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A Hamiltonian structure for the Euler equations
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ABSTRACT. A lIamiltonian structure for the Eu!cr equations fol' an ideal comprcssiblc fluid is
given and it is sllOwn that the corresponding Poi~son hracket is dpgellcrate. The eaf'C oC an ideal
illcompressible fluid is also discussed.

RESU~IE~. Se da una estructura hallliltoniana para las ecuaciones de Enler para un fluido ideal
compresible .r se muestra que el paréntesis de Poisson correspondiente ('s dcgcIH'ra<!o. Se trata
también el caso de 1111 fluido i<ieal iU(,OIlIprcsiblc.

PACS: D3AD.Ce

l. ]¡-';THODUCTIO:\

As is ycr)" ,,"ell kno,,"n, the Lagrangian and lIami1tonian formalisms employt'd ill the treat-
ment of meehanieal s)"stcms ,,"itha finite nllmber of degrees of freedom can bc extended to
the treatment of eontinuous media and fields, The ¡¡amillonian deseript ion of continuous
s)"stems is usually obtained starting from the Lagraugiau formulat ion, imitatiug the step"
follo,,"ed iu the case of the systems of poiut particles (see, eJ/., Hcfs. [1,2)); ho,,"e,'er, in
se,'eral eascs of interest it is impossible to apply this eanonieal proecdure in a straightfor-
ward manncr in order to find a I1alIliltolliall d('scription. SillCC t he 1110m enttllJ I dCllsitics
are not independent of the field variables (sec, c,g" !lef. [:l]).
:'\everthelcss, it is possib]e lo giye a I!amiltonian fornlll]ation for a gi\"Cn colltinuous

system, ,,"itholll making refercnce lo the Lagrangian forrnlllation, if its e\"Ollltion eqllations
can be ,,"rittcn in the forrn

(1)

wllcrc t}¡c fi('ld variables r/Jo repl'l'sellt. tIJe state of thc systrlll, 11 is SOIllC fllllctional of
the 9", bIl/b9n is the fllnetional d"ri,'alh'c of Il ,,"ith l"('Sppcl to 9", and tJI(' D,,¡J arc
diffen'ntial opcrators t1lat 1l111st satisfy ('crtain COllditions tliat allo\\' tbe ddlllit.ioll of a
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Poissou braeket belweeu fuurtiollals of (he 90 (see. e.g., TIefs. ['1.3]). Here aud lH'urcforth
a dot. denot.es partíal differelltiatioll \\'it.h rrsprct to thc time' aJl(I tlH'rc is sllllllllat.ion 0\"('1'
l'('l)('at('(1 Índices.

lu lhis palwr we gi,'e a Hallli!touiau strnctme for Ihe Euler e<¡natious for an ideal.
rOlllpressible, isenlropic f1nid, TII(' Enl('r ,,<¡nations and Ihe e<¡naliou of rOlltiunily are
writt('1l in the Hamiltonian fortn (1). withont h:wing to intro<!llcC' rOllstraints nI' auxiliar)'
<¡nautities (see also TI"fs. [5-7]). As is kuowu. the Hami!touiau forlllalislIl aJlows one lo
make tIte transition to qUéllltlltl1 field tlicory, by frplacing POiSSOIl brack('ts by COllllllutators
(a disCllssioll abont the applic(ltioll of qllflntlllll hydrodynRmir:, to slIprrfluidity is gin>n in
Rcf. [8]). In Sect. 2 \\"('obtaill a lIallli1tonian structure rOl' t he Eul('r <'quat ions asslIming
that thc prC'SSllrc depcnds on th(' d(,lI~ityotIl)' and \\'c sho\\' that the corrcspolldillg Poisson
hrark ...t is degellcratC', In S('ct. :L following nef. [4]' \Ve consi<1er t1lc rase of an ideal
iucolllpressible fluid, usiug the COlIljlOlI('UtSof Ihe vorticily as field ,."riabl •.s aud \\"e sho\\"
tiJa!. tJ¡e correspon<iing I1allliltonian :-;trllct.ure ¡s, essentially, a n'ductioll af that obtaincd
iu S"cl. 2.

2. llA'.IILTO"IA" FOH,t\.iLATIO" FOil TIIE EULEIl EQVATIO"S

Th" Eu!"r e<¡uatious for au iuviscid fluid are

1 1
Ú + (u. v)u = --vI' + -no

p p
(2)

\\"h"l"(' u is the ,'elocity field of Ihe fluid. pis the density, l' is llll. pn',Sllr". ami n is
lhe "xlemal forre 1'1'1' uuit voluuH'. Th •. n'lority and the deusity of th" fluid are rclated
t hrollgh tlle eqllation of contillllity

i) + V . (pu) = O.

!llakiug use of the vorlirity

w:: v x \1,

the EuIer e<¡uations can be written as

. l' 1 1
ti + w X u + V(2"-) = --vI' + -TI,

p p

aud takiug th •. cml of this last ,,<¡uatiou olle ohtains

w + v x (w X u) = ;2 \1p xVI' + \1 x (~TI ) ,

(3)

(4)

(5)

(6)

In \Vhat follo\'.:s \Ve shall restritt oHr:-;plv('sto those cases wherc lile external force per Huit
mass, nip, is the gradient of a fuucliou -n

1-n = -Hl
p

(7)
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ancl the density and the pressnre af the flnid are sneh that

v p x vp = O;

then Er¡. (G) rednces (o

w=vx(uxw).

(8)

(9)

Eqna(ian (8) mean s that p is constant ar that p is a fnnetiou af fI only.
If the pressnre is a funetian af the dcnsity anly, the terrn ~vp"ppearing in the right-

hand side af Er¡. (5) eau be written as the gradient af a eertain fnnctian. In faet, by
introducing thc intrillsic CllC'rgy of t}¡c Huid per unít mass E(p), dcfincd by

(see, C.9., Ref. [9]), ane finds that

Jp
E == p2 dp

I ( d )-vp=v -(pE) .
fI dp

(10)

(11)

Henee, nudcr the present assumptians, using Eqs. (7) and (11). tI,,' Euler c'luatiaus take
the fonn

ú = -w x u - V (~112+ ~(pE) + fl)
2 dp

\....hich amount to

. (I 2 d )11; = -E;jkWj"k - Di -11 + -(pE) + n
2 dp

1 óH óH
= -W'f'ik- - Ui--

P J J Ó"k óp

(Latin indices ij" .. : runge and Sltlll Over 1,2,3) w}¡crc,

H == J [~p,,2 + pE(p) + pn] du,

aJl(1Di == D/D:r;. On the ather hand, Eq. (3) can be wr¡!ten as

p = -Di(plli) = -Di ~II.
U1li

(12)

(13)

(14 )

(15)
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Tlms, taking (<Pl,q,2,93,q,.¡) == (lq,1I2,1I3,p), Eq5. (13) anu (15) can bc cxprl'sse<1 in thc
l!amiltonian form

. 8H
<Po = Do{3 8q,{3' (lG)

\\'hcrc o, {J, ... , run from 1 to 4, \\'ith thc lIamiltonian funetional [[ dcfined by Er¡. (14)
anu

Di..•= D.li = -Di, (1 i)

It i5 easy to sec that thc Poisson bracket

J 8F 8e
{F,e} == -Doj-dv

890 89{3

= J [~Wf 'ik 8F 8e _ 8F Di8e _ 8F Di 8e] dv
p J J 811i 811k 811i 8p 8p 8Ui

(18)

(ej. Ref. [10]) is antisyrnmctrie for fnnctiona!s 5atisfyiug lli(8F/8,,¡) = O al thc bounuary
of thc flnid, whcrc 11is normal to the bOtllldary. A straightforward romputatioll. llsing thc
mcthods gi\'cn in Rcf. [11]' sho\\'s that this Poisson brackct satisfies thc Jacobi i<1cntity.
Using thc faet that

90(1",1) = J 8o{38(r - r')q,{3(r,l)dv

it folio\\'5 that

890(1",1) _ 8 8( _ ')- nf3 r r 18q,{3(r, t)

thcrefore, from Ec¡. (18), onc gcts

(9o(r, 1), 9a(r', t)} = Do{3(r)8(r - 1")

(eomparc Rcf. [1], p. 5G7). Thns, Er¡s. (17) yiclcl

(
,1 ,

,,¡(ro 1), udr, t)} = -Wjfjik8(r - r)
p

1 ('= -(DiUk - Dklli)8 l' - 1'),
P

(ui(r,t),p(r',I)} = -Di8(r - 1"),

(p(r,t),p(r',t)} = O

( 19)

(20)
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(eJ. Re£. [8]' Seet. 5; note that the relation eorresponoing to the first of Eqs. (20) appears
in Re£. [81with the opposite sign). Similarly, one finds that [Eq.(4))

therefore

ÓWi(r', t) = O,
Óp(r, t)

{Wi(r, t),wk(r', t)} = fijkD", Gw",D)Ó(r - r'))
- fmjkD", Gw,D)Ó(r - r')) . (21 )

The Poisson braeket (18) is degenerate in the sense that there exist nontri"ial funetionals
C[4>o] sueh that {F, C} = O for all F or, equi"alently,

ÓC
Do¡3 Ó4>¡3 = o. (22)

In faet, denoting a, =o óCjóu" b =o ÓC/óp, ano nsing Eqs. (Ii) one finds that Eq. (22)
amounts to

(23)

and

- D,a, = O.

Contraeting Eq. (23) with w, we get w,D,b = O, whieh means that b is a eonstant along
w; therdore, sinee the direetion of w is arbitrary, we eonclude that b must be a eonstant.
Then, Eq. (23) yields w x a = O, whieh implies that a = .\w for some sealar.\. Using now
the faet that V. w = O fEq. (4)J and that, aeeording to Eq. (2.1), V. a = O, it follows that
.\ must be a eonstant. Thus,

C = ~J 11 • w ilu + bJpilv, (25)

where.\ and b are arbitrary eonstants. Clearly, the seeond integral eorresponds to the total
mass of the fluid. (The nontri"ia! funetionals that satisfy Eq. (22) are ealled distinguished
funetiona!s or Casimir funetionals.) It may be notieed that C

I
=o J 11 • w du satisfies the

eondition l1iÓC¡jÓUi = O at the boundary if all eomponents lIi "anish at the boundary.
(An illnminating oiseussion abont the im'ariant denoted here as C

I
and some examples of

flows for whieh CI i' O can be fonnd in Ref. [12).)



214 G.F. TOIWES DEL CASTILLO AND "'. llAGATELLA FLORES

The functiona!s corresponding to the eartesian components of the linear momentum P.
must be the generators of trans~ations along the coordinate axes, in the same way as _ ~
IS the generator of translatlOns m time; therefore (ef. Eq. (16))

(26)

01', equivalrntly,

and

O o l'k
- kP = -0,-.-.

ÓUi

(27)

(28)

Equation (28) is satisfied with OI'k/Ol/i = POik. which, when suhstituted into Eq. (27),
glves

This last equation becomes an identity assuming that Ol'k/Op = l/k. Therefore, the func-
tionals

l'k = Jpl/k"V (29)

satisfy Eq. (26) and coincide with the usual expressions for the components of the linear
1l10mentUll1of the flnid. ID vicw of Eq. (22), the fUDctionals l'k are defined by Er¡. (26) up
to the addition of a functional of the fmm (25). It may be r('marke,1 that the expression of
l'k is determined once the Hall1iltonian structnre, defined hy the operators D,,¡l, is given,
without using again the emlution er¡uations. The functionals l'k need not he conservec!;
their conservation depenc!s on the explicit expression of the potential energy per unit mass,
11, and on the boundaries.

In a similar maUller, by dcfining tile fUllctionals Lb COlTcspon<1ing to thc C'olnponcnts
of thc angular 1l1omcIItulll: as tIle gCllcrators of rotations a1>o11t the coordillatc axcs (ser,
e.y., fieL [3]' Eq. (54)) oue f¡nds that

Lk = J pQiFr¡1lj dv,

modulo functionals of the form (2::;).

(30)
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3. !IA\III:ro,L\:-; STllcCTUIlE FOil IIlEAL I:-;CO\II'IlESSIIlLE FLUlnS

In Ihe case ofan im'iscid incolllpressihle fluid. a'5ullliug Ihal Eq. (7) holds, it is eouwnieut
lo use Ihe componeuls of Ihe \'Orlicily as field "ariahle, (,ce. e.g., Hef. [.1]). FrOlu Eq. (3)
we ha\"c

v. u = O

aud thcrdore Eq. (9) eau he \\TilleU as

w = (w. V)u - (u. V)w.

(31)

(32)

Since in the prescllt casp 11 i~di\'crgellce1ess, it can 1)(' ('xprrssed as tllP Cllr1 of a n"clor
field ,p [.1]

u = v x .p. (33)

lu arder lo write Eq. (:l2) iu Ihe !Iami1touian fonu (lfi), oue has lo find the functioual
dl'l'i"ati"es bIfjbwi' By assuming lhat lhe lIamillouiau functiona! is gi\'('u hy

(eI Eq. (14)), lhen

J
(~ ll[u + £ bu] I = JfJ1l • bu de = Jp(V x ..p) . bu du

(~ €=O

= J p..p . V X 811 de = J p..p . bw du,

wh,'re we ha,'e assllmed thal 811 "auishes al lhe houudary. Thus bll jbwi = PI"i and from
Eqs. (32-33) one oblains

which are of lhe form (Ifi), wilh 9i = Wi and

Th" Poisson bracket

{ } J bF - 8G
F,G '" -Di-dvbWi J bWj

(35)

(3fi)
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is anti:ymmetric and satisfies the Jacobi identity provided one imposes suitable boundary
condItlOns (e.g., the vamslung ofthe functional derivatives 8F/8w; at the boundary). From
Eqs. (35-36) we obtain the basic relations (e/. Eq. (19))

(37)

which, under the present assumptions (p = const.), coincide with Eq. (21), thus showing
that the Hamiltonian structure defined by Eq. (35) is, in a smse, a reduction of that given
by Eqs. (17).

Looking for nontrivial functionals such that D;k8C/8wk = O, one finds [4,131

C = ~Ju .wdv
2 ' (38)

where .\ is an arbitrary constant, which is consistent wilh lhe results of the preceding
section since, in the present case, the second integral in Eq. (25) is a constant. The
expressions for the functionals corresponding to the components of the linear and angular
momenta can be obtained as in Sect. 2 For example, from Eqs. (26) and (35) we have

which are satisfied if ~EmjnOj(8Pk/8wn) = 8mk. Hence, using Eq. (4) and integrating by
parts, one finds

= - J 1lmEnjmOj (~~:) dv = J pum8mk dv = J PUk dv,

which coincides with Eq. (29). In a similar manner one finds that the components of
the angular momentum are given by Er¡. (30) up to the addition of a functional of the
form (38). A1ternativc1y, expressions (29-30) can be obtained looking for the conserved
quantities associated with the translational and rotational ill\"ariance of the Hamillonian
functional [131.

4. CO:;'CLUDI~GRDIA!lI{S

The example considered here illustrates the a,h.antages of the Hami1tonian formulation
based on Eqs. (16) (compare, e.g., Re£. [8] and the references cited therein). It is
interesting to notice that the er¡uation of continuity has to be taken inlo account in order to
write the Euler e'luations in the Hamiltonian form (16). Anolher feature of t his system is
that, by contrast with other continuous systems for which the l1allli1tonians corrcsponding
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to differeut choices of the field variables are uot related by a simple change of \'ariables
(consider, e.y., the case of souud waves 11,2]), the Hamiltoniau and the liuear and angular
momeuta have essentially the same form whether one uses the \'elocity and the deusity as
field variables or the vorticity. Iu spite of this fact, the boundary conditions required to
have a Jlamiltonian structme in each case are different.
It shoulcl be remarkecl that, in order to write the evolution equations of a given contin-

uous system in the Jlamiltouian f01"ln(1), it is neeessary to choose appropriately the field
variables </Jo (see also ReL [10]), which may be a difficult task.
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