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ABSTRACT. In this work we obtain the exact non linear equation of motion, including radiation
reaction, for a charge moving in an isotropic, homogeneous and linear medium. From this equation
we recover the known results for the dynamics of charges in vacuum and discuss the involved
approximations. Using the hypothesis of uniform motion in the exact non linear equation we
obtain the usual results of the Cherenkov effect. Also we analyze several conceptual points in
order to get a better understanding of the Cherenkov effect. We study the energy balance and
show explicitly the existence of an external force to avoid a contradiction with the electromagnetic
theory; we show that, in this case, the charge behaves as a transducer transforming completely
mechanical work into radiation. We also discuss the physical origin of the Cherenkov radiation,
giving an explanation why there is radiation even when the charge is in uniform motion.

RESUMEN. Se obtiene la ecuacién de movimiento no lineal, incluyendo reaccién de radiacién,
para una carga moviéndose en un medio lineal, homogéneo e isétropo. De esta ecuacién se ob-
tienen los resultados conocidos para la dindmica de cargas en el vacio y se discuten las aprox-
imaciones que se utilizaron para ello. Utilizando la hipéGtesis de movimiento uniforme en la e-
cuacién no lineal se obtienen los resultados conocidos para el efecto Cherenkov. Se analizan
algunos aspectos conceptuales que ayudardn a un mejor entendimiento del efecto Cherenkov.
Se estudia el balance de energia y se muestra que en este caso debe existir una fuerza externa
para evitar una contradiccién con la teoria electromagnética, es decir, en este caso la particula
se comporta como un transductor que convierte completamente energia mecdnica en radiacién.

PACS: 03.50.De; 41.10.—j; 41.70.+t

1. INTRODUCTION

One of the most important and well known results in classical electrodynamics is that,
in vacuum, a charge radiates only when it is accelerated. On the other hand, it is also a
well known result that when a charge travels with constant velocity through a material
medium, it radiates if its velocity is greater than the velocity of light in that medium;
that is v > ¢/+/e, where € is the dielectric function of the medium (we shall assume
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throughout this work g = 1, with u the magnetic permeability). This phenomenon, known
as the Cherenkov effect, is of great importance in high energy physics where it is used
to determine the velocity of elementary particles. Owing to its usefulness this effect is
discussed in several texts of electromagnetism [1-7]. In the early fifties Motz and Schiff [8]
studied briefly the Cherenkov effect in a dispersive medium; ten years later Volkoff [9]
clarified the apparent contradiction between the Cherenkov effect and Gauss’s Law by
taking into account the discontinuous nature of the electric field on the Cherenkov cone.
In this excellent work it is evident the care needed to handle the electromagnetic fields
on the surface of the Cherenkov cone, in absence of dispersion, because of the extremely
singular behavior of the fields.

Some years ago two works appeared [10, 11] where the Cherenkov effect was discussed
completing the analysis available in most common texts. Nevertheless, in the methods
presented in the literature there are several points which deserve a careful discussion. As
an example we can point out that in the method followed by Jackson (3], Panofsky and
Phillips [5], and Good and Nelson [6] it is not clear how radiation can be predicted for a
charge moving with constant velocity using Lienard-Wiéchert potentials for an accelerated
charge. This is a common source of confusion for the student. Furthermore, there is not
an explicit mention of an external force needed to restore the energy lost by radiation,
making difficult the understanding of the energy balance.

There are at least two methods te determine the energy radiated per unit time in the
Cherenkov effect. One is due to Landau [2], who equals the power radiated by the charge
with the work done in unit time by a stopping force eE self-exerted on the particle by the
self-field. The other method [4], uses Poynting’s vector to determine the energy radiated
per unit time.

One of the most interesting and challenging problems that arises when the dynamics of a
charge is studied is the analysis of the effects produced by the radiated fields on its source,
that is, the radiation reaction. Hence it is interesting to discuss the dynamical effects on a
charge due to the emission of Cherenkov radiation. In the present work we make explicit
and thoroughly develop an implicit idea in the work of Landau [2] on the ionization
losses by fast particles in matter. This idea suggests us to face the Cherenkov effect as a
radiation reaction problem. This approach leads to a deep analysis of radiation reaction
beyond the usual treatments in the texts of electromagnetism [4, 5, 12-16] and journals
devoted to teaching. Then, we first discuss several physical aspects of the derivation of
the equation of motion for a radiating charge, and exhibit the usual approximations that
must be avoided to obtain a useful expression for the radiation reaction force for a charge
moving in a medium. Our approach shows clearly how a charge in uniform motion can
radiate and, as a particular case, we obtain the usual results of the Cherenkov effect.
Also we clarify the energy balance for a charge moving in a medium and some physical
aspects of the origin of Gherenkov radiation showing that if we assume a constant velocity
for the radiating particle, there must exist an external force acting on it, so in this case

we can think the particle as a transducer transforming completely mechanical work into
radiation.

It is interesting to remark that the results obtained with the hypothesis of constant
velocity in the discussion of the Cherenkov effect agree with usual experiments [17] because
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the change in the velocity of the particle, traveling through a medium, is so small that
can be neglected for all practical purposes.

2. THE RADIATION REACTION IN A MATERIAL MEDIUM

The starting point in the analysis of the dynamics of a charge in vacuum is the postulate
of the conservation of linear momentum of the system constituted by the charge, the fields
produced by it, and the external fields [4]; this leads to the equation

Fext o+ Fself = mpa. (1)

Using the same reasoning it can be demonstrated that this equation is satisfied even when
the particle is moving through a dielectric medium. In this case the effects of the medium
are represented through the explicit form of each term in the preceding equation; for
example, the electromagnetic fields in Fex and Fg¢ are different from their respective
expressions in vacuum owing to the perturbation on the fields caused by the dielectric.

In order to determine the self-interaction force on a charge distribution p moving
through a dielectric we assume that it is spherically symmetric, non rotating, and that
its center follows the trajectory r(t), so the self-force can be expressed as

Fraer,) = [ Paplix = 6O (Bart,8) + 2 x Buon(0)), @

where Egel¢(X, t), Bsele(x, t) are the fields produced by the charge. It must be emphasized
that, unlike the self-fields in vacuum, these fields are not produced directly and exclusively
by the charge; they are the inhomogeneous solutions to the macroscopic Maxwell equations
with the moving charge distribution as source. These fields contain then the response of
matter to the perturbation produced by the charge. In this sense it is clearly a self-
interaction phenomenon.

Since in the Cherenkov effect the velocity is assumed to be constant, we can follow two
possible ways to determine Fyes: we can use the frame in which v(t¢) # 0, or we can use
the rest frame of the particle, where the medium moves with velocity —v(t), finding the
self-fields with the Minkowsky equations for moving mediums. For simplicity we follow
the first method.

In order to obtain the self-fields we work in the Coulomb gauge. In this gauge the fields
are determined by the transverse component of the vectorial potential A(x,t) by means
of the equations

10A
Egeif = —=—=, Bt =V XA, (3)
c Ot
We omit the contribution E' = —V¢. because, as is well known, in Coulomb gauge

@. is an electrostatic potential and for a spherically symmetric charge distributions its
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contribution to the self-force vanishes [3, 4, 13]. At the same time the Fourier transform
of A1, A, (k,w), satisfies the equation

(k- 22 & o) = 23, e 0), @
where
I, (kw) =k x (J xk). (5)

To obtain A(x,t) it is usually enough to take the inverse Fourier transform of Ak, w);
this is possible since J(x,t), and consequently J(k,w), are known functions. Nevertheless,
when the radiation reaction problem is studied, as in this case, the trajectory of the
particle is unknown and then J(x,¢) and J(k,w) are not specified beforehand. Moreover,
it is risky to assume that the system of Maxwell’s equations is complete even when J(x,t)
is unknown, but it is the usual and unique starting point with which we can count [18,
19]. It is evident that this fact deserves a careful and deep study, but now we use this
hypothesis in the same way as in the study of radiation reaction in vacuum. That is, we
consider J as unknown and at the end, in order to recover the usual results, we assume a
particular J = pv, with constant v. The merits and deficiencies of this hypothesis will be
seen in the obtained results.

As a point of departure we have the general solution to the Maxwell equations that
can be obtained from Eq. (4), that is

k t') k
A(x,t) Ah°m+ 3'/26'/dt fd3 ] X (:’(W_E‘:;2 o

{k (x—r(t")—w(t—t")]

From this expression it is easy to get the fields which contain the contributions of the
charge and the medium,

kx (v(t') x k
Eeif(x,t) = - @ 3/%2 ]dt /d"‘ /dw ( —iw 2x_(é§3_11x )) =

. gille (e=r(t)—w(t—t)]

and

Buni(x,t) =7y [ ¢ [ [ '“‘)(Zk—x v—(,&) ®)

. gilke(x—r(t))—w(t—t")]



318 J.A.E. RoA-NERI ET AL.

The self-force can be obtained directly from these equations. The electric and magnetic
contributions to it are, respectively,

Fant == [a [ [ a0l (miﬁgifm) o

. eilk(r(t)—r(t'))—w(t—t')]

NS | 3k 2, iv(t) x (k x v(t'))
Fulf( b /dt fd fdw| (k)|“k ( _2352(2) ) -

. gl (r(®)—x(t'))—w(tt")].

and

The preceding expressions are as general as the solutions to the macroscopic Maxwell
equations and the Lorentz force. From them it is possible to get all the necessary infor-
mation to discuss some special points of interest. Now, it is impossible to continue our
analysis because ¢(w) is unspecified, and the general characteristics of this function are
not enough to trace the most relevant aspects of the self-force. But, using a particular
model for e(w), such as that of Drude-Lorentz, we can integrate it, in an approximated
way, over w. The results are useless for our purposes. For a thoroughly discussion of the
Cherenkov effect taking dispersion into account see Allison [17].

In order to reproduce the usual results for radiation reaction in vacuum [4, 5, 20-23],
and get a better idea of the approximations involved, it is enough to assume that e(w) is
constant. Although this supposition is unphysical, it permits us to integrate over w and
get some interesting results. After integrating we obtain

w—wfwff” x (v(#) x k) co (E%ﬁhmwﬁ-

1k [r(t)—r(t")]

—47ri/dt’/d3k%v(t) x (k x v(t'))sin (ﬁ-c-%%ﬁ)@(t =t

. gkelr(t)-r(e)],

where © is the Heaviside step function. It must be noted that in the limit € — 1 this
equation does not reduced to the usual equation for a charge moving in vacuum [20-23],
because in that case the analysis of the radiation reaction is done in the rest frame of the
particle, that is v(t) = 0, consequently there is not a magnetic contribution. On the other
hand, Eq. (8) is a non-linear one; this can be seen easily expanding the product

v(t:’)eik-[r(i)—r(!’ )]
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in a Taylor’s series around time ¢. In this expansion terms appear involving products of
v(t) with its higher order derivatives or products of them, so to obtain a linear equation, as
in the usual analysis of radiation reaction in vacuum, it will be necessary to approximate
the exponential to unity. However, this approximation is not enough since in the magnetic
contribution the product v(t)-v(t') appears. Then it is necessary to impose the restriction
v(t) = 0, which means that the description is made in the rest frame of the charge. Both
approximations and the limit € — 1 lead us to the usual results.

Carrying out all angular integrations in Eq. (10) and approximating the exponential to
unity lead to

Felf = —% dt'a(t’) jdkﬂ’clﬁ(\l/{g|2 sin (kc(f/-_; t’))e(t - t), (11)

and defining

gt — ') = /dkklﬁil;gF sin ("“:(t\/_E t!)) (12)
results in
11'2
Fuar = -5 [ dtatt = t)a()e(e ), (13

which, in the limit € = 1, is exactly the linear integrodifferential equation for the radiation
reaction discussed in several papers [20-23]. In the case of a point particle Eq. (13) reduces
to the famous Abraham-Lorentz expression

2e? |
Feelf AL = 33 &~ dmea, (14)

where ém, is the electromagnetic mass, which is 4/3 of the electrostatic energy divided

by c?, a result usually regarded as a contradiction with special relativity. The respective
expression in a non dispersive dielectric medium is

2e? .
Fse]f AL = —\/Ea — (5’1’1’1:38., (15)
3c3
which does not give us more information that the equation in vacuum. In this case the

electromagnetic mass edm, represents not only the contribution of the vacuum self-field
to the inertia, but also the contribution due to the medium.

3. THE CHERENKOV EFFECT

Although Eq. (13) is important because it led us to obtain a linear equation of motion
with the well known virtues of the equation of motion for extended charges in vacuum,
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it is only an approximated expression for the problem of self-interaction for a particle
moving through matter. If we want to obtain the usual results of the Cherenkov effect
from this equation we have to face a problem: it has been used the approximation v(t) = 0
which hinders us to analyze the case of our interest, when v > ¢/\/e. However, although
our non-linear Eq. (10), which is exact and valid even for dispersive mediums, is unhandy,
it takes a simple form in the case of the Cherenkov effect where v is constant.

As we mentioned before, to arrive to Eq. (10) we assumed the consistency of Maxwell
equations even when the current density is unknown. Now, if we assume the particle mov-
ing with constant velocity its trajectory becomes known and we will be able to determine
Fyeir and the radiation emitted; as we shall see, with this result it is possible to understand
the energy balance.

One of the most famous derivations of the Abraham-Lorentz equation is that due to
Planck [24]. This derivation assumes that the power radiated is equal to the work done
by the radiation reaction force per unit time, so if we use the known self-force expression
with constant velocity in order to get the unknown power radiated, which in this case is
proportional to the radiated energy per unit length, we must obtain the usual expression
for the Cherenkov effect. As we shall see, this really happens. Although this idea is implicit
in Landau’s work [2] it has not been developed. In this work we make it.

Taking into account the idea of Planck, our next step is to introduce in Eq. (10),
which contains the information of the dispersive medium and the non-linear terms, our
hypothesis of constant velocity for the particle. So

etk (r(t)—r(t'))] — ik-v(t—t') (16)

The integration over t' can be carried out and it leads us to é(w + k - v); without loss
of generality we can choose the particle moving in the z direction, then performing the
integrations we get

- (17a)

) wv(l — f{ig)
4 2= 2 4
Foar = =% [ dw [ d&2k|5(K)|
q2

dec  UC 2. %,; (1 - u?_;gﬂ)
where
¢ =kj+k;
and

anlf = 0 (17b)

mag

Because of the symmetry of the problem the transversal components to the velocity
are zero, and using d’k = qdqdy and the dispersion relation w?/k? = ¢?/e(w), Eq. (17a)
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transforms into

2
wll- "'u—(—)‘c
8 ( veE(w )
Fo = —“—"v/ /dq ala(k)? , (18)
elec +%,!2_(1_vzzgw!)
In the limit of a point particle it reduces to
)
veElw
Fsell’ - ‘E'e-‘z'f‘/ /dqu (19)
elec e 2

+“”(1—“’—°S“—‘l)'

This expression coincides with that obtained by Landau [2].

It must be emphasized that if a non dispersive medium is considered [e(w) is constant],
the integrand of the preceding equations depends in a crucial way on the magnitude of
the velocity of the particle with respect to velocity of light. If the speed of the particle is
less than ¢/+/€, the integrand is an odd function with no poles, and the integration limits
are symmetric so Fggr = 0; on the other hand, if the speed of the particle is greater than
¢/+/¢€, the integrand have poles and the integral can be different from zero. We have then
as a consequence that if the particle travels with constant velocity in vacuum or through
a medium with velocity v < ¢/1/€ it does not radiate, but when its velocity is v > ¢/\/€
in the medium, or if it could travel in vacuum faster than light, then there would be
radiation producing a self-force different from zero, Fges # 0.

In the dispersive case the self-force depends on the detailed behaviour of €(w), so without
a model for it we can not obtain general conclusions. In fact we can see from Eq. (19) that
the specific behaviour of v%e(w)/c? determine if there are or not poles in that equation.

If the velocity of the charge is constant it implies that the power radiated is

d& d&
'P dt ‘Udm = —Fse]f “W (20)

then

%~ - ())/dqqzﬁé(i”—’:@)' .

Performing the integration over ¢ we get

= —fdww( 2 e(w)) (22)

which is precisely the usual result [3, 25] for the Cherenkov effect.
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On the other hand, when we integrate Eq. (10) over ¢’ we get a Dirac’s delta function
which impose the condition w? = (k - v)? = k22 cos §. This condition and the dispersion
relation imply that

2
=
i cos’ 0., (23)
or
c
cosf.=+—— (24)

/€
So we have obtained the Cherenkov angle, 6., which defines the cone within which there
can be radiation. We must remark that this result is independent of the charge distribu-
tion. However, the spectral distribution depends on the charge distribution [25].

Another point that deserves special attention is the following: Planck’s idea about
radiation reaction, according to which the power radiated is equal to the work done by
the self force per unit time, plays a fundamental role in the determination of the energy
lost per unit length in Cherenkov radiation. As it has been shown in another paper [26] this
idea, which seems so reasonable and suggestive, is in general wrong in vacuum. However,
in this case it has given excellent results; it is so, as we shall see, due to the presence of
a medium and the uniform motion of the charge.

As we have seen, the existence of radiation when the velocity of the particle is greater
than ¢/+/€ has as a consequence the existence of a radiation reaction force that disappears
when v < ¢/y/e. In this way it is clear that if the Cherenkov effect can be faced as a
radiation reaction problem, it is also clear that the relation with the radiation reaction
in vacuum is not immediate; the most relevant differences reside in the linear character
of the usual equation of motion in vacuum. Besides, in vacuum the trajectory and the
velocity of the particle are unknown even when the external force is known, while in the
Cherenkov effect the velocity is known. This is precisely the point that we shall discuss in
the following section from the perspective of the energy balance. As we see, the Cherenkov
effect considered as a radiation reaction problem leads to the problem of radiation reaction
itself, a yet properly unsolved classical problem.

4. ENERGY BALANCE

As we can see from the radiation reaction problem in material mediums, even when it is
assumed a constant velocity for the particle there is radiation if the speed of the particle
is greater than c/\/e. However, it is also important to remark that without the presence
of an external force acting on the particle there will be an obscure source of energy that
restores the radiated energy. This fact is the basic idea in Planck’s theory of the radiation
reaction. We can show easily that in the Cherenkov effect it is strictly necessary the
presence of an external force to restore the energy lost by the charge. To see this we will
use Poynting’s expression for the energy balance (3],

dUmec 3 dUelm
P -_— . — . 2
= /d:c.] E %S dSur + T (25)
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where, as usual, the first term on the right side is related to the power radiated,

P = fs - dSur. (26)

Let us first analyze the left hand side of Eq. (25). It is clear that J is the current
density, which in this case is the convected current produced by the charge itself in
uniform motion, that is J = pv. E is the electric field and it is necessary to clarify what
kind of field we are working with. In some modern texts [4] where Poynting’s theorem is
derived, E is an external electric field, that is a field not produced by J itself. However, this
point of view has some problems [27]. In other deductions Eq. (25) is obtained through a
formal manipulation of the Maxwell equations, so E represents the general solution to the
inhomogeneous Maxwell equations and then includes not only the homogeneous solution
E;, that can be associated with external fields, but the particular solution E; = Eggy,
which is associated with the fields produced by J. So we have that

-/dax J.E= /dasc pv - (Ep + Egeif) = V - (Fext + Faelf), (27)

but as we have assumed v = constant

=

and then
Fex‘t = —Faelf

where the external force can have in general an electromagnetic and a non electromagnetic
contribution. Using this result in Eq. (25) gives us

dUelm

P=—a

(28)

and from Eq. (20)

AUeim
g v P W= dt‘ =P, (29)

It is interesting to remark that although a charge in uniform motion in a medium
produces static fields, these fields induce a time dependent polarization in the medium,
due to the change with time of the distance from the charge to every element of the
medium. So Uy, varies with time.

Now we have three interesting points: In the first place we can see how Jackson’s
approach to the Cherenkov effect is also a radiation damping problem, hence the full
equivalence of Landau’s and Jackson’s approaches, as we could expect; in the second
place, from Eq. (29) we can conclude that if P # 0 then there must necessarily exist an
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external force which restores to the charge the energy lost by radiation. This external
force can be mechanical or electromagnetic, but if it does not exist it is impossible to
maintain a constant velocity for the particle; finally, we have shown Eq. (29) to be a
consequence of Poynting’s theorem, so in this case we show Planck’s conjecture is correct
and the charge behaves as a transducer which transform completely the energy obtained
from the external force into radiation. This situation does not appear in vacuum, being
Schott’s term a prove of it. This term is in part responsible for the confusions with the
energy balance in the radiation reaction problem in vacuum. We must emphasize that
this conspicuous fact is not discussed in most texts on electromagnetism [4, 5, 12-16,
28]. It must be also remarked that our Eq. (10) remains valid even when the velocity of
the charge changes; in real experiments [17] there is not an external force to restore the
energy lost by radiation, but the change in the velocity of the charge is so small that the
hypothesis of constant velocity is quite well.

5. VELOCITY AND RADIATION FIELDS

Although it is apparent the transformation of mechanical energy into radiation even with
a constant velocity of the charge, it is not clear the relation between Cherenkov radiation
and the usual assumptions used to analyze the motion of a charge in vacuum. When the
radiation emitted by a charge moving in vacuum is studied it is strongly remarked that
the radiation field varies as |x — r’/|~! and depends on the acceleration, meanwhile the
velocity field varies as [x — r/| =2 and it is considered as a field bounded to the particle.

The root of many of the difficulties in the understanding of the Cherenkov effect lies pre-
cisely in this separation between the velocity and radiation fields, since in the Cherenkov
effect the radiated field depends on the velocity. According to this fact, it is necessary to
clarify this apparent contradiction.

In order to clarify the problem it will be useful to analyze the behaviour of the elec-
tromagnetic potential in terms of the ratio of the velocity of the charge to the velocity
of light in the dielectric. In order to do it, it will be enough to consider a non dispersive
medium. In the space (x,t) the electromagnetic potential A | (x,t) satisfies the equation

9 € 62 _ 4 1
(V e C—zw)A_L(X, t) = _'?J.L(x’t)! (30)

for a point particle traveling with constant velocity the current density J, is proportional
to 8(x — vt). If, as we did before, we take the motion in the x direction, then

Ji(x,t)=Jo(z - vt y,2,); (31)
we can expect the same functional dependence for the potential A |, namely,

Ajlxt)=Ajlz —=vty:2) (32)
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This means that at time t + to the field has the same functional form that it had in the
previous position —vtg, so the potential must satisfy

PAL_ AL

ot? dz? (e}
This relation permit us to write the expression (30) in the form
1 v? | %A Ar
2 0 (A SN S ) 34
VRA'L + 1}2 (1 C2 E) 3t2 - J.L) ( )

where

?
2 — Py a—
Vi = (6y2 * Bzz)'

As we can see immediately, the electromagnetic potential A behaves in a completely
different way if the particle’s velocity is less or greater than c/\/€, since if the coefficient
of the second time-derivative is positive the preceding differential equation is an elliptical
one, of Poisson’s type. This fact is characteristic of the three dimensional electrostatic
behaviour. It is convenient to define the variable

z=x(1-ef)72, (35)
in terms of which the Eq. (34) can be written as

o? 3 47
(v§+ﬁ)m=v2m = ——{y. (36)

On the other hand, if v > ¢/\/e, the equation will be an hyperbolic one, of D’Alembert’s
type, but in two spatial and one time dimensions. In this way the behaviour of the wave
motion depends notably on the number of spatial dimensions; indeed, we have seen that
in the Cherenkov effect the propagation of radiation is quite different from that in three
spatial dimensions.

By means of the analysis of the wave equation, in two or three dimensions [6], we
can give a better idea of the preceding discussion. The Cauchy solution of the three
dimensional wave equation shows that a perturbation produced at time ¢’ and at position
r’ travels in space like an spherical wave front centered in r’, without changing its form,
but with its size diminished in such way that behind the wave front there is not any
perturbation at all. Of course the wave front emerges from r’. In the bidimensional case,
if a perturbation is produced it will travel without changing its form, but there will
exist a remanent wake behind the wave front. This kind of behavior is also found in the
inhomogeneous solution of the wave equation. These differences in the wave behaviour
can be easily appreciated from their respective Green functions: in the three dimensional
case the Green function is |x — r/|~16(¢' + [|x — r'|/c] — t), which shows the change in
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the amplitude and how the pulse is concentrated in a sphere, defined by the argument of
the 4 function, that grows up with time; furthermore the perturbation at (x,t) depends
only on what happened in just one point in the past (r/,#'). In the bidimensional case the
Green function is 2c[c?(t —t')2 — |x — '|?]71/2.©[c(t - t') — |x — r’|], which, like in the three
dimensional case, shows a singularity in |x —r'| = ¢(t —t'), but for |[x —r’| < ¢(t =) there
is a wake, a remanent perturbation. In the case of Cherenkov radiation the field at the
time ¢ and position x is a consequence of what happened in the interior region defined by
the Heaviside function, whose boundary defines an edge called the Cherenkov cone that
at the same time represents indeed the radiation.

According to the preceding discussion, when the velocity of the charge is v < ¢/ /e
we have the usual electrostatic behaviour that varies as |x — r’/|~2, but when v > ¢/ /e
the behaviour is ruled by a bidimensional wave equation whose dependence on |x — r'|
changes drastically.

The Green function reflects the physical fact that all the elements of the medium inside
the cone contribute to the radiation: the envelope of all the wave fronts produced by every
radiating dipole forms the Cherenkov radiation front. In vacuum, the Green function in
three dimensions shows how the charge in motion is the unique source of radiation.

As we have shown, in the Cherenkov effect there are not contradictions. If v < ¢/+/€
we have an usual static behaviour, but if v > ¢/1/€ the behaviour of the electromagnetic
potential is ruled by the bidimensional wave equation whose characteristics are remarkably
different from those of the three dimensional wave behaviour. From the mathematical
point of view, the change in the field behaviour when the particle goes from the case
of “no propagation” (no radiation) to the case of “propagation” (radiation), previously
related to the presence or lack of poles in Eq. (19), now appears in the electromagnetic
potentials as a change in the behaviour of the functions describing it. In the first case they
are described in terms of modified Hankel functions K, with an asymptotic behaviour that
falls off rapidly with |x — r/| — 1, while in the second case the potentials are described
in terms of Hankel functions H which asymptotically vary as |x — r’/|~1/2, but since we
are working with a bidimensional problem, then in this case we have a typical radiative
behaviour.

6. CONCLUSIONS

The Cherenkov effect permits us to analyze several physical aspects of classical electro-
dynamics, in particular the challenging problem that arises from considering the effect
produced on the dynamics of a charge when we take into account the radiation produced
by it. It must be emphasized that the usual approaches to radiation reaction are inade-
quate to face the Cherenkov effect since the common linear approximation is too coarse
to make the job. Our analysis shows several interesting and conceptually difficult points,
like those in the derivation of the radiation damping force itself, and the remarkable
compatibility of the energy balance for a radiating charge in a medium and Planck’s
approach in vacuum. Also our approach makes apparent that the Cherenkov effect is a
good example where the distinction between self-field and external fields in Poynting’s
theorem is significant [27], and clarifies the energy balance in the Cherenkov effect. Hence
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this effect becomes a problem of great conceptual and didactic importance, as we have
seen throughout this work. We have clarified in an elementary way most of the difficulties
the students face in studying the Cherenkov effect: the apparent contradiction between
Cherenkov radiation and the usual radiation criterion used in the analysis of radiation in
vacuum, within the framework of classical electrodynamics.

On the other hand, the energy balance used in electromagnetism has some difficulties,
mainly when we include the radiation reaction force in the analysis of the motion of
charges.
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