
Invcstigación Rct/ista Afcxicanll dc Física 38, No. :; (1992) 778-790

Comparison of perturbative and variational procedures
in a relativistic problem

1\1. l\lOSIIIt'SKY*, L. BENET, G. LOYOLA ANI) A. SALINAS

¡n.,tituto de Física, Unive7'sidad Nacional A utónoma de México
AJ"'7'tado Jlostal 20-364, 01000 México, D.F., México

Hecihido el -1 de mayo de 1992; acept.ado el 1Gde jllnio de 1!)92

ABSTHACT. For hotllld slatcs two of lile Illost popular apJlroximativc procedures are the perllll'ba-
tivc and variational on<'s. These procedllJ"{'s have beclI extellsi\'ely lIscd and compared in ardillary
q\lalltllm mechanics. The situation is more delicatc in lile relalivistic case w!lere we nccd not onl)'
to dcvelop the mcthods appropriatcly, hut also to s('parale in thern the contrihution of positivc
encrg)' sta tes, as t.hose froIn the negativc anes are not allowecl uy Dirac's procedure, which assumcs
t.helll accupicd by particlcs satisfying an cXc!lISiOIlprincipie. '1'0 illust.ratc tlle problcms that aprear
we clbeuss in this paper thc particle-antipartic1e Systelll with a Dime oscillat.or int.eractioll in a 0Il(~
dimensional space for cach particlc. \Vc thell develop the appropriatc pf'ftllrhative alHl variational
proccdures, compare their res1llt5, and discuss their range of valiclity as function of the "allle of
the fref}uency W of the Dirae oscillator.

HESU~IE:-O. Para estados ligados, dos de los más populares procedimientos de aproximación son los
de perturbaciones y variaciones. Estos procedimientos hall sido extensamente IIsados y comparados
ell la mecánica cu,í.lltica ordinaria. La situación l'S lII;:ís dl'!icada en el caso relativista, donde
no sólo necesitamos desarrollar los m(~todos en fCHlIla apropiada, silla talllbién s('parar en ellos
la cont.ribución de los estados de ('Ill'rg-ía positiva, ya que los de cllcrg-ía negativa no esuí.1I
permitidos por la consideración de Dimc, que supone que están ocupad;:L'" por partícula. •.•que
satisfacen HIl principio de cxclusi6n. Para ilustrar los problema." f}IICaparen'lI, discutimos en este
artículo el sistema de partícllla-antipartícula, eDil ulla intcracción del tipo de oscilador de Dime,
y en un espacio unidimensional para cada partícula. Iksarrollamos entollcC's los procedimientos
pcrturbativos y variacionales apropiados, comparamos sus resultados, j' discutimos su rango de
validez como funci()1I del valor de la frecuellcia del oscilador de Dimc.

!'!les: 03.G5.Gc; 11.lO.Qr

l. 1NTIlODUCTION

\Vheu dealiug ",ith problellls iu 'luautmu mechauics that do uot "dmit au exact soJutiou,
there are m:tllj' approximativc procedures. For hOlllld statcs two of tlle lIlost popular are
the perturbative amI varialioual oues IIj. lu the rauge of validitO' of both their results
should coincide. \Vhen oulside these ranges, tile (,olllparison is more ditricult even in
onlinary <¡uantulll mechanics, ami this may be COlllpoullCied in rclat ivistic problcms, where
hesides we have to deal with the illterpl'etatioll of lI('ga(il'e energy s(a('s.
The purpose of lIds note is to "pplO' both pro('edlll'es to the two-hody systelll of i(

parliclc-antiparticlc in one spacc dillWIISioIl, with a l)irac oscillator illlcractioll [2,3,.1].

• J\1elllber of El Col('gio Nacional.
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This example will illustrate the difr.eulties one finds in eomparing the perturhative and
variational methods in a relativistie prohlem. \Ve shall start though, in the next seetion,
with a simple prohlem in ordinary qnantum meehanies, to first diseuss the range of validity
of our two approximatc procedurcs.

2. A NON-IIELATlvrSTIC EXAMPLE

In the usual perturhative analysis diseussed in Sehiff's hook [1], one starts with the [[amil-
tonian II of the form

II = lID + >,//', (2.1)

\,-,'here tllc cigcllvalucs (n and cigcllfunctiolls In) of Ha arc wcll known, a.nd ,\ is a paramct.cr
in terms of which the eigenvalues E" and eigenfunctions InJ of II eau be developed.

'1'0 be able to evaluate the validity of this aualysis, we shall eonsider an examp!e in
which E", InJ of Ir can be determined exact!y, of the form

rr -2 + -20=]1 x, (2.2a, b)

C!early then, with the help of the canonical transformation

-1 _ (1 _ ,)-1/4-]J - /\ ]J, (2.3a,b)

when O :<::: >. < 1, we get

so that

E,,=(I->.)1/2(2n+I), n=0,1,2, ...

(2.1 )

(2.5)

and InJ are the one dimensiona! harmonic oscillator states of n-quanta, but functions of
x' of (2.:la).

Ir 1 < >. < 00 then the canonica! transformation we must lIse is of the form

(2.üa,b)

ancl the [[ami!tonian becomes

(2.7)

so that it corrcsponds to a repulsivc hannollic oscillat.or with a contillllOtlS spcctrulll of
eigeJlvalllcs and cigctlstatcs givclI by conflucllt hypcrg('olllctric functioIls [5].
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Fol' the value ,\ = 1 \Ve have the free partide lIamiltonian, i.c.,

lI=jP. (2.8)

The perturbative proeedure [1] only makes sense for ,\ « 1 if \Ve are going to start
from the oseillator eigenfunetions 111) of the 110 of unit frequeney in (2.2a). In that case,
the val ue of En is given by [1]

En = Cn + '\(lIlf1'l") + ,\22:' {(Cn - c",)-II(mlll'11I)12} +"', (2.9)
no

where the prime in lhe sUlllmatioll indicates that lIJe tcrm 111 = n is cxcll1dcd.
Using lhe crcation and annihilation opcrators

ij = )i(.1: - ¡¡'),

\Ve obtain t.hat

[ = ),¡(x + ;¡'), (2.10)

and as t.he eigenst.at.es of the oseillat.or are

_ 1}n
111)= (1I!)1/" 10)

\Vit.h the grollnd state 10) bcing

10) = ,,-1/" exp( _5,2 /2),

\Ve see immediately that

1[ ()]1/" ,-:1 11 n - 1 Ó",.n-2 - [n + (1/2)]Ó",n'

Up (o seeond order in pertlll'bation theory \Ve obt.ain that E" of (2.9) bceomes

1';" = [1 - ~,\ - k,\2 + ...](211 + 1),

(2.11)

(2.12)

(2.1:3)

(2.[-1 )

(2.15)

\Vhieh is the samc result. \Ve get from (2.5) if \Vl' IIse the binomial theorem for ([ - ,\) ~.
Turning no\\' our attcntioll lo the variational proccdurc, we 110te tltat t1l(' malrix ('Ic-

lIlen!s for (he fllll Hamillon;an have the form

(mllll") = (211 + [)Ó",_" + ,\(mlll'I"), (2.[ G)
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TABLE 1. Comparison of the first six cigenvalucs, 11 = O to 5 for thc variation<ll proccdure, the
pertllriJative proccdure uJl lo 1st arder, and lhe (~xact results (A = O.]). \Ve <lIso indicate lhe
maximum numbcr oC quanta N to which wc carry our \'ariational analysis.

N/u O 1 2 3 .1 5
5 0.01868:\200 2.8.IGOW002 ~.7~3.1:16UII 6.6.108306U5 8.5578797GO 10 ..1631 lUlO

10 0.91868:3208 2.&IGOW80.1 ~.7~:J.116.WO 6.6~078:1087 8.5381 'W68:1 1O..l3551682

15 0.01868:3208 2.&160.10801 ~.7~:311(j.j!l0 G.G.l078:308G 8.5381.1!lG82 1O..1:1.55162!l
20 0.!l18G8:12U8 2.8.1(i010801 ~. 71:J.1IG.I!lO G.G~078:108G 8.538J.1!lG82 1O..l:3551628

Pcrt 11rbatí \'C

prorcdllrc 0.01875 2.8.1625 ~.73:J75 G.6.1125 8.53875 10..l3G25

Exact rcsults 0.0'18G8:32!l8 2.8.160 W8!l1 ~.7.¡;IIIGI!l0 (;.61078:1086 8.5:381.1!l682 10..li\55IG28

TABI.E JI. Comparíson oC lhe first six cigcIl\'allles 1l = O lo 5 COI' the varíational proccdurc, thc
perturbativc proccdure up to 1st arder, and tlle exacl rcsults (A = 0.9). \Ve also indicate the
lIIaxillllllll Illlrnbcr of quallta N to which wc carry our \'ariational élnalysís.

N/u O 1 2 :1 ,1 5

5 0.:3:J5.1785:17 1.0.122 10!l65 2.1 :3!l!l6.177!l :1.20G:198:351 5.77(1r)!jGG8;~ 7.3013U068.1

10 0.:3 16770.W6 0.961070351 1.6:111 1775.1 2..l 7.1:1I2727 3.328U21711 '1.75 7516003

15 0.31G27.1187 0.0.1U22527I 1.58UIG0 1,18 2.2.12025733 2.08067871 :1 :3.753165151

20 0.:316228850 0.!l.1873!l202 1.5815.¡g 18!l 2.2186GG121 2.8625855210 3.56221 :l!l0 I

Ilerturbati\'c

proccdurc 0..l.1875 1.:11625 2.2.1:175 :3.1-1125 .1.03875 ,1.93625

Exacl results 0.3162277G6 0.9.1868:1298 1.5811:388:10 2.21 :159.1:362 2.8.1G01!l8!l1 :1.178505.126

\VhNe the last terlll is given hy (2.1~). [n principie, rOl' any value or)" one colllcl ealculate
the eigenvalnes En hy cliagonalizing lhe finite sYllllllelrieal malrix

(2.17)

rOl' valnes 111, n that go rrolll O to a lIIaxilllnm lhat \Ve coulcl eall N.
0111' exaet analysis sho\Vs thollgh thal \Ve can ex!,e<:\' sensihle reslllts only rOl' ), in the

illterval O ~ A < 1, as aft.er 1 t.he spcctrutll l)('(,ollws contillllOllS. As an example \\"ediscllss
the ca"e ,\ = 0.1 in 'rahle 1. E\"en ir), approaches 1, we expeet the situation lo be unstahle
i.c. t.he lo\\'cst cigellvalucs are Bot thc same if \\'l' take 1\', 21V, 31V, ... as the maximuffi
\""llIes or /l, as sho\Vn rOl' ), = 0.9 and N = 5, 10, 15,20, in 'rabie !l, although rOl' N = 20
lhe eigen\"alues already start lo approaeh Ihe exact resnll.
'rhus, we see rrolll this c1elJlenlary exp,lJIpl,', that the \"ariational proel'dlll"e in\"olving

a parallleter, lIlay not be v"lid rOl' all values or il. 'rhis situation \ViII also appear in the
relat.ivist.ic cxa.mple lo be c1iscllssccI below.
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~. TIIE PAIlTICLE-ANTII'AIlTICLE SYSTE:>I IN ONE IlI~mNSION WITII A DIRAC OSCILLATOR

Il'\TEH,\CTION

The single' partide Olle dimensional Dirac oscillator cquation is sug:gest.cu in a similar \Vay
as in lhe lhree dimesnional case, i.c. by lhe replacelllenl [2]

0]1 -; 0(]1- iw;r(3),

in lhe Dirac free parlide er¡nalion giving rise lo [2,:ll

i ~; = [0(7' - iwx(3) + (3],p,

whcrc (,.¡". is lile freqllC'Iley of tile oscillator, all in lInits

(~.l)

(3.2)

" = e = m = 1 (~.3)

whcrcm is tlle mass of lile pal'ticlc. Note fllrthcrlllorc that in OTlC dimcllsion X, pare
sea lar variables ami o, (3 are l\\'o dilllcnsiollal matrices gi\'cn hy

(:Ha, b)

As sho,,"n in referpnces [,1]lhe equal ion fOI"lhe auliparlicle has also lhe forlll (~.2) if
\Ve cxc}¡allgc :...,'hy -(.¡J.

When dealing wilh a non-inleraclin¡!; syslplII of parlic1e-anliparlicle, in which lhey are
characlerized, respective!y, by lhe indices I amI 2, lhe Ilamillonian can be ,,"ri\len as

(3.5)

whcrc

(3.6)

alle! 0'.'1' /','11 S = 1,2 are liJe dil'C'ct product.s

(11 (~¿)0(6 n, "2 = (6 n 0 (~ 6)' (:1.7(/,b)

IJ1= (6 O) 0 e O) (32 = (6 n 0 (6 ~l). (:l.7e,d)-1 o 1 '

111 t,hc ccnlcr of mass [rallle, P = o alld t h IlS we are Jp fl only wil h lhe curly brackel
Ilamillollian in (:3..5).



CO~IPAnISON 01" I'EHTUHUATI\'E AND V,\HIATIONAL PHOCEDUHES. .. 783

\Ve Hhowcd, through a Poincaré iJlvarian1.ullalysis [4], that ir \ve no\\' wish lo introduce
a Dirae oscillator interaction between particie and antiparticie, all we ha\'e to do in (2.5)
(when f' = O) is to make the replacements

whcrc

<>11' ~ <>1(1' - iw.rlJ), (:J.Sa)

(:J.Sb)

o ) (2) (1
-1 O (:Ula, b)

The new operator we form in this way has as an eigen\'allle the tolal energy of lIJe
particlc-antiparticlc systcm illteractillg throllgh a Dirac oscillator. As IIJis cllcrgy is in IIJc
frame of rcfcrcIlcc whcrc thc ('enter of mass is at I'cst, we can idelltify it wil h lile lllélSS of
the composite particie alld denote it by ,'vi which is then gi\'en by the operator

M = Ji {("1 - "2)1' - iW("1 + ,,?):rlJ} + f3¡ + f3?, (:J.1O)

wherc

fr, ~ (1 I O !) (l O 1

DO O O O (:l.!la,b)
O O (1.'2 = O O

O O I O 1 O

(' O O !) p, ~ (j O O

~)O -1 O I O (:I.lle,<I)f31 = O O 1 O -1 ()

[) [) O -1 O O -1

O
-1
O
[)

O
[)

-1
[)

O)()

~ '
(3.lle)

and (he wa\'e fllnetion can be written as [:11

(3.12)



Dcnolin¡; by /i lhe ei¡;cnvaltlc of lhe operalor M of (3.10), and Illaking use of (3.11) \Ve
obtain tite eqtlation

(1' + iW.l')
O
O

-(1' - iw.¡;)

(

(/1-2)
/i
li

(/i + 2)

-(1' - iwx)
O
O

(1' + iw.¡;)

o ) (""1')-(1' + iw.l:) 1/J21
(1' - iw.,.) ""12

O 1/J22

(3.13)

\Vhere l' = -iD/O:,..
Introducing lIO\\' rrcation amI allllihilatioll oprralors hy lhe ddillitions

(:l.I,tn, b)

we grt t.llc cquations

() (1/J11) _ ((/1-2)
'1 '¡'11 - (/1 + 2)

(3.15n)

_iW'/2 (( 11) (1/JII) = /i (1/J11).
'1 ('¡'11 1/J11

Dcfillill~no\\' él vector 1> or compOIH'IIt.S

wllerc

\Ve see lhal ei]uations (:1.I5) can he \Vrillcu iu lhe lualrix form

(:l.15b)

(:l.IGn)

(3.IGb)

\Ve ,hall usc lhe expression (:1.I5) \Vhen dealin¡; \Vitll lhc JH'rllll'balivc method in lhc
IlCXt. s('ctioll <lnd the cxpn'ssion (:L 17) whcll \Ve rOllsid('r 1he yariat.iolwl IllctllOd in Sect. o.
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4. TIlE PERTURIJATIVE I'ROCEDUllE

Multiplying Eg. (3.15a) by 1I and snbstituting in it Eg. (3.15b) \Veget

22211+~ ) (¡Jil!) ('1 - 2,1 O ) (¡Ji,,)
11~+ ~11 ¡Jin = O 112 + 2" ¡Ji22' (4.1 )

It is eonvenient to substitute ¡Jil!> ¡Ji22 by 'P+, 'P- through the relation

(1/)11) 1 (1
¡Ji22 = v'2 - 1

so that eguation (4.1) beeomes

(4.2)

(-(11-0
2

W O O ) ('P+) ('12
(11+~¡z 'P- = -2,1 -21') ('P+) .

112 'P-
(,1.3 )

\Vriting the two cqualions in rp+, rp_ cxplicitly and climinating <,?_ bctwccn thcm \Ve
obtain for 'P+, \Vhieh from now on \Vedenote simply by 'P, the eguation

(,lA)

Unfortunately, beeanse of the term with w2, this problem is not exaetly soluble. \\'e
note though that the operator (4.'1) eontains lhe w as a parameter, \Vhere this fregneney is
given in units of the re5t mass In = 1 of tlJe partide. lf w « 1 \Vecan begin by negleeting
the term w2 amI get

(4.5)

Clearly then the eigenfunetion i5 u,,(x) of the one dimensional harmonie oseillator and
the eigenvalue, \Vhieh \Ve shall denote by 1'0, beeomes

II~ = ,1+ 2w(2n + 1). (4.0)

Qur interest though is in Eg. (4.'1) whieh \Vecan salve by a pertnrbation proeedure. \Ve
first define

so Eg. «lA) beeomes

lJo = 4 + 2w(211~ + 1),

JI' = _W2(1/ +02(1/- 02,

(\1'2 - \1' 110 + lI')'P = O.

(Ua)

(4.7b)

(Ue)

(4.8)
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\Ve then, as for example in Sehi[f's boa k [1]' replaee 11' by ).,[1' where.\ is a parameter
and write

2'P = 'Po + .\'PI + .\ 'P2 + ... ,

where IV~ = Il~ of (.1.6) and 'Po = u,,(.1:).
From (.1.9a) we obtain

so that using ('1.9) we see that, to first order in .\, (.1.8) takes the form

[11'0(11'0 - ¡¡o)'Pol + .\[(211'011', - 11'1110 + 1I')'Po + 11'0(11'0 - 1I0l'Prl +"',

(4.9a)

(4.%)

(4.9c)

(.1.10)

wherc cach of the sqllare brackcts Illllst \'anish [1). For lIJe first olle this is automatic as
from (4.5) we have

1I0'Po = IVo'Po. (4.11)

From the seeon" 'l,are braeket, when we lake ils sealar prodnet [JI with <Po= u,,(x),
\Ve obtain

(4.12)

wl",re we made use of lhe herlllitian eharactel" of 110 and or E'I. (.1.11).
'l"hus to first arder perturbation theory, when we take, as usual [IJ, .\ = 1, we have that

2 2 -2( JI' )l' = 1'0 - 1'0 'Po, 'Po + ... «1.13)

where 1'0 is given by (4.6), 'Po = u,,(J') ami 11' by (.4.7c).
'l"he on1y terms in 11' of (4.7e) thal eontribule to the sealar prodnct in (.I.1:J) are those

that do not ehange the number of '1nanla 11 so 11' can be replaeed by

The squarc of the lIlass Jl2, as flllldioll of tile llullIbcr of qllanta 11, is tIJen gi\'cn lo first
order perturbation theory by

1,2(1I,W) = 4 + 2w(21l + 1) - (w2 /4)(2112 + 211 - 1) +"', (.1.15)

where we are keepillg ollly lhose lerms up lo arder w2 so 1',/ is replaced by jllsl (lll).
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\Ve want finally to develop a feeling for the behaviour of the exaol e<¡uations (,1.3) when
w » J. For that we define (J as

(4.16)

ami dividing (;1.3) by w we get in the limit when w - 00 that

('1.17a, b)

lntroducing the coordinate x and mOlUentulU }! by the definition

the Eqs. ('1.17) beco me

(4.19a,b)

w!Jich admit the solutions

(0\.20a, b)

for any real value of (J in the interval -00 < (J < oo. Thus it ,eems that for w - 00

the spcclrum lencls lo he conlilltlOllS, ami no approximativc pl'occdllrc for hOlllld statcs
is likely to work. \Ve s!Jall retnm to thi, point in the next seolion.

5. TIIE \'ARIATIONAL I'ROCEDURE

lu the variationalmethod we start from Eq. (3.17) and ",rite 1>,,; s,1 = 1,2, as an
cxpansion in lcrms of olle dimellsiollal oscillalol' fUl1cliolls of the forrn

00

1>,,(") =L tt,,(n)ll,,(,,).
11;:;0

(5.1)

SUbslituling (5.1) in (:1.I7), IUnltiplying both sides by ";,,(X), integrating ",ith respect
to X, and making use of lhe relatiolls

(5.2a)

(5.2b)
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we fina\ly obtain the e<¡\Iations

n

n

n

n
(5.3)

where we kept the zeros of (:1.l7) a., coelricienls of lhe missing a.•,(n) in (5.:l).
The matrix corresponding to the ol)('rator on lhe lcft hand side of (3.17) is lhen given

in lerms of ~ X ~ blocks amI for a given n there are only val\lcs for m = n + 1, n, n - 1
so a typical sct of three blocks can bc wrilten as

n

m=n+l

[w(n + 1)jl/2

[w(n + 1)]'/2

Iw(n + 1)]'/2

[w(n + llP/2

2

-2
111=n

rn=Tl-l

(wn)I/2

(wn)'/2

(wn)'/2
(wn)I/2

wherc cmpty blocks indicatc zeros.
Clcarly thcn ir we go from n = o to a maXillltllll valuc n = JV we gel a symmctric

real matrix of [~(N + 1)1 X [.1(A' + 1)1 dimensions. For N = 5,10,15 and 20 it is then
rcspcctivcly of dimcnsions 2,1 X 2~, ,18 X '18, ()ol X G'l and % X UG.

\Ve havc diagonalized thesc matriccs far diffcrent values of w. For '" « 1, as for example
w = 0.01, we get va¡ues ,'cry clase to l' = 2,0, -2, as secn in Table 111 for A' = 5. \Ve arc
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TARLE 111. Mass spcctra /1 for w = 0.01 obtainc<l by a variational proccclllre (N = 5) for tite
partic!c-antipartic!c syslent. Rcsll1ts shollld be read from Icfl to right and going <lown. Thc ma.<¡scs
are s)'mmctric with rcspect to O, and all of thC'1lIare in tIte vicinit)" of 2, O, -2, with onl)' the six
in thc vicinity of 2 having a phy:-;kal :-;ignificancc.

-2.0.1.11006131Ul[,D6 -2.03156 1D86317728 -2.02.\816301028781
-2.02H7D717\1.1118 - 2.0 1~D25558D88651 -2.005000007732200

-3.D61716D660586387 E - 02 -1.D16501788011.1l82E - 02 -1.8058617611 650 1611::- 02
-1.78520:;55000158.101': - 02 -~.073173.1:112;lUI~16E - 03 -2.5:;578DOIOI002870E - 03
2.55578DD101001552E - 03 ~.D73173.1312:182218E - 0:1 1.78520555000152DDE - 02
1.8D58617611650161 E - 02 1.01650178801157IDE - 02 3.061716D66D586567 E - 02

2.00:;000007732201 2.01.10255:;8088650 2.02.177D717l1.1l18
2.02.\816301028780 2.03.1:;6108G:117725 2.0 J.l1006 13W 15DD

TABLE IV. Comparisoll of the variatiollal alld pertllrbati\'e pl"Ocedurcs(up to 1st order) fOl"the
first six cigcll\'alucs Jl = O to 5 of /12 with w = 0.01. Ollly lhe variational \'allles in the vicinity of
<1 werc considercd.

Nln O I 2 ;¡ .1 5
5 ~.0200250:¡1 ~.0[)mJ25008 .1.0!J!l7:12D():1.\.ODD8810:;3 .1.1:1!JI12.176 ~.1783173\8
10 ~.020025031 ~.050026:185 ~.()DD7:115.W ~.I:lD.l.12D\2 .1.17DOG2886 ~.1DD730664
1:; ~.020025031 ~.05DD2G:l85 .I.ODD7:115.W~.I:lOH2012 .l.lID062886 .\.218J036 15

20 ~.0200250:l1 ~.050026:18:; .1.00D7:115<l0 ~.I:mH2012 ~. 17D062886 ~.2185D3615

Pcrtllrhati\'c

procC'(lllrC ~.020025 ,1.05nn25 ~.OD072:; ~.1:l!J125 ~.IID025 ,1.218:;25

TAOLE v. ~Ia$s spectra Ji for l.l.' = 1.0 obtaillcd by él variational proccdllrc (N = 5) for tiJe
particle-antiparticle systeIll. The rcsults shollld be I"l'ad fl"OlIl Idt to right alld then going down.
Thcy are s}'mlllctric with rcspecl to O, but 110 10llgcr in tlle \"icinily 2,0,-2, so the}' !lave strong
admixtllres of ncgativc cllcrgy st.ates.

-~.2:;OQj 714%85.1G2 -~ .()50:102G81D862:l:; -:\.7,18():l!)2G02:lG'295
-3.668101518788701 -:l.0725127561710GO - 2.50 1D877767:l.1:l2.\
-1.8087070%1l6D22 - l. 17D1:1580GGD0617 -0.D\8DI38276017:127
-O. 76~8:l026603%511 - 0.3565:W7D07700288 -0.22-10ID2387188!J07
0.22.10.102:18718D008 O.3565:l!l7!J0770028.1 0.7G.1S:W2GGO:j9552G
0.D18D1382760 17337 1.1701 :l58066D()G1D 1.8087D7DD6116D1D
2.501087776731322 :J.0725127;)() 17 iOG7 3.(168101:; 18788607
:l.T186352602362D8 ~.0:;0:l()268~D862.10 ,1.2500171,19:>85.1'36
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only interested in those dose to 2 that correspond to posilive energy values for both
partide and antipartide and, when we s<¡nare them, they are clase to t.he values obtained
by t.he pert.urbative procednre of the previous sect.iou, as shown in Table IV.

\Vhen w is of t.he arder 01' larger thau 1, then the \'ariat.ional pro('edllfe becomes un-
stable, j.c. the result.s for N = ,5,10, 15,20 can not be compared. This may be dlle t.o t.he
appcarancc of a contintlolls spcctrllll1 as showcd al thc cnd of lhe prcviolls SCCtiOIl. Thcrc
is abo an irnportant rclalivistic cffcct. Tite eigcllvalucs of li are no longcr clase lo -2, O,2
as happened for w « 1, as shown in Table V for w = 1, so that we no longer know if they
come from posit.ive energies for bot.h part.icle and antipartide, 01' from the levd of energy
O which, for a free part.ide a",1 antipartic1e, could occur when t.he negative energies of
one combine wit.h posit.ive ones of t.he other as was discussed in Ref. [8). As Dirae lheory
predicts thal all negat.ive energy st.ates are fill"d, lhe levels coming fl'om this O energy
state will not have any physieal siguifieance. Thus we aITiv" at the condllsion that the
variational IIlcthod makcs ollly SCIlSC whcn w « 1 and this is an illlportant rcslriction
w!len we wish lo apply it lo sOlne thrcc dimcJlsional proh¡clI1s.

ACI,~O\\'LEDGE~IENTS

\Ve are indebted to 1'1'0f. T.II. Seligman fol' ""Ipful discussions and to Antonio Carda
ZClltcno for SOIllC preliminar)' calculaliolls.

REFEHENCES

1. L.!. Schiff, Quanlum Mech(l7Iics, Firsl Ediliou ~IcGraw-llill, New York (1919), Chap!er VII.
2. ~1. ~Ioshinsky aud A. Szezepauiak, J. Phys. A: Muth. Gen. 22 (1989) 1.817.
:1. ~l. ~loshiusky, G. Loyola, C. Ville!,:"" J. Muth. I'hys. 32 (HJfll) 373.
4. ~1. !\loshinsky ano G. Loyola, "l\I¡l."ssp('ctra or lile padiclc anli.parliclc syslcrn with a Dirac

oscillator intcraction", I'roceedings o/ lILe Afa7ylantl Con/crence on the lIarmonic Osril/ator
(1992). Editor Y.S. ¡,im (in press).

5. 1.5. Gradslltcyn ami 1.!\.1. Hyzhik, Tables oIlnlcgmls, SC7ics antl I'F'Oriucts, AcadclIlic Prcss
(InSO), p. IOG7, formnla 9.2;'5.2.


