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ABSTRACT. A generalization of the Papacostas-Xanthopoulos solution is obtained by applying to
it a Harrison transformation. It describes the collision of two plane gravitational waves with non-
collinear polarization supporting an electromagnetic field. For a particular range of the parameters,
no curvature singularities occur in the generalized solution.

RESUMEN. Aplicando una transformacién de Harrison se obtiene una generalizacién de la solucién
de Papacostas-Xanthopoulos. Dicha solucién describe la colisién de dos ondas planas gravitaciona-
les con polarizacién no colineal portando un campo electromagnético. En la generalizacién obtenida
no se presentan singularidades en la curvatura en un intervalo particular de los parametros.

PACS: 04.20.Jb

1. INTRODUCTION

In recent years the study on colliding plane gravitational waves has increased greatly. For a
complete review on the topic see the book by Griffiths [1]. The interest in these systems is
related to the nonlinear effects that manifest when two plane-fronted gravitational waves
collide. After the collision, it can occur both, a Cauchy horizon or a curvature singularity.
In vacuum and for constant polarization the avoidance or evolution of the singularity
depends on the relation between the amplitudes of the two incoming plane waves [2]. For
electrovacuum the result is not so conclusive, because in this case the interaction between
the electromagnetic and gravitational fields makes it more involved. In this last case, it is
hard to establish results of general character. Thus to obtain an insight in what happens in
the collision of two plane gravitational waves supporting electromagnetic fields one resorts
to the analysis of concrete colliding gravitational waves possessing interesting peculiarities.

The spacetimes describing the interaction region produced after the collision of plane
gravitational waves contain two commuting spacelike Killing vectors and there exist sev-
eral generating techniques to obtain solutions with these symmetries. All the techniques
that have been developed for stationary axisymmetric spacetimes (one spacelike and one
timelike Killing vector fields) can be applied, with slight modifications, to generate cylin-
drically symmetric spacetimes, in particular, colliding plane waves.

In this paper we give the explicit expressions of the metric and electromagnetic field for
a generalization of the colliding gravitational plane wave solution studied by Papacostas
and Xanthopoulos [3]. The generalization is obtained via a Harrison transformation [4],
which incorporates to the seed solution two electromagnetic field parameters. The seed
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solution is a five parameter family of solutions of the Einstein-Maxwell equations and
exhibits no curvature singularities in the extended space-times for a particular range of
the free parameters.

In Sect. 2 the new metric and its electromagnetic field are explicitly given. Section 3 is
devoted to the analysis of the behaviour of the Weyl curvature coefficients in the colliding
region. Section 4 deals with the extension of the spacetime regions where the collision
takes place to regions before the collision event, and here also the characterization of the
polarization in such regions is accomplished. Some concluding remarks are given in the
last Sect. 5.

2. THE GENERALIZATION OF THE PAPACOSTAS-XANTHOPOULOS SOLUTION

Papacostas and Xanthopoulos [3] started their research from the metric (2.1) below, which
occurs to be a special case of a Carter [5] solution with two commuting spacelike Killing
fields, derived also by Plebariski [6]. Papacostas and Xanthoupolos showed that this metric
corresponds to an Einstein-Maxwell spacetime, which describes the interaction of two
plane fronted gravitational and electromagnetic waves.

We shall briefly give the steps followed in generating a solution starting from the
Papacostas-Xanthopoulos solution. The seed metric is given in the form

dp®  dg? s o 9 2 Q 2 2
g:A{?—? +z(dap—q do) +Z(dap+p drr), (2.1)
where
A =p’+¢,
P=v—1(e+b) +2np — ep?, (2.2)

Q=7 — (e + ) + 2mg - e,

with the additional conditions that P > 0, Q > 0, in order to fix the signature. The
five parameters that characterize this solution are v,m,m,e and 2v? = e? + b2. The
electromagnetic field is determined by the vector potential

Pq
u (eq — bp)éy, + Tt (ep + bq)éy,. (2.3)

- p2 e q2

This metric structure may develop the formation of horizons, with an external spacetime
exhibiting two-dimensional spacelike or timelike curvature singularities, or no singularities
at all. This fact is established in Ref. [3]. To arrive, from (2.1), at the metric in Ref. (3]
one accomplishes the following correspondences:

p—t, qgq—z, p—y, o—z, P—rE'?’ Q_;H2’

2¢—>a, 2n—b v-—1v¥oe, 2m — f, —'y—v2—>g, (2.4)

with an additional change in the signature: from (—, +,+, +) to (= ==}
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Choosing the Killing vector as a linear combination of the Killing directions 9, and d,
according to

K* = a8t + 86, (2.5)

the metric (2.1) can be rewritten in the form

& d?\ . PQ,,
g=a {% - —3} 5 “;Q(dw')g + f(do’ — Wdyg')?, (2.6)
with
f=K‘K =l{P(a—ﬁ2)2+Q(a+62)2 _.D 0 g

TR q ')’} =% >0, (2.7)

1
L "D+ ﬁz){P(a — B¢1)(B + o) + Qe+ Bp*)(B — ap?) }, (2.8)

/ ‘ 1

dy' = Bdyp — ado, do’ = ——a2+62[adgo+[3da]. (2.9)

In these coordinates the components of the electromagnetic scalar potential are

¢ =Ay +1A, (2.10)

where

A= %{eq(a + Bp?) — bp(a — Bg*) },
(2.11)

A=E{a(ep +ba) + Bpaltn - e0)}.

Einstein-Maxwell’s equations for a spacetime with two Killing vectors can be formulated
equivalently in terms of the Ernst potentials in the form of the well known Ernst equations.
The Ernst equations possess an intrinsic SU(2,1) symmetry which allows transformations
that generate new solutions from known ones (7). Li and Ernst [8] and also Garcfa [9] have
proved that when SU(2,1) transformations are executed, such transformations will always
yield bona fide colliding wave solutions when bona fide colliding seed metrics are employed.
In the present work, we have applied the so called Harrison charging transformation to
the solution corresponding to the line element (2.6). The effect of this transformation is to
incorporate into the seed metric two additional parameters, E and B, interpreted in terms
of electromagnetic fields. This Harrison transformation occurs to be not quite relevant in
the case of generation of new useful stationary axisymmetric fields because under such a
transformation asymptotic flatness is not always preserved.

The SU(2, 1) transformations operate on the level of the Ernst potentials ¢ and ¢. These
potentials can be evaluated from the relations

d¢ = —iK |w, de = iK(dK + *dK) — 26 d9, (2.12)
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where K = K, dz#, w is the electromagnetic two-form, | denotes the step product and *
is the Hodge’s star operation (see details in Ref. [10]). The Ernst potentials corresponding
to the seed metric (2.6) are

e+ b
p+iq

p=1 [ ] (a —iBpq), (2.13)

and
e=—f-w'A7Y(a® + P’
- 2i{mp[Aa~ (a + Bp?)’ - B(3a + Bp?)]
- ng[A™!(a - B¢%)* + B(3a — Bg?)]
+ aBepq + B2ypg + B A pg[20 + B(p® — )]}, (2.14)
where 202 = €% 4 b2,

To “magnetize” a given metric one applies the Harrison transformation to the Ernst
potentials according to the rules

E=ey !, ¢ =9 p+ (E+iB),
(2.15)
b =

Y

where E' = const., B = const. are the added electric and magnetic field parameters. The
tilde is used to denote the new quantities.
To carry out this procedure for the metric (2.6) it is convenient to write it in the form

B* + B2,

1—2(E — iB)¢ — be,

9= f""[for+ KXdp)?] + f[do’ — W dp']*, (2.16)
with the definitions
dp2 dg?
P Q

We can recognize the metric (2.16) as the one for a spacetime that may possess
cylindrical symmetry. The result of the Harrison transformation in (2.16) amounts to
transform [11] the functions f and W as follows:

92 = A(dp? — dr?) = e¥"(dp? — dr?) = A ( ) ,  K?=PQ. B0

f= Tl wow. (2.18)
Thus, the generated metric amounts to

2 2
g =yl {fA [d—} - %} ¥ fcz(dso')z} FIWIT A =W, (219)
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with the electromagnetic field given by the two-form
~w=dgA [do’ + Wdy'] +*x{dd A [do’ + W dy'] }, (2.20)
where the new W function oughts to fulfill the equation
AW = v dW +if (W, — YY) Pdg + (Vg = PU)Qdp}.  (221)
The structural functions P, Q and A are given by formulas (2.2), the function f is defined
in (2.7). The complex factor function % is given in terms of the Ernst potential ¢ and ¢
in (2.15). )
Integrating W in (2.21), we obtain
W (E, Bla, ) = W (0,0, 8) + Q(E, Bla, B), (2.22)
where W(0,0|a, 3) = W as in (2.8). The function Q(E, B|a, ) amounts to
DQUE, Bla, ) = —4E(+)(a — Bg*)qP — 4B(-)(a + Bp*)pQ
— 6812 [(a® - B%¢")P — (o - 5°p")Q]
_48E(+)M + 46E(—-)N + 8*{ AP+ BQ + HPQ}, (2.23)

with E(+) = Ee + By, E(—) = Eg — Be and where the polynomials A, B, H, M and N
are

A= —a(2m? + 2n? — dmeq + €2¢%) — a®Bg?(8n? + dev + €2¢%)
—2023%¢*[(v — v*)(2( + v?) — 6mg + €g*) — (m® + 3n®)¢’]
+ o gt [2(y — VAP + dnP? — (v — v1)(6m — q)q] + B*(y —v*)*d,

B = a*(2m? + 2n” — dmep + €*p?) — o®Bp*(8n? — dey + €p%)
+ 20202 (7 + A2y — v2) + 6np — p?) — (n® + 3m*)p’]
— af*pt[2(y + V)P — dmPpt — (v + v2)(6n — ep)p] — B (v +v*)*p’,

M = (a — Bg®) [am(a + B¢?) — (v — v1)® — a’eq] P — am(a + Bp®)(a — 36p)Q
+ Bq[2a(a + Bp?) + B (a - B¢")] PQ,

N = —(a+ 8p) [an(a - Bp%) + B2(y + v2)p* — o?ep] Q + am(a — Bg*)(a + 358¢°)P

+ fBp [20(0: — B¢%) - Bg*(a + [3;02)] P,
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H = —8a*B(mq + np) + lZazﬁz(nq — mp)pq

—3a3%pq [q(—2pQ — 4epg® — 2nq® + 3ep3) — p(—29P + deqp® + 2mp® — 36q3)]

- B'p%¢%[3(y + v))p? + 3(y — v*)g* — 2map® — 2npq?). (2.24)

3. THE CURVATURE QUANTITIES IN REGION I

To establish the behaviour of the spacetime on the focussing surface, one evaluates the
Weyl complex coefficients () a = 1,...,5 in null coordinates (u,v). To carry out the
transformation from (2.19) to null coordinates, one performs an intermediate coordinate
transformation

ep —n=Chn, eq —m = Ap, (3.1)

with A2 = 4m? — 4e(y + v?) and C? = 4n? + 4e(y — v?), followed by

n=uv1-v2+vy1—u?=uV+oU

(3.2)
p=u\/1-v2—vy/1-u2=uV —ol.
Under these transformations the line element (2.19) becomes
A dud i
g=yf* {;4% + K:?f*(dd)?} + [¥] 72 f (do” — W dg')?. (33)

To calculate the Weyl coefficients C'(%), we use the null tetrad formalism [12] and choose
the null tetrad as

Vae! = (Klylf~7)do’ +ily| ' f7(do’ — W dg') = V(2
e =V2ple’U du, et = V2yle'V ! dy, (3.4)
With respect to this basis, the Weyl coefficients are [11]
C = CONT! + e NN, [u + U (2 — fuf V)
~ U?[Nyy = 2NGN~! = F2(u)N ! 4 2i fW, J(u)K '] }
+ 5 " N"HiJ(u) [u+ U2y = fuf ™' + 3N, N7Y)]

+ U [2fWuN KT = 00,0 (u)] }, (3.5.a)
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c® = cON-1 4 LUVe PIN"2{2N,, — 4N, N,N~} = 2J(u)J(v)N
+ 2f Y (Nufo + Nofu) + 4K (N, + uly) + 2if[Wo I (v) — W, J ()]}
—ove ' NTHI(v)(fuf T = NN + J(u)(fuf 71 - NoNTY)

+ 2K ud (v) + v (u)] — if K~HW,Ny — WuN,) }, (3.5.b)

where N = |1,b]2 and J(zr) = ¥0:¢* — ¢¥*0;%¢, x = u,v. The subscript s labels the seed
solution and the subscripts u and v denote d, and d,, respectively.
The expression for C(®) is obtained from the one for C!) making v — v. Besides,

c® =0=cW. (3.6)

On the other hand for an electromagnetic field determined by a vector potential (4,) =
(0,0, Ay, Ag), the nonvanishing null tetrad components of the electromagnetic tensor
Fuiiy, = 044, — BUA“, are

2F13 = f 2U{¢»u + (E+1iB)ey + 6% (e — d2u) } = 2F35,
(3.7)
.
8y = f/‘} V{gy + (E +iB)e, + 8% (e — 6€0) } = 2F3y,

where ¢ and ¢ are the complex Ernst potentials of the seed solution, given by expres-

sions (2.13) and (2.14).
From the definition of the traceless Ricci tensor one gets the nonvanishing components,

fCL = €UV 8, = fCly  [Caa= —e Upugl, fCau=—€"V29ug;, (3.8)

In the interaction region the seed metric used (2.1) is of Petrov type D (see Refs. [3,6],
with only C{¥) # 0. With respect to the null tetrad (E', E?, E*, E*)

{gi :%{[dpi,\f(qu da)}
3 A
{34 =%{\/§(d¢+p2da>i\/gdq},

the expression for C £3) is

3
36" = — 5 (PP — 4Qu}
—L{Z‘(?q?—pz)—ﬂ“}w* {2020 - ¢*) - A7}

* %{(Qqﬂ"’ — 49Q) + (P,A™! — 4pP)}, (3.10)
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while the invariant of the electromagnetic field is

2 2
e“+b
F“UFFVZ W (311)
In addition to the singularities in the seed metric (2.1), analyzed in detail in Ref. [3],
from expressions (3.5) we note that new singularities could arise when N = [¢|*> = 0
which amounts to ¥¢* = 0, more precisely to
YY* =Re? ¢ + Im? ¢ = 0, (3.12)

however, this quantity can only be zero if Rety = 0 = Im1, but in this case the trans-
formation (2.15) is meaningless. The seed metric (2.1), when P = 0 or Q = 0, seems to
be singular. Nevertheless, Papacostas and Xanthopoulos [3] have proved that the surfaces
P = 0 and @ = 0 correspond to regular surfaces. There arises the question, Has the
metric (2.19) or (3.5) singularities on the surfaces P = 0 or Q = 0 (or equivalently K = 0)?
The analysis shows that the answer is negative —there are no curvature singularities. For
c) the suspicious terms are W, K~ and W,K~!; these terms are well-behaved since W,
and W, are proportional to K (see Eq. (12) in Ref. [9]). On the other hand, in C®), we
have the terms Q‘Sf—;;iIC*I(vNu + uN,) and %K*I[UJ(TL) + uJ(v)], which may be
gathered as

UVe
S K {Bolsut v — ] + Julsuny® — vl (3.13)

The expression in brackets is

(upy +vgu) @ {—E +iB + 26¢* + (E — iB)be* } +
(ug} +vgy)2{E+iB — 26¢ — (E +iB)éc} +
(uew +veu)g{ =6+ 2(E + iB)6¢* + 67"} +

(uey +vey)§{6 - 2(E - iB)6g — 6%}, (3.14)

where E, B and § are the parameters introduced by (2.15), while ¢ and ¢ are given
in (2.13) and (2.14). Each term possesses the generic factor = := uX, + vX,. If this
generic factor is proportional to K, i.e., = = KT, where T is a nondiverging term, then a
solution generated from a bona fide non singular solution by a Harrison transformation,
does not possesses new singularities at least at the level of the Weyl curvature quantities.
In our particular case, with X = X (p(u,v), ¢(u, v)), the evaluation of the generic term =

vields
= = u(Xppy + Xgqy) + v(Xppy + Xla)

= (upv o1 'Upu)Xp & (U'QL! + Uqu)Xq

’ ¢ A
= {1 — 2% —o%) {eUV(uV + U)X, + eUV(UU - uV)Xq} g (3.15)
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From the last expression it is apparent that for each term in (3.14) the factor (1—u?—v2)
arises. Since

K:=pPQ= T(l — 2 )} (3.16)

the K in the denominator in C® cancels out, therefore, the whole expression does not
diverge. So, it turns out that no singularity appears at P = 0 neither at Q = 0 for the
derived new solution.

4. EXTENSION 70 THE REGIONS BEFORE THE COLLISION

The line element (2.19) describes a colliding wave metric structure if one can match this
spacetime with the corresponding ones of the incoming waves. Since the solution (2.19) was
obtained via a SU(2, 1) symmetry transformation, by Refs. [8] and [9], it is guaranteed that
this solution represents a colliding plane gravitational wave situation. The extension to the
regions before the collision can be performed from the metric written in null coordinates
(u,v) as in (3.3). The region I of interaction is constrained to 0 <u < 1,0 < v < 1. One
extends the metric (3.3) to region II, u < 0, v > 0; region III, u > 0, v < 0 and region IV,
u < 0, v < 0, by subjecting u and v to the so-called Penrose extension [13]:

u — uH(u), v — vH(v), (4.1)

where H is the Heaviside unit step function. Singularities or discontinuities may arise from
the substitution (4.1) along the null boundaries « = 0 and v = 0 separating the different
regions. To determine the behaviour of the C(*)’s on the null boundaries we use the
relations given by Chandrasekhar and Xanthopoulos [14]. They define f(z) = f(zH(x))
and by using a Taylor expansion, it can be obtained that

lim f'(z) = f(0)H(z), lim f'(x) = f"(0)H(z) + f'(0)6(x), (4.2)

where §(z) is the Dirac delta function. For short we shall use 4, H and ¢ for “4 function
singularity”, “Heaviside function discontinuity” and “continuous function”, respectively.
If, for instance, a quantity L exhibits an H and § behaviour we shall write simply L(H +0).
In accordance with this rules, when crossing from region I to region II on © = 0 we have

CO(H +8), COc), COV(H), Cs(H), Cu(H), Culc) (4.3)
On the boundary v = 0 separating regions I, III we have
CONH +6), COH), CW(), Cule), Cu(H), Cu(H), (4.4)
while when passing from II to IV on v = 0 one has

044(H)1 C(S)(é + H)! (45)
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and finally when crossing from III to IV on u = 0 one has,
Ca3(H), CU(6+ H), (4.6)

To interpret the parameters appearing in the metric (2.19) defined for IUITUIIIUIV we
follow Ref. [7], §21.5, where for plane waves (regions II and III) with C;Lbcd = 294 Vop Veds
Ys = |14]e?; there it is proposed to call 14| the amplitude and associate 6 with the
polarization in a similar manner to the interpretation given to ®;, = Fe'¥ of a null
electromagnetic field F:z; = 29, V4. In these expressions Vy, = 2k;,m,).

For the vector basis (3.4) one identifies in region III (see Ref. [15])

2y = —CV, @ =Fy, Ci=—4F;3Fy;, (4.7)
and in region II
ky= e:lu 2o = —CO), & = Fy, Cuyy = —4F14Fu, (4.8)

In order to analize the polarization of the incoming waves, which is directly related
with W in (2.19), we calculate the Weyl tensor C(®), ¢ = 1,...,5 in region III, v < 0,
u > 0. For region II the situation is symmetric. We pass from (2.19) to region III with
the transformations

C A
po—uts, g ut (4.9)
€ € € €
In region III all functions depend just on u and we have besides (3.6), C(5) = 0 = ¢,
Then only C(1) # 0, and it is given by expression (3.5.a), with

(g, [P B B Y U3(DA, - AD, )
¢ D A " 1-u? (o + B2 D2APQ
+ U2 A““—m3+9—‘i Au+ i +D‘2‘_D““
A A D A 1—u? D?
f 20 5\ U(AuuD - ADyy)
LY . Su _ uu -
+ie w3V U D [ 410

where A = P(a — 8¢°)(8 + aq®) + Q(a + 8p?)(8 — ap?).

The imaginary part of C!) in principle defines the gravitational polatization in re-
gion III.

To determine the spacetime polarization plane V(1) one proceeds as follows: The bivec-
tor Vj,,, which determines the bivector basis in region III (C+ = 2y4V'V) is related with
the “spacetime propagation direction”, ky = eg, according to V,, = 2e‘auei]; both, k, and
Vi occur to be covariantly constant ( kuw =0 = V,,.\). This bivector can be decomposed

in two parts, V = V() + V() where V(1) is just the spacetime polarization plane.
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Introducing the orthonormal tetrad e®

1

e = ()" = J5(e" +ie¥), () =T5(e¥ +e¥), (ef)=J5(e —e*),  (a11)

S

one obtains
1 ' 2 '
V;,EU) = \/56?}‘6},], V;Sy) = \/58?#83]. (412)
Labeling (20, z!,2?,2%) as (u,v,¢’,0'), the only nonzero components are

(1) _ 2K e

OU_U\/}"

On the other hand, with respect to an observer moving along the direction e* one
defines the electric intensity as £, = —F/ e! which explicitly amounts to

28, V2 = 2\/§e7§(63' —Wse). (4.13)

By = —3[(Fa + Ff)ej, +i(Fa — Fi)el ], s

this vector E, determines the direction of polarization of the electromagnetic field. One
can represent F3; = Fe*®, and consider the direction of the vector e!’ as the direction
of polarization and ¢ as the polarization angle. The polarization direction e’ is also the
polarization direction of the gravitational wave.

5. CONCLUDING REMARKS

Applying a Harrison transformation we have obtained a generalization of the Papacostas-
Xanthopoulos [3] solution which describes the collision of two plane gravitational waves
supporting an electromagnetic field. No new singularities arise due to the electric and
magnetic fields incorporated, as shows the analysis of the behaviour of the Weyl coeffi-
cients. The singularities that appear are the same ones as those of the seed metric. We
conclude then that for a particular range of the free parameters, no curvature singularities
occur in the generalized Papacostas-Xanthopoulos solution.

The solution derived here is a natural generalization of the Chandrasekhar-Xantho-
poulos solution of Ref. [16] in the following sense: The algebraically general solution
determined in this paper is an electromagnetic generalization of the Papacostas-Xantho-
poulos (3] type D solution; the Papacostas-Xanthopoulos solution corresponds, for space-
times with one spacelike and one timelike Killing vectors, to the Plebariski-Demianski [6]
solution. The Plebanski-Demiafiski solution is in turn a generalization of the Kerr-Newman
solution. The Chandrasekhar-Xanthopoulos solution [16] is a type D solution derived from
the same potentials, fulfilling the Ernst equation, that are used to derive the Kerr-Newman
field. In fact these two spacetimes are isometric in the region where the Kerr-Newman
has two spacelike Killing vectors (interior to its ergosphere).

It is noteworthy to point out the following fact: Taking the Ernst potential given by
E = pn + igu, p* + ¢* = 1, when x and w are considered as the metric functions, one
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arrives at the Nutku-Halil [17) solution. While when x and w are taken as the potentials,
with E' = pn + igu, p® + ¢* = 1, it is obtained a type D solution [18] which is the
strict analogue of the Kerr solution and which is locally isometric to the Kerr spacetime
in the region interior to its ergosphere, where Kerr spacetime has two spacelike Killing
vectors. It is in this sense that the solution derived in this paper can be considered as
a generalization of all type D solutions for colliding plane waves obtained from a single
Ernst potential E' being common to the Kerr, Kerr-Newman and Plebanski-Demiariski
solution. These statements can be put in a more transparent form with the following
diagram:

Solutions with two Solutions with two
spacelike Killing vectors spacelike Killing vectors

Nutku-Halil [7]
E =pn+igqu
Chandrasekhar-

Xanthopoulos [18] _l Kerr I
E' = pn+iqu

! 1}
Chandrasekhar-
Xanthopoulos [16] [

l l

Papacostas- . —
Xanthopoulos [3] —J Plebanski-Demianski ]

!

Yanez-Breton-Garcia I

Kerr-Newman l

In this diagram it is shown the relationship between the type D solutions and the so-
lution derived in this paper. All of the solutions are of the Petrov type D except the
Natku-Halil and Yafiez-Bretén-Garcia ones. On the left hand side are shown the colliding
plane wave solutions and on the right hand side are the stationary axisymmetric solu-
tions. The lines between the blocks join the solutions corresponding to the same Ernst
potentials. Each arrow starts at one solution and points to its corresponding generaliza-
tion.
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