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Debye potentials for isotropic elastic media
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ABSTfiACT. The equatiol1s of equilibrium ror all isotrapic clastic mediulll in the absence of body
rorces are sol ved in circular cylindrical coordinatcs by separation of variables making use of spin-
weighted cylindrical fUllctions. It is showll tllat the most general solution can be expressed in terms
of threc sealar potentials thal salisfy the Laplace equation. A shorter derivation of the expression
for lhc solution in terms of scalar potcntials, t1sing \\'ald'5 mcthod of adjoillt operators, is also
gi\"en.

RESUMEN. Las ecuaciones de equilibrio para un medio ebistico isótrapo en ausencia de fuerzas
de volumen se resuel\'en en coordenadiL">cilíndricas por separación de variables, haciendo liSOde
funciones cilíndricas con peso de espín. Se muestra que la solución más general puede expresarse
en términos de tres potenciales escalares que satisfacen la ecuación de Laplacc. Se da también una
deducción más corta de la expresión para la solución en términos de potenciales escalares, IIsando
el método de operadores adjuntos de \Vald.

I'ACS: O:l.'IO.Dz; 02.30.Jr

1. J NTllonUCTION

The e'luations governing veclor, lensor, or spinor fields correspond lo syslems of partial
differenlial e'lllalions whose solulion is oflell an involveu lask due lo the coupling of lhe
componenls of lhe field, especially if noncarlesiall coordinales are employed. When lhe
prohlcm IInder considcration posscsscs sphcrical sYlIIlllclry, il is con\"('nicTll lo usc sphcrical
coordinates; lhen, by expressing the syslem of equaliolls in lerms of '1uanlilies wilh a
wcll-defined spin-weighl [1-6], cerlaill dirferential operalors (denoled by {) and O) lhal
change lhe spin-weighl in one unit arise nalurally and lhe e'lualions can be reduced lo a
sel of ordinary differenlial e'luations makillg use of lhe spin-weighted spherical harmonics.
A similar reduclion can be oblained when a syslem of parlial difrerential e'lualions is
wrillen in circular cylindrical coordinalcs, making use of spin-weighled 'luanlilies and of
lhe appropriale operalors lhat raise or lower lhe spin-weighl [7]. The reduction lo a sel of
ordinar)' dirrerenlial e'lualions lhen follows fmm lhe exislence ofspin-weighted cylindrical
funclions lhal posscss many properties analogous to those of lhe spin-weighled spherical
harmonics.

In this paper the cCJuations of equilihriulll fOl"all isot.ropic c1astic Illcdillln in tite absence
of body forces are sol ved in circular cylindl'ical coordinatcs making lIse of spin-\\"eigllteu
qllantilics. It is shown that the most general solution of these equat.ions can be writt.cn in
lerms of lhree scalar (Deb)'e) pOlenlials lhal salisfy Laplace's e'lualion. Jl is also shown
lhal the expression for lhe general sollllion in lerms of scalar potenlials ean be easily
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derh'ed using \Vald's method of adjoint operators whieh allows the reduetion of systems
of homogeneous \inear partia! di(ferential e'luations to simpler systems [8,9].

In Sect. 2 the basie eoneepts about spin-weighted 'luantities in ey\indrieal coordinates
are summarized and iu See!. 3 these concepts are app\ied to solve the er¡nations of e'lui-
librinlll for an elastic medium iu the absence of body forees by scparation of ,'ariables.
Iu Sec!. 1 it is shown that the e'luations of cr¡uilibrium for an elastic mcdium can be
redneed to Laplaee's c'luation by means of the eoordinate-free method of adjoint operators
introduced by \Vald [8].

2. SPIN-WElGIITEO CYLINOIlICAL FUNCTIONS

Let {ep, ,\." e,} be the orthonormal basis indueed by the circular eylindrieal coordinates
p, 9, z. A 'luantity '/ is said to have spin-weight s if under the rotation al'Onnd e, gi,'en by

(1)

transforrns according: lo

•. A n arbitrary vector field F can be written in the form

F IJ'(' '") IJ'(' ") 1"= 2'- ep+leq; +'2 '+ Cp-IC4> + '.:C:n

(2)

(3)

where F" == F . (ep :1::ie~) a",1 F, == F. e,. lt follows from Er¡s. (1) and (2) that the
eomponents I''.z a",1 I'~ have spin-weight :1::1a",1 O, respectively.

The operators o ami D a<:ting on a 'luantity I} with spin.weight " are defined by [7]

0,/ == -p' (Op + ~O~) (p-'I}),

DI¡ == -p-' (Op - ~O~) (p'I/).

Then, D'I has spin-weight s+ 1 and D'I has spin-weight s - l. A straightforward ea\culation
shows that

OD,¡ = [N),/ = (
, 1 1 " 2is "')0p' + -Op + -:;,): + -., 8", - -:; 1/.

P fl' y P' P"
(5)

In tenns of 8 a",1 D the gradient of a funetion J with spin.weight O is given by

""J 1O"J(''") 1O'J(''") ') J'v = - 2 cp + tC4> - '2 cp - lC.p + (.: C.:' (6)
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Similarly, hy USiBgEc¡s. (.1) one finos that the oivergence ano curl or a vector fielo F are

1 1 -\7. F = -'jiJF_ - 'jDF+ + D,F"

\7 X F = 1,(DF, + D,F_)(ep + ie.¡,) - ,j¡(iJF, + &,F+)(ep - ie.¡,)

Prom Ec¡s. (6) ami (7), using lhe racl lhal iJ and D commute, one obtains

\72! = DD! + D;!,

ano, making use or lhe ic!enlily \7 X (\7 X F) = \7(\7. F) - \72F,

\72F = ~(DDF_ + D;F_)(ep + ie.¡,)+ ~U)DF+ + D;F+)(ep - ie.¡,)

+ (DDF, +D; F,)e,.

The cylindrical harmonics wilh spin-weighl s, ,¡''a"" are defined by

(7)

(8)

(10)

whcrc Q is a (real 01' complcx) constant ami Ul is an intcgcr 01' a half-intcgcr accordillg
lo whether s is an inleger or a halr-inleger. FrollI Eqs. (5) and (10) il rollo\\'s lhat, ir a is
difrerent rrom zero,

w}¡crc ./1, n are arhitrar)' constallts,

\' ( "') _" ( ) im'¡'si Un! P, Y = 1'm+$ ap e l

( 11)

( 12)

and Jv, Nv are Bessel rnnclions. ProllI Eqs. (.1) "nd the recnrrence relations ror lhe I3essel
functions one finds that

( 13)

wllcrc sFam denotes s.Ja1H DI' .~lVam'
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\Vhen ll' = O, the solutioD of E<]s. (10) is

(m + s f- O),

(m = -s),
(1-1)

where A, lJ are arbitrary constanls. 11 may be uoliced that because of their behavior al
p = O and when p goes to infinity, the spiu-weighted cylindrical harmonics wilh ll' = O
[E<]s. (1-1)1 caunol appear in the solulion ofsome problems. The functions ,Fo", giveu by
E<¡s. (12) ami (1-1) form a complete sel for each value of s, in the sense lhat any function
\vith spin-wcight s can be cxpan<!cd in a series in s ¡':Hn'

3. SOLUTION IW SEI'AIlATION OF VAIlIABLES

Tlw '''Iuations of e<]uilibrium for an isotropie daslic medium in the absence of body forces
are (see, e.g., BeL [10])

(1 - 2a)V'2u + V'(V'. u) = O, (15 )

witrrc a deJlotes Poissoll's ratio ancl u is lIJe displacclllcnl vector. fJy cxprcssing thc vector
field u in the form

using E<¡s. (6), (7) and (9) one fin"s thal E<¡s. (15) amount to

(1 - 2a)(ODll+ + 0;1L+) + 00011- + ~Dll+ - 0,1L,) = O,

(1- 2a)(DOll, +O;1LJ - 0,00'1- + 1Jll+ - 0,11,) = O.

\Ve uow look for separable solulions of E<¡s. (17) of lhe fortn

11- = g_I(=) -IJo",(P, <p) + (,'_1(=) -INm,,(p, <jJ),

11+ =-91 (=) 1Jo",(p, <P) + G, (=) 1Nm,,(p, <jJJ,

1L, = go( =) oJo",(p, <p) + Go( = J oN,,,,, (p, 9 J,

(16)

( I 7)

(18J

whcrc o is íU;¡SlllllCd lo be diffcrclll froIn zero ami Hl is <lU intf'gcr. As ShOWIl in fieL [7L a
veclor field of lhe form (18) is an eigenfuncliou of lhe operalors corresponding lo lhe =-
compollent of tIJe total angular 1ll0mcnt\lIli, .h, alle! to t.hc sqtlarc of thc linear momcnt lllll
perpendicular lo lhe z-axis, Pi + jJl, with pigellvalucs 11th alld f¿2o'2, respectivel)'.
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SlIbstituting Eqs. (18) into E<¡s. (17), making use of Eqs. (lO), (13) ami of the linear
independence of s.1"m ami sNmn, one finds that the functions 9;(Z) must satisfy the
following systern of ordinary dirrerential equations:

)(d
2 2) 12 12 el(1 - 20- -9' - a 91 + -a 9-, - -a 9, - a-90 = O,
elz2 2 2 elz

(
d2 ") 1 el 1 el d2(1 - 20-) -90 - a-90 - -a-9-1 + -a-91 + -. 90= O;
elz2 2 elz 2 dz dz"

(1na)

(1 nc)

and that the funelíons Gi(z) satiBfy a systern of equatioRs ídentical to Eqs. (In), with G;
in place of 9;(i = -1,1,0).
Eqllatíons (1n) can be rewrillell in lhe form

d2 ?
elz2 ,lE - a- JI[ = O,

el2 el
(1 - 20-)-, Il - 2a2(1- 0-)11 - 2a-90 = O,

dz- ~

el2 2. 1 el
2(1 - 0-)-290 - a (1 - 20-)90+ -n-ll = O,

elz 2 dz

whcrc

(20a)

(20b)

(20c)

II =9,-9-1' (21 )

The mosl general solulion of Eq. (20,,) is givell hy

(22)

where a" Q2 are arhilrary cOllslallts, and hy comhilling Eqs. (20b) and (20c) ORe finds
lhal Jf obeys lhe decoupled e<¡ualion

whosc general solution is

1, 1"( ,2(¥ 4
-¡ ,ll - 2a -,11 + a II = O,
i Z dz"

(2:1)

(21 )
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\\"here &" &2, cl, c2, are arbilrary conslanls. Subsliluling Eq. (2.1) iulo Er¡s. (20&) and (20c)
olle oblains

(_) l [ & '" & -o, :1- '1<7 ( o, -0') (O' -O')]!lo" =2 -,e + 2e +--a-ele +C2e -oc,e -C2e

1 ti 2(1-<7)( o' -O')=---, Jl+---cle'+c,e '.20 ( :; Q

Ilcnce, from Er¡s. (21), (~~.) a 11(1(2.1) il follo\\"s lhal

By analogy wilh Eqs. (25) and (~G), lhe fuuclions Gi are giyen by

r' () , [( & ) o, ( & ) -o, ( o, . -O')]U-1 :; = 2' (1:1 - :1 e + a.1 - .1 e - z e3e + C1C J

G () I [( & ) '" ( & ) -'" (O' -"')]'1 Z = '2 (1:1+ J e + ((.1+ .1 e +:: e3e +e.le •

(25)

(2G)

(27)

whefC (13. a.¡' bJ, b1• e3. C'I. are arhitrar)' COllstallls. Substitutillg Eqs. (25)-(27) into
Eqs. (¡8) aud making use of lhe •.clalions (13) one fiuds lhal lhe spin-\\"cighted componeuls
of tiJe' displacclIlcnl vedor u can he wriUclI as

wherc

./ 1 [( n' -n') f (o. -O') \' ]..,'} == -2' (11 e - + Cl'lC ~ O. nm + ClaC ~ + (l4C • 01 om 1

In

./ - 1 [(& .'" + & ,-"') f + (& '" + & -"') \' ]lfJZ = 2n 1(. 'le o. nm :le .ie 01 OH! J

,1, - 1 [(. e'" + . ,-"') f + (c e'" + -O') \' ].•.3 = -~ CI ' (:le o. 0111 3 e.le 01 OH! •
n

(28)

(2!J)
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whieh salisfy Laplaee's e'lnalion

(30)

1\eeording lo Eqs. (6) aud (7), E'ls. (2S) amonnl lo lhe simple expressiou

(31 )

Iu lhe case where o' = O, iu place of Eqs. (IS), one has lo consider combinalious of lhe
fnnctions giveu by E'ls. (H). 1\ straighlforward but someIVhat lengthy calcnlatiou shows
that lhe correspoudiug solutious can also be expressed in the form (2S), IVhere 1/;¡, ?j'2,
'l/J31 are fioll1tions of thc Laplare cquatioll. Ilowcvcl', an important difrcrcncc is tllat, \VhCll
o = O, the harmouic funclions ?jl¡, 1/;2, 1/;" are uot independeul amI, by contrast IVith
cxprcssions (2a), are nol separable solutiolls of Laplace's cquatioll. For cxamplc, in thc
case IVhere (} = O amI m = O, aecording to Eqs. (1,1), the solntion of Eqs. (17) has lhe
form

(:\2)

", = Yo(z) + Go(z) lu p.

Subslituting Eqs. (32) iuto E'ls. (17) aud solvillg the onlillary dirferenlial e'lnalions thus
obtained, one finds lhat

(33)

blz2
71, = 2C2 + 2c.¡z - ( ) + 2(c¡ + C3Z) Inp,

2 1 - a

whcrc lhe ai, bi, ei are arbitrary constants. The compollcnts (3:3) can he writtcn in lhe
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form (28) with.

1/12 = __(3_-_'1_"_) [b
l

(_Zp_2 _ Z3) + b3z 111p] Z__ (C2 + CI 111 p)
1(1-,,) 23 2(1-,,)

(

? )Ir ')
-b2 2"-z' -b.,lnp,

1 {bl (p2?) (b3)}'1'3=--- -- --z' +c.,+ CI-- Inp2(1-,,) 22 . 2

-+ ---(b2 + C4 + c31n p).
1 - 2"

(31)

1\n expression similar to Eq. (:ll) is given ill BeL [lO] (1'.26), where it is shown that
the soll1tions of Eq. (1,,) ca11 be written i11 ten11S of four arbitrary harmonic f1111etions.

1. DEn)"" POT"NTlAI.S VIA TIIE METIIOIl 01' AllJOINT OI'EIL\TOllS

The e'l"ations of e'l"ilibri11m for an isotropic elastic modi11m (1.5) can bo wrilten in the
form

[(u) = O, (35)

whore [ is the partial dirrerenLial operator that 11laps Vl'clor fields into Vl'clor fields given
by

(36)

By defilling the adjoint of a linear operator A that maps lI-index tensor fields into m-index
tensor fields as that linear opcrator Al that maps m-i11dex tensor fields i11tOlI-index tensor
fields slleh that [8]

O¡¡"'[A(/)] [ II( o¡¡.")I,w.'1 _" o9 JI/.I'" n{3 ... -.1 9 ¡I/.I'" - V aS ,

\\'!Jere sn is sorne vector ficld, it folio\\'5 that

ami

graclt = - div, c1ivt = - gracl, curlt = curl.

(37)

(38)

(39)

Thcrefor(', by oxprossing th(' op('rator [ 11''1. (:lG)] in the form [ = 2( 1 - ,,) ¡;rad div -( 1 -
2,,) Cllr! ellr!, from Eqs. (:18) ami (:19) it follows L"at [ is self-adjoint: [1 = [.
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If tltere exist lillear operalors O, T, S, slICIt tltat

SE: = OT,

titen, IIsing E'ls. (38) and tite faet tltal £1 = £, Eq. (~O) implies tltat

llenee, if V' salisfies tite eondilion

(,10)

el¡ )

( ,12)

from E'l. (,11) it follows tltal u = SI(V') sali,fies Eq. (:l5).
In order lo find operator, O, T, S, satisfying Eq. (,10) it is eon\'enient to introdllee tite

\'eetor field

K == £(u) = (1 - 2a)\"u + \,(\,. u). (.13)

Tltlls, K = O if and only if u salisfies Eq. (:1:;). Taking tite Cllr! of E'l. (,I:l) one findo lltat
\' X K = \'2[(1 - 2a)\' X u], tlterdore

é,' \' X K = \'2[(1 - 2a)c,. \' X u¡'
\\'lticlt, reealling tI",t K = £(u), is an op,'rator identity of tite form (,]0) willt

(,]1)

s = Cz . curl, O-\"- , T = (1 - 2a)c,. CIIr!. ('1:; )

11is easy 10 see lltat SI = -c, Xgrad, alld 01 = \'2 Tlierefore, aecordillg 1.0tite preceding
paragraplt,

is a sO¡lItion of E'l. (3:;) provided tltat ot(ljJ¡) = O, i.e., \,'1/1, = O.
Taking no\\' tite di\'ergence of Eq. (.I:l) one olttain, tite identity

\'. K = \"[2( 1 - a)\'. u],

\\'lticlt is of lite form (-lO) wil It

S=di\', 0=\", 'T=2(I-a)di\'.

~Iakillg IIse of Ee¡s. (39) one finds tliat SI = - grad, 01 = \", and lherdore

salisfies Ee¡, (35) pro\'ided tltat \'2'h = o,

(~G)

(~7)

(48)

(,]9)
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I'inally, frolll Eqs. (H) ami (.13) it follows that

\72[z2(1 - 0')\7. u] = z\7. K + .1(1 - 0')<', . \7(\7. u)

= z\7. K + ~(l - 0')<',. [K - (1 - 2a)\72uj,

hCI1CC,

z\7. K + ~(I - 0')<',' K = \72[2(1 - a)z\7. u + .1(1 - 0')(1 - 20')<', . u], (50)

which is of the form (~O) with

s = zdiv+.l(t -0')<',., 0=\72,

T = 2(1 - a)[zdiv +2(1 - 20')<',.].
(51 )

In this case one finds that SI", -\7(z. ) + .1(1 - 0')<', and 01 = \'2; lhus, if \,2~13= O
then

(52)

satisfies Ec¡. (:35).
By adding the solutions ('lG), (.I'J) and (52) oue oblains precisely lhe general solulion

of Ec¡. (35) given by Ec¡. (:31).

5. COKCI.UIJtKG HEMAIlKS

The results of Secl. :1 sholV lhe usefnlness of the sl'in-lVeight"d c¡uantiti"s in the so\ulion
of systems of partial diffcrcntial ('qllatiOlI~ g()\"prning l10llscalar ficlds. SOIllC additional
examl'les Illakillg use of the spill-weight<'d cylindrical harlllonics are given ill !lef. [7J.

Sectioll .1 I'rovides examples of the al'plicalion of \\'ald's method of adjoint operalors
which, in many cases, is the simplest proccdurc lo solve scts of homogclH'ollS linear partial
dilf"relltial equations. The operator id"ntili"s d"l'Íved in Sec!. .1 are 1I0t the ouly ones
lhal call be oblained from Ec¡. (.¡:1); th" id"nlili"s consider"d here ar" lhose thal yield
eXl'ressions ec¡uivalent lo Ec¡. (:ll), whirh is adal'led to the circnlar cy\illdrica\ roordinates.
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