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ABSTIL\CT. ;\Iakillg II~Cuf tlH' actioll of tiJe rotatioll grollp 50(3) 011 thl' sphcl'l'. thl' \\'igllcr
D-fllnctiolls are cxpressC'd ill tCl"lIlSól' tll(' spllel"iral llal'lllollics alll! ol' the spill-wpigillpd splIeriral
hal'lllollics,

HESU~IE:-:. US<lllcio la acciólI del grupo de rotacioll('s SO(3) sohre la esfera. las fUIICiolll's D de
\Vigul'r se expresan ell t<.'>l"llIillOSde los arIlIónicos esféricos." tIe los anllólli('os l'sf('l'iros rOIl ¡WSO
de espíll.

rAes: 02.20.<)>: 02.30.(;1'

l. hTHOIlI'CTIOl\'

As is wcll kIlO\\"ll. ,he ordillar)' spl1erical harlllollics ni' order 1
1
}[III (111 = O.:f:L .... :1:/),

forlll a basis fol' a nuitar)" ilTl'dllcihh' l'l'¡)l'esclltatioll of the rotatioll group 50(3). TIlt' ror-
l'e.spondillg lllat.rix elelllellt~ ~kIlO\\'ll as gClleralized ~plJ('rical fllll('tioll~, \Vigll('l' fllllctioll~
01' D- fllllctiolls- - ca 11 be ca!Cllla ted lllakillg Ilse of Ibe hOl11o lllorph iSlll of SU (2) 01110 SO (3)
(se,'. e.lJ .. neIs. [1,2]).
111Ibis papl'J" \\"l' filld au expn'ssioll fOI"t 11('gCll(,l'alizcd :-;piJPl'icai flllll'tiolls Illakillg 1l,"P

of the ilctioll of SO(:J) 011 IIIl' sphere. TIIl' procedlll'e foil,,,,,,,, I Ile['(' is applicilble lo lilld
l'epresclltat.iolls of ollll'r Lit' gl'OUPS ¡¡lid iu Hef. [3] il iJas hpell t'llIplo,\'l'd ill tlit, ca;-.;('01"tiJe
grollp of rigid IIlOliolls 011 Ih,' plalle. 111 Sec\. 2 \\'l' shol\' tlJaI if SO(:3) is paralllelrized by
Elller llllg!es, l.11egellPralized sp!ll'rical fllllCt.iolls can lH' \\"riltell in ll'nlls of tlll' :-;piu'rieal
hal'lllOllics. In Sect. 3, \\"e sho\\' t}¡at t.Ite gt'lIl'ralized spheriral fllllctiolls arl' abo l'elated to
tlJ(' spiu-weigllted spllcrical llal'lllollirs [,1-(;j; t.ltis relatiolls}¡ip \\'as IHC\'iollsly t'stahlisl1e<\
in Hef. [2) hy ("olllparing tlll' explicit, expressiolls of hoth fllllctiolls.

'2. Tm: HOT.\TIOl\' ,IATllIeES

TlIe ordinary sp1J{,l'ical iJannollics. }¡'II' are i't1l1ctiOlls defined OH t iJe spllt're t ha! fUl"Ill
hases for rt'prest'lll,atioIlS oi' 50(3). lndeprl, taking iUfO aC("()llnt tllt' raet that tlw ('artesiall
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COlllPOIIC'lIt:, of tllt' illIglllar 1ll00lWlltlllll 0pl'rator. L = -ir x V. an' illfillit(':-;illlai g,t'll('rator~

uf rotatiOll:-i abollt tllt' ('oordillatc aXI's. tllt' ft'latiolls

( 1 )

wiJel"l' Li:. := L] :i: iL'.!. Sigllify Iha! IIlldl'l' aH)' rotatiOll. lht' [uIlction 11m IrallSfol'lllS ¡lito a

lillt'ar combinat ion of splil'ri<:ai IliIrIllollirs of the S<tlllt! 01'<1('1'l .
.-\1terll<ttin'l:, •. ll:-iillg t hat }""1 is au ('igl'llfllllctioll of 1./ \\'jt h l'igt'llYetiW' f(f + 1):

1.'1'/,,, = 1(1 + 1) li"" (2)

alld tila! tlll' ()1H'ratol' ¡} is iu\'ariallt 1111der rotatiollS (Wlli('J¡ C;\1I he (kdll("t,d frolll tll('

f"n tlt"t [' COlllllllltes witlt tite COllII'0llclItS 01' L) it fo\lows tltat if 11 E SO(;)) "lid 111'/",
dellutes llie [(':-;1111of rotatiug tlit' fUllc! ion }Í"l by llH'illlS of n.

I/lli,,,I(r) == lj",(Wt(r)),

t \J('IJ n Y/m i.'" abo aH ('ig<'lIfl1l1ct iOll of 1.1 wit.lt eigell\'ahll' '(1 + 1); ht'll(,{"

I

U)í", = 2: D~II'IIl(ll) )"111'"
",'~-I

(1 )

\Yill'l"I,' Vi, (In are (,oll1plex 111l11l1)('rs tlwt dt'JH'lId OH U. For a fixed /. 1111' lllalrin's of

or<1er '2/'+ lIi with t'1(,1l1t'lltf' U~!/I/II(ll) (/JI', 1/1 = O,::l::l. .... xl) fonu i\ n'))J'('S('llfatioll of

50(:3) iu tltt' S('US(' tita!

L D:",,(ll¡) 1J:",(lI,).
,,:::-1

(5)

\\'hidl follows 1'1'0111Eqs. (:3 '>1). Tlll' fllllctiolls D~"'II' : SO(:q -. e are callt'd gt'lll'ralizcd
splwrical fllllctiollS, \Vigllcr fllllctiolls (JI' fJ-fullctioHS.

Tite ('xpressioll

1"l'U.y) == J(O,<:» y(O,';') ,illOdOd<:>,
() (1

wlH'rl' U. o are tJI(' uSllal ~plJ('rical c(}orciillatl's alld tlJ(' llar dl'llott's COlllpll'X
defilll':-i all illlll'r prodllct for ,lw (,olllpil'x-vailH'd fllll('tiolls ddillCd ou fllt'
im'ariallct' uf 111(' solid allg1t' Ch~IJlt'lll Sill () dO liÓ ¡¡ll(kr rotal iOll:-i illlpli('s that

(/IJ, Ily) = (J,y).

(G)

(,()Il.ill~at iOIl.

splJ(~1'(,.TIH'

(7)
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Tllen, dw urt llOlIorlll;dity of t lll' :-,p!l('rical hal'lllouies. () '/nl' ) ('/III ) = Du,Ó
IIUII

' ~ alld E<¡s. (..t)
alJ(l (7) illlply ¡llat tll1' l"l'prps('lIlatioll (D:

II
/
lII
) is lIuila •.)':

aJld usiug E'Is. (.1~5) alld (8) 00" fiuds tItal

I

L [/!Ji,,,i(O,,,,,) [/!Ji,,,i(O,.,,,) =
III.~-l

I

L \í,,,(OI. 9¡) \í",(O,. ",),
m=-l

(9)

tÚI au." /1 E SOel).

TIIt' rotatioll group willl){, parallll'lrizl'd by Euh'l' <lllgil'Sill the followillg lllaIl11('r.Gin'll
a Syslt'lll (li" ('artl'siall ("()onlill<ll('s in 1(\, \\"('shall 11(,lIot('hy U(L ¡J. ~I) t iJ(' rot.atioll o!llailH,d

hy ('()lIl1l('...•illg a folat.ioll alH)lIl, tlu' -: axis tltrough au <lllgh' n. follow{'d by a rotat.ioll

t!Jrollgh 0111ftllgll' d "iH)lIt t]¡p rl'Sultillg y' axis. <llld fillal!y 1).'" el l'otatioll ahollt tJ¡p 11('''.:''
axi:-; ¡b!"O\lglJ aH <tllg!<' ¡. ThU:-i. \yitiJ l'l'S¡H'('1 {o a fixt'd sy:->lt'1Il of ('()()rdillat('~. 1I11<i('1"lhe

rOlatioll U(Cl,d'~I)' il point of tlH' sphen' with coordillatps (O.q.¡) is IllilpJll'd iuto a point
witlJ coordinates (O', (¡,/) gin~llhy

(J' = al"(,cos/(,o:"'.i cos (J - sin;; sill O cos( O + -,)J.

1./ [
siuOsiu(()+,) ](l + "\ITt '\lJ ------- _

( f ('OSJsill(J(,OS(O+~i)+si1l3cos()' (10)

tlH'l"t'fort', ll:"'ilJg tlu' fil('t tItat ¡U(n.(i.,)j-l
f d('filll'd OH t IH' spllt'lT

I!(-¡. -,jo -n) aud E'I. el). fOI a fuUt'liou

[I!(n.d.,)fi(ll.ó) f (alt't'os( ('os ¡icos O + siu ti siu O cos( ó - n)).

[
siu(}siu(,,-o) ])- -. + '\I"Ct.'lll ------ _

, ' , t'ilS¡isiuOcos(q,-- n) - siu/icosO . ( 11)

Siu, .•. \ i,,,(U. o) = I(~I + 1)/.1"1 1/',1",0' Et¡. (~)) "Pl'li,'d lo I! = 1!(01. 01. ¡) yi«ltls

13)' (,oulpariug E'I. (1~) \Villt Et¡. (.1) oue ¡iutls ,1m,

LJ~"'O(".,i.~f) = [~/: ,] I/'_\-i,-",-(-/I-.-,,-).

( 12)

(1:3)
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where. as in whar follows. D:"'m(n.IJ.,) == D:"'m(Il(n, 13,,)). Taking inlo ;,,'Connl rhar
\io(O.o) = [(21 + l)j4;r]1/2p¡(cosO). frolll Eqs. (11-12) (JI'" ohlains Ihe addilion Ih"orelll
of spherical hal"lIlOllics

.) ;r I
I'¡(eos(-)) = -- '"21+ 1 L..

III~-l

( 1I )

where cos (-) = {"():-i(JI CO:-i0'2 + sill (JI :-iill (J.!. ("0:-i(02 - (1)'
ljsing Eq. (11) alld t ht' rhaiu [\lIt, 011(' finds that t lit' angular lllOIlH'llt 11m operatol":-i

:-iati:-if~' t he idl'lltitil':-i

(1:;)

,J',[U(n. ,J. -I)II

_ [ ce", (:!: iJJ + 1e,e .1 iJ•• - 1col .1 iJ, JI U( n . .i.. , )Ii
U(n, ¡J.,)( -iJof).

U(n . .:1.', )["ctiQ(:l:Ju + icol 11Jo)I].

( 10)

wltich rl'1a!t' t.11P <l('tiOll of SO(:n UIl it:-it'lf witlt its a{"tioll OH tll(' spll('l"(' AI11011g ot)¡er

tlliugs1 t}¡est' e<¡\Iatjous il¡¡pIy t,hat t.1J('01H'rators

.\I;¡ == ¡Jo' ( 17)

:-iatisfy tll(' ~alll(' (,Olllllll¡tatioll 1't'latiolls as L~ aud l.:~.llillllt'ly.

( IS)

as cau abo lH' \'crifit'd by a din'('I ("()IlI¡>lltatiou \l:-;illg t he t'xplicit t'xprt'ssioll:-i (1 ¡).
l.ly applying .\1" and Jlct lO i)()lh sid"s 01' ['l. (-1). l"aking ns<' 01' Eqs. (1). (.1) and (10).

out.' obtaiu:-i

(,f, Eqs. (2:l) 01'Hd. [:1]). E'lllalioll (20) inlp!i"s lhal

(1 U)

(20)

r 1/'1.
¡ [(/- "'),] '" IJ),,,,,,,= (/+11I)' (.\1+) J)",'o'

lill'rl'fol"l'. IIsillf; E,!s. (IJ) ¡¡nd (17),

/11 > U.

1/'¡ [ .In (/- 1/1)1] ----,---
J),,,.,,,(I\.[I,-,) = -')1-(1 I (-.\I_)"'1/m,(;3,0),_ + I + 11/).

111 > 11. (21)



Similar!)', from Eqs, (13), (17) aud (20) il follow, Ihal, for 111 < O,
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For a fllllelioll f l!lal does llol depeud Oll '1, from Ee¡, (1i) we see l!lat

(-.1L)'f = ei-r(-éJp + iese{3éJ" - ieol¡3éJ,)eh(-éJ¡J + iese{3éJ,,)f

= e" le" ( -éJ¡J + i ese ¡3éJo)( -Up + i ese {3éJo)f + e" col (3(-éJp + i eseB Uo)f]

= e'h I( -Ud + ¡ese J U" + eot (3)( -Up + i ese {3U" )f)

" 1= e "lsiup(-éJp + iese;JéJ")--'---{3(-éJ¡J +iese¡3éJ,,)f]
Slll

= e'" siu' {3 [ __ ,_I_(Up - _,_i_éJ,,)]
2

f
,.';Ill f3 Slll ..6

aud, iH a similar lllaUllcr,

[ 1 i]'"(-.1L)"'1 = e""'siu'" (3 --,-(U¡J - -,-, éJo) f,
SIU {3 SUI ¡3

thtts, sillcc Y¿'II'(.d, n) docs Bot dcpclld OH )', llsillg Eq. (21) 'H' cau ''.Tit.e, [or 71/> 0,

1/,
[

4r. (/-111)'] [1 i]'" .1 '~, _ __ ,1'11,,' 11I ',' o ','D",',,,(o,{3, ,) - ')1 (1' )' e SUI ,B "J(éJJ "{3éJo) 11", ((3,n).-' + 1 + In . Slll,.. Slll

(22)

1/2
DI ( {3) [(1 + m)'] ("f )-'" DI""'" o, ,'( = (1- I/I)! • - ",'o

[
47r (1 + 111)!] 1/2 , _'" "

= 2/+1(1-m)' (-M+) 11",,(n,{3)

[
471' (1 + 1/1)!] 1/, , [ 1 i]-'"

"1 + 1 (1- )' e"'" siu-'" {3 --'---{3(éJ¡J+ --'---,BU,,) lí",,((3,n),
- ,111 . S11I Slll

(23)

Eqllatious (22-23), togel!ll'r wit!l t!le re!atiou lí", = (-I)"'lí,_"" imp!)' t!lat the D.
flluetious satisf)' t!le relatiou

-¡y-- ( 1)"'+""D'n,'", = - -1,,',-111' (24)

aud llsillg t!le fael I!lal lío((3, 1I) = 1(21+ 1)/ 471']1/' P,( eos ,J) does uol depelld ou n, Eqs. (22-
23) gin'

[
1- ]1/2~~~_

D¿",(lI,(3,"y)=(-I)'" 2l~1 lí",({3,'¡). (25 )
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Sinee [U(o, ¡J. '))1-1 = U( -'), -¡J, -O). Eq. (8) amonnts to

D~"",,( --1, -¡J, -o) = D:",,,,(o, ¡J, ')). (2G)

Thns, lakinf'; lhe eOlnpl,'x eonjngate of Eqs. (19-20) all(ln'plaeing (o,{J,')) by (--r. -(J,
-o) Ulle gcts

where (ej. Eqs. (17))

JI(l + 1) - m'(m':l: 1)D~"'I¡."" (27)

(28)

SillCC f\"x alld /\"] an' obtailled hy takillg the cUlIlplex conjugate of JI:i ami .\/3. substi-
llltinf'; (n.iJ,-,) by (--" -3. -o), lhe opl'ralOr, 1,,", and 1':1 also ol",y lhe eommlltation
relations (18),

(29)

Furthcrmon.', olle fillds that

i,j = 1,2, :1, (30)

whcrc

(31)

From E'Is. (19-20) and (27) it follows t.hat

where .112 = .\I¡2 + Al/ + ;\1:/ = JLAl+ + M/ + AlJ and 1,2
1\'_1, + + K/ + 1'3' In faet.,

(32)

., 2 {1 . 1 2 2 }.1[, = K = - -.-. O¡J(sin ¡J O¡J)+ -'-2 -. (O" - 2 ('os (3 0,,0, + iJo) .
SIl1 /1 SIIl B

(33)

Tite opcrator::-; JI, alld 1\", also arise ill liJe stlldy uf tIte sYlIlllletric top in qualltlllll 1l1C-

cliallics; ('X(.Tpt [01' a ('Ollstallt factor, tlll'Y COlTcspolld to tllt' COlll¡>OIlt'lltS of tlIt' angular
1Il01IlcutUIIl of a rigid body witli rcspcct lo liJe boíly axcs alld to lhe spal'(l ax<'s, rcspcc-
t.iwly ('l'l', c.!J., Bef. [7]; not.l'. howe\'"r, lhat £'15. (28) and (33) dilrl'r fmlll E'Is. (44.28-29)
of ¡¡el'. [7] and O\lr l'xpressions (17) and (28) are nol l''1l1i\'aklll to E'Is. (3.18) and (3.1G)
of Hef. [2]' dcspitc lhe [ael that ill aH tases tile rotatiolls are parallletrizl'd ill tlle samc
fonl!. )
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3. HEL\TIO:-;SIIII' \\'ITII TIIE SI'I.".\\'EIGIITEIl SI'IIEHICAL II,\H~IO:-;ICS

Tite spill.\\'eigltted splterieal ltarJllollies [4-G], ,lí"" eall he defilll'd by

j[{I_")']1/2,, [ 1, i ]' _ ,
(1+ )' Slll O -~O(üo + ~OÜ1» l¡",(O,q», -,::O: O,

:-; . :;111 SIIl
,lí",(O,1» '"

[
(I + ")'] 1/2 . _.' [l. i.] -, _
(1-)' SJII O ~O(üo - ~OU<I» l¡",(O.q»,,:s O,

,'" . SIll 8111

(34)

(tltl' fa('(or [(1 - 1,,1)'/(1 + 1-'1)!J'/2 is a llorllJalizalioll faelor sllelt tltat (, lí"", lí',,,')
Óll'ÓII1I11,). TIJe spill-\\"t'iglitt'd split'ri('a! hanllollics an' n'ry uSt'ful ill t 11(' soll1tioll of 11011-
sea!ar partial dilf('relltia¡ ('<¡Ilatiolls (s('e, e.y., Hds. [2,~-IIl)). COIllparisoll 01' Er¡s. (22-23)
\\'illt E'J. (34) yields

[

,111' ] 1/2
D~nllH(o,lj.~r) = (-ltl 2/+ 1 cimi'_m}11ll1(¡3,o)

or, eqlli\'a!clItly. O\\'illg to Eq. (2G)

(35)

1)' (- -" -) - (-1 )'"11111" ). ¡J, ü - (3G)

A rl'1atiollslIip equi\'alL'llt to Eq. (3G) \\'as ohtailled in Hef. [2] by comparillg thc explicit
expres:-;iollSuf t.}¡c D-fllllCt.iollS éllld of tlle spiu-weighted spIIerical iJannollics.

Eq1latioll (:35) ('Hables 1IS to deri\'t' SOllle propt'rties of the spill-\\'eightt'd spherical har-
1IJ0llies. (ef. a/so ¡¡ef. 12]. i\'ote, 1t00"I'\'('r, tltal Er¡s. (2,7a), (3,10) alld (3,18-20) of HeL 121
are 1101eonsistellt.) For I'Xalllp!e, sllbstitnlillg Er¡, (35) ;Ilto tite eOJllplex conjugate, of
Eqs. (27), USillg t he faet tliat. !(:i = - f\.""-f aIle! lIlakillg ~OlIle olJ\'iollS challges of illdicl's,
\\'(' get

-iU".,lí,,,(,d,n) = Iil,lí",(ji,n),

"le '" (:!:ü,l + í ('ot ;3U" - ." ,,)., l í", (¡J, n) =' JI (1+ 1) - Iil(Iil :!: 1) , lí,"d 1(¡J. ,,)Slll ¡J

( ;J7)

(ef. E,!s. (1)). (Tite o]",rators appearillg in Eqs. (37) are g;"ell ill Ilef. !JII alld, as slto\\'1I
ill fhJs. [9.10]. ,lIt'se operat.ors cOlTespolld to tolal angular lllOlllt'llt1l111.)

III a similar !llaUller, OIle f¡lIds t}¡at Eqs. (1U-20) are equi\'alcllt to

- (iJ.,:!: -.-'-. U,I 'f' ('01 J),li",(;J.n) =:!: 11(1 + 1) - 8(":!: l),jellí",(¡J.n). (:J8)Slll d V

(The operalOr, actillg 011.,li,,, ill lhe Idt-Italld side 01'E<¡. (3S) are delloled as () alld () III
Ilds. [2..LGj.)
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Finally. ,ub,tituting Ec¡. (35) into E<¡. (,1) Olle obtains the formula

(39)

",here co,8 = co,O¡ COS02 +,inOI sinli" ('OS(02 - 01). tan '1' = (sin025in(9" - Od)/(('oslil
siI10'2co~(o:! - 01) - sine¡ co:;O'2)' wJ¡idl is ftUaiogolls lo NCUlllClUU'S additioll tlte()rt~lll ror
l3essel funclions and reduces lo E<¡. (14) \Vhen "' = O.

.1. CO:':CI.LlJt:':G H¡';~'¡AHhS

The relal ions (I G). based on t he act ion of SOl 3) on t he sphere. toget Iocr \Vith the choi('e of
lhe ordinary spherical hannonics as ba"" for representations of 50(3). leal! to lhe basic
[orlllU};U' (1~-20). wiJic}¡ aBow liS lo ohlaill ('xpressiolls (22-23) [01' t.lu-' rotatioll lIlatri('('s.

:\ similar procedure ('aH be llscd to filld rcpn'St'lllatioIlS of the isometry groups of other
Illflllifolds alld lo (h'rin' additioll tllC()I'('IlI~ illlaiogolls lo Eq. (l-O (sel'. e.y .. Hefs. [;~.I'2]).
(:\ot(. tba! SO(3) i:-; l!Je group 01' Illl' Oril'lllalioll-pn'S{'n"illg isollH'tril':i uf the spll('l"I' ¡¡lid
thal lIle sp!l('ricai iJarlllOllics are t11(' rt'g,\II¡~r t'i¡.!/'lIlúllctiolls of _L"l. wlli('ll i:-; til(' I..aplat"l~
0pl'rator OH tiJe spJ¡pre.) It. Illay 1)(' Ilot it"l'd lhat \.111' \'alidit.y of Eqs. (27) follO\vs froIH t.ilat
of Eqs. (UJ-20) owillg to t.iJe Silllplp n'latioll 1)('1\\'('('11 l,he Elller allgles of U-l alld •.110:-;('

of 11.

Thi, \Vork \Va, 'llpported itl par! by C01\ACYT.
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