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ABSTRACT.The energy eigenvalues for lhe ground state and the firsl exciled slales of lhe quarlic
anharmonic oscil1alor (QAO) wilh a (symmelrical) double wel1 polential are calculated with a
procedure, based on the Rayleigh-SchrOdinger (RS) perturbation theory, which introduces an
adjustable parameter both in lhe perturbalive potenlial and in the unperturbed hamiltonian.

RESUMEN. Se calculan los eigenvalores de la energía para el estado base y los primeros eSlados
excitados del oscilador no armónico cuártico (QAO) CD.nun doble pozo (simétrico) de potencial. El
método empleado se ha.'iaen la teoría de perturbaciones de Rayleigh-Schrodinger, e introduce un
parámetro ajustable tanto en el potencial perturbativo como en el hamiltoniano no perturbado.

PACS: 32.20.-d; 31.15.+q

1. INTIlODUCTlON

The double-well problem is almost as old as Quantnm Mechanies, and one of the first
applieations of this problem was the calculation of the NlIJ inversion freqneney baek in
1932 [1]. Ever sinee the problem has been dealt with by a nnmber of authors [2-61, but
the agreement between ab-initio ealculations [7-91 and experimental result [101 bas been
recently shown.

The simplesl analytical farOl for a symmetrical donble ",ell (Fig. 1) is tbat given by a
QAO ",hose potelltial is

(1)
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FI(WIlE 1. The <10111>1<'-\\",,11 potelltial \"(,r) = -~w',r2 + A,r',

Ollt' illter"stillg featlll'(' of this probl(,1ll is that tl](' lo\\'('st ('igt'Jl\'alu('s ha\"(' \"('1''' e10S('
val11Pswhen lhe t\\"o w('lls are' ~l1ffici('lltly sf'paratC'd. i.e., \\'h£'l1'\ _ O. sincr 111(' eigrl1\"alllf'
s('para t iOIl gO('S as ,\ - 1/2 \\'h('l'('as t h" \\'('11d('pt h I'ari('s as -1/'\,
Thr sol u tion of t h i~prohlt'1ll a!'-a P('rt urhatioll of t 11('harmonic o:-=:rilla t 01'. IIsing st a ndard

pert lIrhatioll tlH'ory [11.12J is 1I0t possihle sinc(' t ht' prrt urbat in' s('rit's [al' t hf' (,lwrg~'
"ig,,"\'alu('s din'rg('s fOl'au" \'ah,,' of th(' Ilt'rtlJl'batiou paralll('t('r ,\ [13.141, This odd fat't
call1H' qualitativel.y 1I1l<!prstood ifwp OilSrfY(, that the tt'l'm .\.r4 transfol'ms tl1(' rOlltillllOIlS

I " ') 'J
~IH'clnllll of tIIl' 01H'rator 2(/r - •.•r.r~) into a totalIy discl'rte sp('ctrlllll.

A possihlc solutioll \\'0111<1IH' lo attrlllpt él IH'rtllrhatiV(' f'xpanSioll in í.J.,,2 (asslIlIlillg
the spectrulll of ~p2 + '\.r' to b" kIlO\\'U), but this alt"rnatil'e does uot \\'ork becau,e th"
perturbatioJI b£'coIllPf' n'!')" larg(' rOl' slIlall ,,\ and sllch is. prf'cisrly. tllf' illtrrrstillg n'gillH'.

The ailtl of this pal"'l' is to "ho\\' how the l'nel'g)' eigl'nl'alnes fol' Ihe QAO can bt'
('oltlpnt"d thl'Ongb tll(' lISt' of Ih" RS pertlll'batioll tll('or". "lIc('e""fllll" aPl'li"d b" othn
allthors [15-19) to tll(' probll'1tl of thl' anharltlouic oscillator with a single \\'l'1I (I'(,r) =
~w2:r2 + ,\",1, with ,\ > O),

2. T¡¡E I'EItTlIlt/lATI\'E ~tET¡¡OJ)

The haltli!touian for Ihl' QAO wilh a dOllble \\'('11'" gl\'''" b"

/l = -211,2- !, ,21'2+ ,\1',1 \\'it h ,\ > O,21.V • .. •

w her!' 111 = !i = l.

(2)
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FIGURE 2. Plot of the energy E as a function of x for n = O and n = 1 for .\ = 0.1. E represents
the exact energy of the Hamiltonian (2).

In order to give this hamiltonian the usual form as an unperturbed hamiltonian plus a
perturbative ter m i.e.,

H = Ho+U, (3)

we write

(4a)

and

(4b)

The essential difference with the standard perturbation theory is that a new frequency
w' has been introduced into both the perturbative potential U(x) and the unperturbed
hamiltonian Ho. It must be noticed that the elJective potential U(x) to be used in the
calculations is uot the real potential V(x) of Eq. (1). V(x) does not depend on w' whereas
U(x) does. The Hamiltonian (4a) has been cOlllpleted so as to represent a harmonic
oscillatar and to be able to use perturbation theory of non-degenerated states.
The remaining problem is to solve the eigenvalue problem Hi¡Jn = En i¡J" with stan-

dard perturbation theory with corrections to seeond arder 1!1]. The eigenvalues are then
expressed as

(5)

where

(O)En = (nllloln), E~l) = (nIUln) and (6)
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FIGURE3. Plot of the energy for n = 2 and n = 3.

the functions In) are states of the harmonic oscillator and use has been made of the
equation (nlUlk) = (klUln).
After computation of the corresponding matrix elements, the contributions to the en-

ergy beco me

E(O)
-"- = (n + ~)Y",w

E~I) _ 3 (2 2 2 )\' (1 + Y;)(2n + 1)
-- - }'2 n + n + 1 " - y.
w 4" 4 "
£,2) ,X'2
-"- = }'2 [n(n - l)(n - 2)(n - 3) - (n + l)(n + 2)(n + 3)(n + 4)

w 4" (7)

+ 8n(n - l)(2n - 1)2 - 8(n + l)(n + 2)(2n + 3)2]

A'(1 + y2)+ 8Y4" [(n + l)(n + 2)(2n + 3) - n(n - l)(2n -1)]
"

(1 + y2)2
+ 32Y~ [n(n-1)-(n+1)(n+2)],

"
where the following substitutions have been introduced:

and

so that Eq. (7) will yield energies in Hartrees.
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TAALE J.

TI .\' X¡ Xz E(x¡ ) E(xz) Perturh. Exact
E(XA = 1)

O 0.100 1.590 1.590 -0.137750 -0.137750 -0.05125 -0.15413
0085 1.740 \.740 -0.20611 -0.20611 -0.07772 -0.23171
0.075 1.890 1.890 -0.26798 -0.26798 -0.09602 -0.30208
0.050 2.504 2.504 -0.50684 -0.50684 -0.14.106 -063275
0.035 3.313 3.313 -1.00334 -1.00334 -0.17446 -1.12403
0.025 4.404 4.404 -1.88484 -1.88484 -0.19539 -1.82079
0.020 5.348 5.348 -2.99551 -2.99551 -0.20605 -243946

0.100 1.218 1.218 0.13785 0.13785 0.16875 0.142765
0.085 1.338 1.338 -0.01010 -0.01010 0.05723 -0.00318
0.075 1.440 1.440 -0.13186 -0.13186 -0.0227 -0.12279
0.050 1.683 1.683 -0.60329 -0.60329 -0.23906 -0.57653
0.035 2.410 2.410 -1.20429 -1.20429 -0.38152 -1.11403
0.025 3.150 3.150 -2.13279 -2.13279 -0.48164 -1.81993
0.020 3.800 3.800 -3.14328 -3.14328 -0.53305 -2.43935

2 0.100 0.887 1.120 0.89137 0.92348 0.90624 1.01018
0.085 0.962 1.224 0.67866 0.71535 0.68470 0.82387
0.075 1.022 1.314 0.51067 0.55195 0.51313 0.68350
0.0:;0 1.270 1.686 -0.07736 -001045 0.02031 0.2:;474
0.03:; 1.571 2.163 -0.69862 -0.58053 -0.32042 -0.11461
0.02:; 1.969 2.810 -1.46949 -1.23988 -0.56680 -0.62654
0.ü20 2.321 3.338 -2.166:;5 -\.78602 -0.G9575 -1.17432

3 0.100 0.753 0.990 1.83209 1.90673 1.9491.1 1.90625
0.085 0.810 1.074 1.54302 1.62544 1.60883 1.35817
007:; 0.857 1.148 1.31876 1.40884 1.33133 1.46159
0.0:;0 1.045 1.448 O.5G577 0.69679 0.57031 0.77177
0.03:; 1.266 1.821 -0.1G916 0.03808 -0.02242 0.13085
0.25 1.546 2.322 -0.99408 -0.63170 -0.46680 -0.575:;8
0.20 \.788 2.769 -1.66896 -1.10681 -0.70375 -1.16:;86

3. ;'\U~IEHICAL HESULTS

Equatious (5), (G) aud (7) pro\';de tlH' ('xpn'ssiou for the euer¡;y with wrrectious ul' to
s('('ond order in terms of aH adjllstable (arhitrary in principie) paralllPtec ~t. In order to
calculate the appmximate euer¡;y of the llilmiltouiau (2) fmm Eqs. (5) aud (7) we must
n'cal! that t}¡e exact valllc of lhe PII('rgy is independcnt of ~I ami, 11('11('<', t.he optillla!
energy wiIl he tlJe leu.s{ sensitillc to lile variatioIls in Yrt. Tlais statelIH'lll is kllOWIl as the
lca ...•t scn.'útivity principie {l8J. TIH'rt'fore, tlle optimai cnergy is oi>taillPci wiH're a local
maximllIll of millimllll1, oc an illflpxioll ('xists.
As thcy are, Eqs. (7) are usdul lo (,oulpute the \'alues of the ener¡;y for ..\> 1, wl,,'n'as
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TAIlLE 11.

'x' = 1

11 Y¡ Y2 t(Y, ) t{Y2) Exact Perturbo
E(Yn = 1)

O 1.9182 1.9182 0.5170 0.5170 0.5148 -0.6250
1 2.2594 2.2594 2.0195 2.0195 2.0206 -10.125
2 2.3944 2.8632 4.1600 4.1401 4.1911 -40.875
3 2.6142 3.2342 6.6787 6.6204 6.7055 -142.375
4 2.8241 3.5502 9.4393 9.3806 9.5010 -316.125
5 3.0900 3.8002 12.5079 12.374 12.5319 -595.625
6 3.1824 4.0303 15.7518 15.5697 15.7663 -1006.00

,X'= 100

11 Y, Y2 t(l.¡) t{Y2) Exact Perturbo
E(Yn = 1)

O 9.7380 9.7380 3.0743 3.0743 3.0695 -26025.2
1 11.0920 11.0920 11.0300 11.0300 11.0331 -205125
2 11.6796 13.6520 21.5990 21.5309 21.6941 -7.66E05
3 12.6647 15.4150 33.8252 33.6144 33.9160 -1.96E06
4 13.5985 16.8061 47.3129 46.9429 47.3923 -4.05E06
5 14.4454 18.0005 61.8544 61.3161 61.9175 -7.29E06
6 15.2200 190420 77.3133 76.5995 77.3679 -1.l9E07

A' = 5000

11 Y¡ Y2 t(Y¡) t(Y2 ) Exact Perturbo
E(l'n = 1)

O 35.2242 35.2242 11.4309 11.4309 11.4140 -6.56E07
1 40.9608 40.9608 40.8986 40.8986 40.9099 -5.16E08
2 43.1240 50.3880 79.9414 79.6940 80.2852 -1.92E09
3 46.7506 56.8345 125.0726 124.3099 125.4030 -4.92E09
4 50.1880 61.9780 174.8434 173.4932 174.1310 -1.0E10
5 53.2960 66.3800 228.4905 226.5240 228.7342 -1.8EIO
6 56.1416 70.2150 285.5133 282.9036 285.7143 -3.0EIO

to ¡>l'rforlll tI", eOIll¡>utation for the case -\ < 1 it is ul'eessary to Illake the substituliou
}~,= I/Xn and lo find lhe optimal energy in terlns of the new parameler Xn•
For the slales 11 = ° aud n = 1 lhe plol of lhe energy as a funetion of Xn for a giwn

-\(< 1) is lhat shown in Fig. 2 where lhe horizolllal line labeled with an E represents
lhe exacl value of lhe energy calculaled by non-perturbalive Illethods [8,9.20]. For these
states thcrc cxist 110 local maxima or minima, but ouly an infiexion point.

The graphs rorrespolldillg to t1l(' state 11 = 2 alld 11 = 3 are sho\\'1l in Fig. 3. \\'I)(.'f(' tIJe
existellc(, of (11I(' local minillllllll (al. ;T}) and olle local maximulll (al :r2) is £'\'id('nt. Tll('
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behavior of the energy curve for the next excited states n > 3 is similar, and there is the
systematic finding that the exact value of the energy E is closer to E(X2)'

In Tables 1 and II we present the energy eigenvalues for the ground state and the six
first excited states of the Hamiltonian (2) for sorne values of >.', the corresponding values
produced by the RS standard perturbation theory and the exact values.

4. CONCLUSIONS

The introduction of an adjustable parameter into the perturbed hamiltonian and into the
perturbation potential yields an improvement in the approximation of the energy eigen-
values, and sueh an improvement is more noticeable as A' inereases. It is also interesting
to notice that the teehnique used here allows the ealculation for values of A' as large as
5000 where the standard perturbation theory obviously fails. The results for values of A
for which Yn or Xn are close to unity, the predicted energy value is quite similar to that
obtained by the standard theory and also to the exaet value (see Table 1).

The method used was developed by Fanelli and Struzynski [15] for the quartie oscillator.
In this work we have shown that it can also be applied to the double-well problem.
Although such method cannot be classified as "highly precise" the eomputation of the
optimal energy is so simple that correction up to a higher order might be easily included
in order to get more approximate eignvalues. The calculation of the optimal energy can
be done with a microcomputer, where the time and memory consumption is very small,
or even with a programmable poeket calculator.

On the other hand, it must be said that for A' < 0.020 the curve is so smooth that
it is difficult to determine the optimal energy. This problem also shows that when the
perturbative hamiltonian is small the perturbation theory produces ineorrect values.
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