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ABSTHACT, The (li\'prgenn'less ('igCllfllllctioJls ofthc ('111'1operator iJI sphcrical, circular eylindrical.
parabolic cylindrical ano plliptic cylindricnl coordinates are oi>tainC'd by Ilwans of the III('t1l0d of
adjoint 0IH'J'(ttors. In e<le\¡ casC'. tlH' eigC'llflllletions of the cur! ol)('rator arC' ('xprC'sspd in tC'rms of
a single sealar pO«lutial tliat satb.;fips the IIplill!IOJtZ (l<¡uatiOIl.

nESU~IEj'\. SC'obti(,HC'1llas eigcllfllnciollPs sin din'rgcIlcia clt'1 0IH'rador rotacional ('11eoordl'lIaoas
esféricas, cilíndricas circulares, cilíndrica" parahólicas y cilíndricas elípticas por mC'<1iodel Ill{'todo
de opC'raoorcs adjuntos. En cada caso, las eigrnfllllcioIles dd opcrador rotacional sp pxpn'Siln en
términos de HIl solo potC'llcia! cscalar que sati~face la ccuación de IIC'}lll]¡OItZ.

r.\Cs: 02.30.+g; 52.30.-'1: 'l1.20.-'1

1. I:\THODCCTlO):

Tlle rig(,llflllH'tiollS oC 11J('curl operator appear in \'ariolls arpas 01' tlJ('o1'<'lical p!Jy,..;ics. For
installce. t}¡f' sOllH'e-fn'(' 7\fax\\'t'll eqllatiolls in Plllpt~. SP<lCP can })I' \\Tilt('n ;-),':;v' F = O.
v x F = .!.F, \\,}¡ere F :;:::E + iD; tlH'rrfol'('. assllming a tilllP c\('I)(,llllcll(,(, of tlH' formr

('-i..•.,I. tlH' cOlllplex \'('('to1' fi('ld F is a diy('rgPllc('lí'SS pigellfllllctioll nI' tlH' ('111'1o¡H'rator. Ir
a lllagllNie fielel n in a plasma is all í'igrllfllllCtioll of th(' ('url 0l)('r<lto1'. t 11('11 1l1r lllagll('t ir
fon'(' d(,llsit)' \'aIJish('s: h('Il(,(" n is call('d a fOI'('('-fl'(,(,[,,'Id (s('(' C.I) •. I1('fs. [1 4]). Th('
('ig(,llfllllCliollS 01' t.he ('ud operator aH' abo lls('[u1 in tIJe ('xpallsioll of H'('to1' fiP}ds in
clectromagní'lisll1. f1nid dyn;-)Jllics éllld (lcol1stics (S('(', e.g., nefs, [;')-7] and the ref('I'('Il('('S
rill'd th('r('in).

The diH'rgrllcl'lcss rigenflll1etioHs of 111(' ('urt ol)('r.1tor in circlllar ('~'lilldri('al aud Spll(lr_
ieal coortiillates can be ('xl))'e::,s('d in lí'l'ms 01' pa1'tial deri\.;¡tin~s of scalar pot(,lltiab that
~ati~fy t}¡r Helmholtz e<jllation [L7-9]. TJ¡(' fad that t}¡p IllOst g(,llera! í'ig('nfllllctioll of

the e1l1'10lwrato1' wilh valli~hillg dinTg('llc(' is dt'l<'rIniní'd hy a sillgle' scai,n potf'lltial !las
1)('('11 d(,lIlo11~trat('d in R(,f. [~l,w!J('1'(' the ('ig(,Il\.alllc equatioll is ~oh'rd by ~('parati()ll 01'

\',niahle:-; in splH'rical alld eylilldrical í'oordillatC's. makillg n:-;(' 01' thf' Spill-\\'('ig!Jtf'd har-
monies. In tbis papel'. a silllp!e deri\'atioll of tbr ('xprt'ssiollS for thr rigcllfllllctiolb 01'
tlH' curl 0Iwra1or in t('I'IllS nf sedar pnt(,lltials in splH'ricaL circular cylilldrical. paraholic
cy lilld rical a lid pJli ptie cy 1ilIdricnl coordina tes i~ gi Y('1l Illa ki 111;11S(, 01' t he met 110<1 01' adjoi lit
opern t or~. w lIjl'h illlo\Vs t he red tlct ion 01' syst (,IllS 01' lIOlllOgl'IH'OllS 1iJl('a r pa1'tia 1 elitre r('llt iid
l'q\lati()n~ lo simplt'r t'qtlilliollS [10.11].
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2. DEIlYE POTENTIALS FOIt TIIE EIGEI'FU:<CTIO:<S 01' TIIE CURL OrEItATOI\

Thc cigcllvaluc equation

can bc writtcn in the form

v x u = .\u,

[(u) = O,

(1)

(2)

where [ is the linear partial differenlial operator that maps vector fields into vector fic1ds
given by

[(u) =="\' x 11 -.\ 11. (3)

lf the adjoint of a linear operator A that maps n-indcx tcnsor fields into m-index tcnsor
fields is defincd as lhat lincar opcralor At that maps m-indcx tensor fic1ds into ll-index
tensor fields sueh that

j o{3."[A(¡ )] 1 j[At( o{3...)),w ...¡ 19 111/'" ofJ ... ( V = 9 JI""" l V, (4)

for any pair of square-intcgrable ll-index and m-index tensor fields ¡'w.,. ami g"{3.'., re-
spccti,'c1y, then onc finds that 1

and

(5)

eurlt = curl, gradt = -div, divt = -grad, (G)

therdore, [ and thc laplacian operator are self-adjoint (i.e., [t = [ and ("\,2)t = "\,2).
lf there exist lincar operators O, T, S sueh that

S[ = OT,

then, using E<¡s. (5) and the faet that [t = [, Eq. (i) yiclds

lIcnce, if l/J satisfies the condition

(i)

(8)

(9)

1 The definition of thc adjoill! of an operator givell hcre is slightly di(fcrent [ram that used in
Reís. [10,11]. Thc dcfinition used hefe gllarantccs thc lIniqllctlcss oC thc adjoillt opcratof, which
is essential lo ohtai" Eqs. (5) ami (6).
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from Ec¡. (8) it fol1ows that u = st(~,) saIisfies Ec¡. (2), which means that u is an
eigenfunction of the curl opera lar.
In order lo find operalors O, T, S, salisf)'ing Ec¡. (7) il is com.enient to iulroduce the

vector ficld

K == [( u) = \7 x u - >, u. ( 10)

Then, K = O if amI onl)' if u is an eigenfunction of lhe curl operator. Taking lhe cml of
Ec¡. (10) using (he identit)' \7 x \7 x u = \7(\7. u) - \72u, one gets

\7 x K = \7(\7 . u) - \72u - >, \7 x u,

and taking now the curl of Ec¡. (11) oue fiuds that

\7 x \7 x K = - \72 \7 x u - >, \7 (\7 . u) + >, \72u.

Therefore, from Ec¡s. (11) and (12) oue obtains the idcntit)'

which implies that

r. (>' \7 x K + \7 x \7 x K) = _(\72 + >,2)(I'. \7 x u)

and1 similarly.

(11)

(12)

(13)

(14)

(15 )

Thus, if u is an eigenfunctiou of the cml operator (j.e., K = O), then the scalars I'. \7 x u =
(I' x \7) . u and e, . \7 x u ,atisf)' the Helmholt.z ec¡ualion. As shown below, Ec¡s. (14)
and (15) al10w us (o find the eig('nfunctions of lhe cml operator adapted lo spherical ami
c)'lindrical eoordinates, respectivel)'.

2.1. Spherica/ coonlinatcs

Since K = [(u), Ec¡. (U) is ec¡uivalent lo an operator identit)' of the fonu (7) with

S(K) == -I'. (,\ \7 x K + \7 x \7 x K)
= ->, (I' x \7) . K - (I' x \7) . \7 x K,

t1nd

T( u) == I'. \7 x u,
0(0) == (\72 + >,2)9.

(lfi)

(17)
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Thercfore,

u = 81(1;0) =.\ r x v</J+ v x (r x v</J)

is a solulion of Ec¡. (~), provided that 01(1/') = 0, i.e.,

(18)

(19)

As is Yery weH kuown. the Helmholtz ec¡uation (19) admits separable solutions in spher-
iral coordinates of thc fonn

(~O)

wllcrc A, n are arbitrary eOllstants, jz, 11/ are sphcrical I3csse1 flluct.ions and thc l[m are
spherical harmonics. Substituting Ec¡. (~O) into Ec¡. (18) one ohtains an eigenfunction of
tile cu1'1opcrator that is a150 an cigcnf\lllctioll ofthc squarc of thc total angular 1110011Cntlllll

J2 and of the z-component of the total angular 1Il0mClltum .1" with eigenvalues j(j + 1)
and 171, respectively [1~1.Since a vector field has spin 1, j must be greater than, or ec¡ual
to, 1. In fact, if one substitutes Ec¡. (~O) with j = O into Ec¡. (18), one obtains u = O.
(Howe\'er, there exist eigenfunctions of cml that are eigenfunctions of J2 with eigenvalue
O; they correspond to .\ = O [91.)
The first term in the right-hand side of Ec¡. (18) can be written in the ec¡uivalent fonn

-.\ v x (r1;0), which shows that the eigenfunctions of the cml operator giYen by Ec¡. (18)
have vauishing divergence. In fact, solving directly Ec¡. (1) in spherical coordinates, it
tmns out that aH the diYergenceless eigenfullctions of the cml operator can be written
in the form (18) [9]. On the other hand, taking the divergence of Ec¡. (1) one finds
that O = .\v . u, therdare the only eigenfunctions of the cml operator that can have a
nonvanishing divergencc arc those w¡th eigc1l\'alue .\ = O. \Vhcn .\ = O, Ec¡. (1) reduces
to v x u = O, which implies that locaHy u is the gradient of some function, u = V9.

2.2. Cylindrieal coordinlltes

Equatioll (lG) is equi\'alent to an identity of the form (7) with

S(K) = -e, .(.\v x K + v x V x K)
= -.\ (e, x v) .K - (e, x v). v x K,

and

T( u) = e, . v x u,

0(9) = (v2 + .\2)9.

Thercfore,

(~1)

(22)

(~3)
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is an eigenfunction of the cml operator with eigem'alue ,\ provided that 01(1,6) = 0, i.e.,

(24)

(ef. Eqs. (18) and (19)). fiewritiug Eq. (23) as u = V' x (-'\e,,p + e, x V'1¡'J). one fiuds
that the eigenfunctions (23) have vanishiug divergence.
The expressiou (23) is adapted to cylindrical coordinates (u, v, o), where

'11 = lL(x, y), v = v(x,y) (25)

anel (x, y, o) are cartesian coordinates, since the operator e, x grad appearing iu Eq. (23)
involves partial derivatives with respect to '11 ami v ouly. Lookiug for separable solutious
of the Helmboltz equation (24) of the form

(26)

one fiuds that <1>('11, v) satisfies the two-dimensional Helmholtz equation

(27)

where 62 is the Laplace operator on the plane and

If ('11, v, z) are orthogonal coordinales, Eq. (23) amounts to

(
,\ D<j; 1 D2¡f;) _ ( ,\ D1' 1 D21/1) _ _

u=- --+--- e]+ ------ e?+62~le-
h2 Dv h] DzDu h] Du h2 DzDv - -'

(28)

(29)

where h], "2 are the scale factors COJTespouding to the coordiuates u an,l v, and e] and
C2 are unit vectors in thc u-dircction and the 'u-c!ircctioll, respcctive1y (\Ve are assumillg
that {e], e2. e,} is a right-handed basis).
Equation (27) admits separable solutions in cartesian, polar, parabolic aud elliptic co-

ordinates. which are orthogonal (see, C.'l., fieL [13]). In polar coordinates (p, 'P), Eq. (27)
has separable solutions of t he forrn

<I>(p,rp) = (.-IJ",(np) + DS",(np))ciml', (30)

wllcrc.A, B are arbitrar)' constallts, .Jm1 1V1I1 are Dcsscl fUllctions and 11t is an intcgcr. Thc
cigcnfllnctions of cml gi"Cll by Eqs. (23), (2G) ami (30) (('allcd Chandrasekhar-Kclldall
cig(,llfllnctiolls) are aIso cigcnfullctiol1s of thc sqnarc of thc linear momcntulll in the x-y
plallf', p? +pi, alld of the z-compOllcllt of t he tot al angnlar 1IlOIllcntUlll,.Jz, w¡th cigcnval-
11('5 [\2 and m. rcspcctivdy. These cigcn[ll11ctions fonu a hasis [ol' the divcl'gcllcclcss \'ectol'
field, [7]. By solving dircctly Eq. (1) in circular cylindrical coordina!c" one finds that all
the di,'ergrnceless eigcnfunctions of thc cml operator are givcn by E'Is. (23)-(24) [9].
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In parabolie eoordinates (u, ,,), which are defin"e! by

(3 1)

lhe two-e!imensional Helmholtz equation (27) admits separahle solutiolls
,¡,(u, v) = U(1I)F(v), where the separate functiolls U ane! F salisfy

,fu 2 2
-1 2 + (-n" + (l 11 )U = 0,, u

(32)

and a is a separation eOllstant. Therefore, U and F can be expressed in lerms of the
parabolie eylinder fuuetions ('liso called \\'"ber fuuetiolls) (see, c.'J., nefs. [8,13,14]).
SimilarI)', in elliptic coorclinates (C 1/), \vltich are gi\"Cll by

2' = d eosh ( cos 77, y = d sillh (sin 77, (33)

where'¡ i, a constant scale factor, Eq. (27) ae!mits separahle solutions <!'((, 11)= U(OF(11),
wh"re

d2U ? 2 2 •
- -? + (o - ,¡-,\ cosh (]U = O.

d~-
(31 )

and o i, a "'paratioll eonstant. Th" solutions of Eqs. (:3.1) ar" lillear cOlullÍllatiolls of
~Ialhi('u fUlletions (see. e.g., nefs. [8,13]).

3. CO¡O;CI.Ulll~G HDIAH¡;S

Oue of the ,,,l\'alltages of the proC<'e!lIl''' ¡lS"e! hen' to oht"iu [qs. (l~) aud (2:l) i, ¡h,d
the coordinates are illtro<1ucrd ollly al tJ¡(' ('ud. w}¡idl :-;illlplifil'....;lile th'ri\'atioll of tlws('
"xpressious. It shoule!lH' 1I0tieee! that hy ,ul",ituting au)' ,olutiou ofthe scalar ¡¡"Imholtz
equlltiou illto Eq. (18) or (~;J), on" gds all "ig"ufunetioll of tI,,' rur! ol'"rlltor (iu fllet, olle
can aIso cOllsidcr singular SollltiollS of the sralar Ih.lmhoilz pquatioll wltich generate \Vell
b"hawe! \'Cctor fiele!s [9]). However. the separable solutiolls of lhe form (~O) alld (2G) are
adaptee! lO Eqs. (18) alle! (23), r",peetin'ly, ill the sell,e that they yiele! relati\'Cly ,iml'l('
exprrssiolls whcu wriUcll in tcrms of the basis iudnccd by Ihe corrC'spondillg coordinatcs
(see, C.g., Eq. (29)).
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