. The Lanezos
potential corresponding to a given metric has to satisCy a set oí coupled equations
whose integration seems to be a highly involved task, especial1y when the equations
are written in tensor Corm.

The aim oC this paper is to give an explicit expression Corthe Lanczos potential of
any space-time that admits a shear-Cree congruenee oC nul1 geodesies and whose Rieei
tensor is suitably aligned to this congruenee. This c1ass of space-times inelude aH
the algebraieal1y special solutions oC the Einstein vaeuum field equations. The most
generalloeal express ion oC the Lanczos potential eorresponding to a conformalIy flat
space-time is also given. The expressions Cor the Lanczos potentials are obtained
here by considering the complex extension oC the space-time and using the spinor
formalism; this approaeh has been developed in the study oC exact solutions oC
the Einstein field equations [3-6J and has been applied lo Ihe ínlegralion oC Ihe
equations governing various fields (see, [or example, ReCs. [4-8] and the referenees
ciled thereín).

In Seet. 2 the equations satisfied by the Lanczos potential are written in spinor
form and, in Sed. 3, a solution to these equations is given ror any aIgebraically
spedal space-time belonging to the class mentioned aboYe. In Sect. 4, the local ex-
pression for a1l the Lanezos potentials corresponding to eonformally ftat space-times
is obtained, without imposing explidt restrietions on the Ricd tensor. Throughout
this article, a1l the spinor indices are raised and lowered aceording to the conventions
tPA = £ABtPB, f/;B = tPAfAB, and similarly for dotted indices.
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2. Spino. form of Ih. Lanczos pol.nlial

The tensor field HIA"p is a Lanczos potential of a given space.time if the conformal
curvature lensor can be expressed in Ihe lo.m [1,2J

(1)

where

(2)

and the parentheses denote syrnmetrization on the índices enclosed (e.g" Hüw) =
HUp• + /l.pj). The Lanczos polenlial also salis6 •• Ihe algehraic condilions

If Ihe furlher condilion

lllA"p = -Jl"IAP

HIA,," = O

Up'P + U.pp + UpP' = O.

(3a)

(3b)

(3c)

(4)

is imposed [lJ, Ihen as a consequence 01 Eqs. (3a) and (3c), Up• is symmelric.
The anlisymmelry of Up•P in Ihe 6rsl lwo indices [Eq. (3a)J impli~s Ihal Ihe

spinor equivalenl 01 Up•p has Ihe lorm U ABCC<,iB + U ,iBCC<AB, where U ABCC
is syrnmetric in the first two indices and 1lAsee = H ABCO if HIA"p is real. (This
expression is analogous to that of the eledromagnetie field tensor in spinor form.)
Subsliluling inlo Eqs. (3b-c), using Ihe idenlily

(5)

one 6nds Ihat Eqs. (3b-c) are equivalenl to the relations

(6)

which mea.ns that HABce is totally symmetric in the undotted indices. }lencc,
IIABce has eight (complex) indcpendent components and therefore, ir J!JJ"P is real,
Eqs. (3) imply that HlAvp has 16 real independent component8, which is not so easily
obtained using the tensor formalismo
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Using repeatedly the identity (5) one finds that Eq. (1) is equivalent to the
simple rclation

where CABeD is the Weyl spinor. Far a given metric the Lanczos potential is
nol unique: by adding lo 11ABCC any symmelric spinor field JABCC such Ihal

V R(AJ BCD il = O, ane obtains another Lanczos potential for the same metric.
However, this does nol mean that JABCe is necessarily a Lanczos potential for
a conformally flat spacc-time, since the covariant derivatives appearing in these
equations correspond lo the original melric, which may nol be conformally tlat
(compare ReL [9]).

3. Lanczos potential for algebraically special space.times

Following Refs. [3,4J, in ReL [51 il was shown Ihal Ihe melric of a space-lime Ihal
admits a shear-free congruence oC null geodesics, defined by a spinor field tA, can
be wrillen locally in Ihe form

(8)

where'¡' is a (complex) funelion defined by

(9)

qA and pA are complex coordinales and Q.AB = QDA. are sorne functions, provided
that the lrace-free part of the Ricci tensor satisfies

(10)

Under these conditions, lA is a multiple principal spinor of CABeD which is,
Iherefore, algebraically spedal [lOJ. (In lerms of the Newman-Penrose nolalion,
taking lA as an element oC the spin-Crame,Eqs. (9) and (10) amount to K = (1 = O,
P = D In <P, T = é In <P and cPoo = cPOl = cP02 = O, respectively and, therefore,
"'o = "'1 = O.)

Using the components oC the connection relative lo tbe null tetrad

(11)
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given in !teL [5J, one finds lhal

\1 R(A Il BCD) R = j2.p {D(A.p1/ licD)! - 3 (8RQ(AB) .p}/CD)ilI

+ 2 (8RQR(A) .p}/ilCD)I} - j2.p8()F
1
}/ilCD)2

whcrc

(12)

(13)

On thc othcr hand, in tcrms of thc tctrad (11), the componcnts oC eAlieiJ corrc-
sponding lo lhe melric (8) are given by [4,5J

(14)

and Eq. (10) amounls lo

(15 )

Thercfore, assuming lhal Eq. (15) holds, Eq. (14) can be rewrillen as

(16)

and comparing wilh Eq. (12) and (lhe complex conjugalc oC) Eq. (7) OllC secs lhal

Il ABCI = O, ( 17)

are thc componcnts relativc to thc tctrad (11) oC a Lanczos potcntiai for the dottcd
\Veyl spinor eABeb" This last expression shows that QAH acts as a potcntiai Cor
the Lanczos potcntia1. "

Equation (17) can be written in a covariant form, valid in an arbitrar)" null
lelrad, by nolicing lhal [6J

( 18)

whcrc rAH are conncction onc-forms for thc tctrad (11) and °1'..1.8 are conncction
one-forms for the tetrad

(19)
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(obtained by setting QAiJ = O in Eq. (11)), which corresponds to the conformally
flat metric

(20)

From Eqs. (11), (17) and (18) one coneludes that

(21 )

or cquivalently,

(22)

(see Eq. (4.10) of ReL [6]), where 0AiJ is a symmetrie spinor ficid defined by the
relation

(23)

'd52 is the conformally flat metric given in Eq. (20) and the gAB are one-forms
such that gAiJ(8ciJ) = -26(\6Z. (The one-forms gAiJ form a cotangent null tetrad

in terms oC which ds2 = -!9AiJgAB, wherc, as in the preceding expressions, jux-
taposition oí ane-forros rncans syrnmelrized tensor product.) Due lo Eq. (9), the
Lanczos potential given by Eq. (22) satisfies the condition

(24)

cL Eq. (17).
Givcn an algebraicalIy special melric that admits a shear-free congruence oí null

geodesics defined by a multiplc principal spinor fA oC the con formal curvalurc, using
Eq. (9) and following the procedure given in ReL [5J, one can find the functions ,p,
qA, pA, which determine the conformally Rat metric 'd52, and then from Eq. (23)
identify the combination ,p-20 AiJfcfv lhat appears in Eq. (22). For example, the
Reissner-Nordslrom metric, which can be specified by the null telrad

. 1 (~ )
9
11 = - V2 r' dt + dr ,

. (r')9" = -V2 dt - ~ dr ,

91; = -r(dO - isenOdl'),

(25)

with 6. = r2 - 2Afr + Q2, admits a shear-frec congruence oC null geodesics defined
by lA = 6~1 relativc lo the tetrad (25), and the trace-free part of the Ricci tensor
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salisfies Eq. (10). Following lhe sleps indiealed in Ref. [51 one finds lhal ~ = ~,
. . 2' .

dql = id",+cseOdO, dq2 = dt-'z¡;dr,pl = _~,p2 = -cosO; lherefore,from Eq. (23)
il follows lhal, wilh respeel lo lhe lelrad (25), ~-2¡¡ii = -1, ~-2¡¡2i= -~,
<b-2nji = O, and using Eq. (22) ane obtains that lhe non-vanishing componcnts of
lhe Lanczos potential are

1
l/iii2 = - 10 ,v2r

colO
I/;ih = -;¡;:-, 1/ ... __ 1_ (~_ 2M + 3Q2)

1222- 3.j2r 2 r 2r2' (26)

4. Lanczos potential for conformally tlat space-times

In lhe case oC a conformally Aat spacc-time lhe \Veyl spinar vanishes and tIJe rnctric
can be exprcssed locally as

(2i)

whcre <b is sorne (non-vanishing) fundion and qA I pA are complex coordinatcs.
Clearly, lhe melrie (2i) can be ohlained form Eq. (8) by selling Q,iiJ = O anJ,
thcreforc,

10 288,,¡= v2'¡'-.8qA
(28)

is a null lelrad ror lhe melric (27) and lhe cquations governing the Lanczos polcntial
corresponding lo a vanishing WeyI spinar can be obtained from Eq. (12), by setting
QÁiJ = O. This gives

(29)

wherc, in the present case,

(30)

are eommuling diITerenlial operalors. Taking A = i3 = (: = iJ = i in Eq. (29) one
gel s Di~l/iiil = 8i.¡,-llIiii2' which implics lhal, loeally,

~I/iiil = 8¡M¡i, .¡,-llIi;;2 = DiMii, (3I)

where Mii is sorne funelion. Subsliluling Eqs. (31) inlo Eq. (29) wilh A = ¡i = (: =
i, iJ = 2, il follows lhal Di(3~lIiiú - 8;Miil = 8i(3.¡,-llIiii2 - D;Al;i); henee,
lhere exisls locally a funelion Mi; '" M;¡ sueh lhal 3'¡'lIiiú - 8;Ali i = 28i Mi; and
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3~-ll/ii22 - D:i1\[ii = 2D¡Alji, where thc fador 2 is inlroduccd ror cOH\.cnicncc.
Thus,

1
</>1l¡i;1= :i(2DiMi; + D;M¡¡), '¡'-'lIii;, = ~(2DiMi; + D;Mi¡)' (32)

Subsliluling Eqs. (32) inlo Eq. (29) wilh Á = iJ = i, (;= iJ = 2, one ohlains lhal
Di (</>IIi;i! - iD;M¡;) = Di(</>-llIi;;, - iD;Mi;) and, lhercfore, lhere exisls ¡oeally
a funelion M;; sueh lhal </>Ili;;, -1D;Mi; = ~DiM;; and 4>-11l¡;;2 - 1D;Mi; =
iDi Af2i, ¡.c.,

_1 1
4> lIi;;2 = :i(2D;Mi; + D¡M;;). (33)

Subsliluling now Eqs. (33) inlo Eq. (29) wilh Á = i, iJ = (; = iJ = 2, one oblains
Di(</>Il;;;1 - D;M;;) = Di(4)-'Il;;;, - D;M;;), whieh implics lbe exislenee of a
funelion Il sueh lbal </>11;;;1- D;M;; = Di(V2</>Il) and </>-11l;;;2 - D;M;; =
D¡(../24JII), ""here the factor J2q, is inlroduccd Cor laler convcniencc; tiJcrdorc,

(31)

Finally, subsliluling Eqs. (34) inlo Eq. (29) wilb Á = iJ = (; = /] = 2, one finds
lb al D;Di(4)Il) = D;Di(</>II) or, equivalently,

(35)

Thus, from Eqs. (31-34) il follows lbal lbe mosl general solulion of Ee¡. (29) is
given loeally by

(36)

where lbe M ÁiJ are arbilrary funelions and Il salisfies Ee¡. (35). In order lo find lbe
Lanezos potential ror a conformally f1at spac{'.time in an arbitrar)' telrad OIle has lo
feplace the dcrivativcs appcaring in Eq. (36) by covariant derivatives, eliminating
all explicit rcfcrcnce to thc local cxprcssion oC the mctric givcn by Eq. (27).

Using the connection cocffidcnts ror the lctrad (28) it is casy lo sec that ir xAH
is a syrnmctric spinar ficld then, w¡th rcsped to the null tetrad (28), V U(A X bc) ::
t/J-J8R().t/JX BC); therefore, thc first ter m in thc right-hand si de of Eq. (36) alllounts

lo <;7 R(k\' iJé)' where XÁiJ '" 7,4>-' M ÁiJ' Similarly, by inlroducing a spillor field

lÁ = b~ one finds lhal lhe lasl lerm in Eq. (36) is equal lo 4>-'<;7RS(</>'lÁliJl,;lsIl).



Lanczos potentiai lor algebmically special space-timcs 253

The spinor ficld eA salisfics the covarianl equation

(37)

which imp1ies that

(38)

cí. Eq. (9) and

(39)

This last condition means that f ti defines a shear-frce congrucnce of null gcodcsics.
Equations (38) and (39) are invarianl undcr rcscalings of (ti bul Eq. (3i) is nol.
Given a solulion of Eq. (39), lhere exisls a funelion 41sueh lhal Eq. (38) is salis-
fied [51 and, by approprialcly resealing l,¡, Eq. (37) also holds. Thercfore, sinee any
non-vanishing factor can be absorbed into JI, the sccond term in thc right-hand sidc
of Eq. (36) can be wrillen eovariantly as 41-'\1 /('¡"f¡.tiJfcfsll) provid<-d lhal fA
salisfies Eq. (39), wilh 41now being defined by Eq. (38).

lIence, lhe most general Lanczos poten ti al for a conformally nat space-limc,
written in a covariant form, is given locally by

(40)

whcre XAH is an arbitrary symmctric spinor ficld, f" satisfics Ec]. (39), 4J is dc-

fined by Eq. (38) and II obeys a wavclike equalion. In fael, \1 R(,¡II BCD) R =

\1R(A\lR¡r"Cb) + \1R(A'¡'-'\lRS'¡"f¡¡fcfb/sll. Tbe firsl lerm vanishes idenlieally
since thc \Veyl spinor is equalto zero and lhereforc, thc functioo JI is rcstriclcd by
the eondition

(41 )

eL ReL [7), Eq. (14). Due lo Eq. (38), lhe lefl-hand side of Eq. (41) is proporliollal lo
fAfi/cfD; henee, Eq. (41) yields jusI one eondilion on II (equivalenl lo Eq. (35)).

By using lhe basie idenlily (5), one finds lhal lhe len sor equivalenl of lhe firsl
lerm in lhe righl-hand side oC Eq. (40) is

whcre fjJv = - fVjJ is the tcnsor equivalcnt of X"'8' lf fjJv satisfies lhe souree-free
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Maxwell equalions, lhen Eq. (42) reduces lo /I."P = !.";P (el. ReL [1]) and /I."P
satisfics condition (4) ir and ooly if thc scalar curvature vanishes.

5. Concluding remarks

Thc explicit expressions presenlcd in Sed. 3 give an ¡ndependent prooí oí the exis-
tence oC the Lanezas potcntial Cor the wide c1ass oC space-times considered heTe. On
thc other hand, thc rcsults oí Sed. 4 show the ambiguity ¡nvolved in the definition
oC the Lanezas polcntial, al least in thc case oC the conformally f1al space-tirncs.
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Resumen. Se obtiene una. expresión explícita para el potencial de
tanczos, el cual genera el tensor de curvatura conforme, para todos
los espacio-tiempos que admiten una congruencia sin distorsión de
geodésicas luxoides, siempre que el tensor de Rieci esté restringido
adecuadamente. Se obtiene también la expresión local más general del
potencial de Lanezos de un espacio-tiempo conformalmente plano.


