
Revista Mexicana de Física 41, No. 5 (1995) 728-738

Perturbations of Carter's A solution
G. SILVA-ORTIGOZA

Facultad de Ciencias Físico Matemáticas
Universidad A utónoma de Puebla

Apartado postal 1152, Puebla, Pue. México
and

Departamento de Física
Centro de Investigación y de Estudios Avanzados del IPN
Apartado postal 14-740, 07000 México, D.F., México

Recibido el 29 de noviembre de 1994; aceptado el 17 de mayo de 1995

ABSTRACT. Considering the eqllations for the spin-3/2 perturbations of the Carter A solution,
it is shown that the maximal spin-weight components, which obey decoupled equations, satisfy
differential identities that are equivalent to the Teukolsky-Starobinsky identities fulfilled by the
separated functions (in terms of which are given the maximal spin-weight compollellts). Further-
more, assuming that the electromaglletic field is absent, we obtain analogous relatiolls for the
maximal spin-weight compollellts of the \VeyI spinor perturbations.

RESUMEN. Considerando las ecuaciones para las perturbaciones por campos de espín 3/2 de la
solución A de Carter, se muestra que las componentes con peso de espín maximal, las cuales
obedecen ecuaciones desacopladas, satisfacen identidades diferenciales que son equivalentes a las
identidades de Teukolsky-Starobinsky satisfechas por las funciones separadas. Además, asumiendo
que el campo electromagnético no está presente, se obtienen relaciones análogas para las compo-
nentes con peso de espín maximal de las perturbaciones del espinar de \Vey1.

PACS: 04.20.Jb; 04.40.-b

1. INTRODUCTION

In general relativity there are theorems proving that the exterior space-time of an un-
charged, rotating black hale is described by the Kerr solution [1]. The equilibrium con-
figuration of such a black hale i8 completcly characterized by its mass and angular mo-
mentum, whereas a black hole with mass, angular momentum ami electric charge has
to be described by the Kerr-I\'ewman metric. necause of their astrophysical applications,
these solutions have received considerable interest in the last decades. Thus, among other
things, their perturbations by different test fields have been studied with very interest-
ing results. Gne of these, is that from the massless free field equations for spin 1/2,
1, 3/2 and 2, one can obtain decollpled eqllat.ions for the maximal spin-' ....eight compo-
nents of the perturbations, which admit separable solutions [2-6). For the Dirac ficld and
when the background space-time is the [(err metric, Chandrasekhar [7] showed that this
equation can be solved by separation of variables too. Furthermore, 1t has been found
that the maximal spin-weight component, satisfy certain differential identities, that are
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equivalent 1,0 thc so-callcd Tcukolsky-Starobinsky identities. The success of these investi-
gations has motivatcd thc generalization of somc of these results. For example, Torres del
Castillo [8,9,10] found that thc solution of the Rarita-Schwinger equation can be pul, in
terms of one complex-valued function (Debye potential), when the background space-time
is an algebraically special solution of the Einstein vacuum field cquations with or with-
out cosmological constant or of thc Einstein-Maxwcll field equations without cosmological
tcrm, these works (in a certain scnsc) gencralize the works of Güven [6] and Aichelburg
and Güven [11]. Fnrthcrmorc, he has shown that when the space-time is of type D, the
equations govcrning the maximal spin-wcight components admit separablc or R-separable
solutions.
Thc aim of thc prescnt papcr i8 1,0 give thc differcntial idcntities satisfied by the maximal

spin-weight componcnts of the spin-3/2 perturbations of the Cartcr A solution, when the
cosmological consta nI, is equal 1,0 zero, as well as for thc maximal spin-weight components
of the \Vcyl spinar perturbations, when thc electromagnetic ficld is absent. On the other
hand, for the spin-3/2 perturbations the real and imaginary parts of the Starobinsky
constants are detcrmined. Thc spinor formalism and the Ncwman-Penrose notation are
used throughout.

2. TIIE SPIN-3/2 PERTURBATIONS OF TIIE CARTER A SOLUTION

\Vhcn the back reaction of the spin-3/2 fields on the geometry is neglected, the extended
supergravity ficld cquations reduce 1,0 the Rarita-Schwinger equation on a fixed back-
ground space-timc, which satisfics thc Einstcin-Maxwell ficld equations without cosmo-
logical constant [12,131. The Rarita-Schwingcr equation, in spinor notation i8 given by

V ,/.lA . '2 jk A /k _ V ,/.lA
AH'" cu +!V Lf 'P c 1jJ iJBA - ciJ'" AH' (1)

where j, k = 1, 2, 'PAB is thc elcctromagnctic spinor, fjk is the Levi-Civita symbol and
,¡;ABC == ,¡;ABC' Eqllation (1) i8 equivalent 1,0 [101

Hj - Hj
ABC - (ABC)' (2)

whcre

Hj = Vil ,/,j _ .J2 jk Iki¡
ABC - (B'" IAIC)iI ' f 'PA(B 1jJ Iillc)'

HjA _...,D ,/.lA . rn2 jk AR ,/.k
BC = v (B'" IDIC) - lV ¿ f 'P '" (BC)R'

(Thc round brackets dcnotc symmctrization on the indices cnclosed and
twccn bars are excluded from thc symmetrization.)

(3)

thc indiccs be-
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As in this liurarized theory the bark reaction of the spin-3/2 fields on the background
solution is neglected, then the supersYlIlllletry transforlllations affect only the spin-3/2
fields and are given hy

,d I} V' r,J . '2 jk kt¡)AHC-'lfJAllc+ He A-1VLf <PABQc, (4)

wlH're r,J A is a pair of arbitrary spinor fields. These transformations induce the followiug

rhaugrs ou th,' fields lljABc ami Il}AiJé;:

Jlj ¡¡} ."u - , '0}k kS ""
AIJC ~ AIJC + 'i' AIJC (l" [) + IV" E (} v (IJISI 'PC)A'

llj " ~ ¡¡j "
AIJC AIJC'

Frolll Eqs. (1) aud (3) one obtains that

(5)

(G)

wherr '11AIJClJ is the \Veyl spinor.
In the case where the background space-time is a type-D solution of the Einstein-

Maxwell field rquations with an algebraically general electromagnetic field, amI their prin-
cipal directious are aligned with tlH' principal directions of the \Veyl spinor, oue cau choose
a spin fraul(' oA 1 lA such that lhe lloI1vanishillg. componcnts of \I1ABCD an(~'-PAlJ are tV2
and 'PI, respecti\'el)'. Then the scalars H}o == H}"IJCoAoIJoC amI HJ3 == H\IJc,",IJ"C

which are iuvariant under the transformatious (4). satisf)' the followiug d('('oupled "qua-
tious [91:

[(D - 2( + , - 31' - p)( 6 - 3, + ¡,)

-(b - 2,13 - Q - 3T + if)(h- 3n + 71') - '112] ¡¡jo = O.

[(6 + 2, - '7 + :l¡l+ ¡¡)(D + 3( - 1')

-(6" + 2n + /3+ 371' - r)(h + 3/3 - T) - W2]¡¡j3 = O. (7)

The scaiars ¡¡JI == ¡¡l,lEJe lA oH oC: and f[j'2 := IlJ
AlJc fA tU oC, aH' not invariant lIndel' the

sllIH'rsymllletry trausformations ando h,:..'rOllstrast to tlw rase \\'h('re lhe electromagtlC'tic
field is aosput. tlll')" eallllot be always silllllitalwollsly elimiuat{'(i by n1f'ans of a su¡>ersYIll-
mrtry transfOfmatioll. 11 tUrI1S out that in thC' case \""here'the background sparr-timr is
t hf' CartC'r A solttl iOIl. t hC'sf'scalars call1lot \)(' ('lillliuat<'d if

(8)
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(9)

For the Kerr-c;ewman h\ack hole, Eq. (8) rednces to (m
2

- e
2
) = O. When Eq. (8) is

fulfil\ed, apart frolll Hio and Hi
3
, we have aU additioual invariant given by \111

(11 )

(12)

The parameters m, n, r, g, and >-'0 eorrespond to mass, NUT parameter, e\ectric and
magnetic eharg

e
, and cosmo\ogieal constant, respective\y; while 'o and IJare two additional

parameters. The I<err-Newman metric is ohtained if one takes IJ = a
2

, 9 = O = n and
'o = 1. In terms of the 13oyer-Linqnist coordinates q = r, l' = -acose, u = -t + al{! and

v = I{!/a.
The tangcnt vcctors

In this paper we study only the scalars H
io and H

i
3
.The Carter A so\ution \141, which contains the I<err-Newman metric as a particular

case and, of course, the Kerr so\ution. is given by
O ;+~ p ;+~

ds
2
= 2 - 2 (dll -Ji dv)2 - O dq2 - 2 2 (du + q2 dv)2 - P d

p
2, (10)

I'+q - p+q
where (p, q, u, v l is a real eoordinate system snch t hat Du and Dv are KiIling vectors; and

p = P(p) and e = e('1). are po\ynomial fnnetions given hy
p = b _ g2 + 2nl' - '01'2 - (>-.0/3)P",

e = IJ + e2 - 2mq + 'ol - (>-'0/3)q4.

(14)

(13)

7l" = -b In9,

,=0, í3=0\nPl/4,

pl/401/2
'/=-6.1n -:

'1 + 11'

T = b In <p,

K = a = >-. = 11 = O,
_ pl/401/2

o=-oln -:
'1 + '1'

p = D In9.

1
Q ==---:-,

q + 11'

fonn a nlll\ tetrad, sneh that D amI 6. are dOllhle prineipalnlll\ dircetions of the con formal

ellrvature. The spin_eoeffieients are givcn by

whrre
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and the only curvature components different from zero are

Whereas the electromagnetic field is determined hy

A _ AO- 6' (15 )

(16)

Assuming that the components Hjo and Hj3 have a dependence in the ignorable coordi-
nates u and v of the form ei(ku+lv), where k and 1 are constants, and using Eqs. (11)-(15)
we have that the solutions of Eqs. (7) are given by [10]

Hjo = ajei(ku+lv) R+3/2(q) 5+3/2(P),

Hj = - 1 ¡,J ,¡,3ei(ku+lv) R (q) 5 (p)3 272 '" -3/2 -3/2, ( 17)

where the aj and ¡j are constants, and the functions R+3/2, R_3/2, 5+3/2 and 5-3/2 satisfy
the following equations:

[QV_1/2VÓ + 4ikq]Q3/2 R+3/2 = AQ3/2 R+3/2,

[QV~I/2VO - 4ikq] R-3/2 = AR_3/2,

[e~1/2e3/2 + 4kp] 5+3/2 = -A5+3/2,

[e-I/2e1/2 - 4kp] 5_3/2 = -A5_3/2,

where A is a separation constant1 whereas

i 2 Q
V" == Oq + Q (1 - kq ) + n Q '

I i 2 Q
V" == Oq - Q(l - kq ) + n Q'

e" == JP (Op + ~ (l + kp2) + ~;) ,

el = JP (o - ~(l + k¡,2) + r:. P) .
,,- p P 2P

(18)

(19)

A <lirect computatioll shows that the fUllctioll Q3/2 (VÓ) 3Q3/2 R+3/2 has to be a lllultiple

of R_3/2, as well as Q3/2 (Vo) 3 R_3/2 must he a multiple of Q,3/2 R+3/2. Fllfthermore, by
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normalizing appropriately, the functions Q3/2 R+3/2 and R-3/2 satisfy

(20)

where CI and C2 are constants such that for k and 1 real C2 = CI. Analogously, one can
normalize the functions 5+3/2 and 5-3/2 in such a way that

£.~1/2 £'1/2 £'3/2 5+3/2 = -BI5_3/2,

£.~1/2 £';/2 £.1/2 5~3/2 = B25+3/2, (21 )

where BI and B2 are real constants for k and 1 real. The constants CI, C2, BI and B2 are
such that [10]

(22)

(23)

On the other hand, when the background space-time is a type-D solution of the Einstein-
:Vlaxwell field equations without cosmological constant, the solution of Eq. (1) is given
by [9,15]

,¡liil = -2J2 <jJ-3(Ó+ 2(3+ o - 2T)(Ó + 3(3- 3T) Ti3

+ 4úik'PI<jJ-3(lJ + 3{j - 37) Ti3,

'¡'\ÓI = -2J2<jJ-3[(D +2f+£- 2p)(ó +3(3 - 3T) -1f(D +3f - 3p)] Ti3,

,¡,iÓil = -2J2<jJ-3[(Ó+2(3-0-2T)(D+3f-3p)+p(Ó+3(3-3T)]Ti3,

,¡,JÓÓI = -2J2<jJ-3(D + 2f -£- 2p)(D+3f - 3p)Ti3,

,¡,iiio = +4úik 'P¡<jJ-3 (D + 3£ - 3p) Tk3,

,¡lióo = ¡jlióio = 1j;ióóo= O,

where Ti3 is a solution of t he second equation of (7), up to the gauge transformations (4).
From Eqs. (3) amI (23) one linds that

HiO = -2J2 <jJ-3(D - 2£+ E - 4p)(D - £ + 2f - 2p)(D + 3E - 3p) T\,

HJ3 = -2J2 q,-3(Ó + 20 + (3- 4T)(Ó + o + 2(3- 2T)(Ó + 3(3- 3T) T\

- 4i 'P¡<jJ-3 fik [(6. + 21 - "1 + l' + Ji)(D + 3£ - 3p)

- (Ó + 20'+ (3- T + 1f)(lJ + 3{j - 3r)]T\. (24)
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Furthermore, usiug the '''('o ud "quatiou of (7) we have

11\ = -2V2 ",-"(b + 20 + {3- 4r)(<I + o + 2{3- 2r)(<I + 31' - 3r) T'"

- 8i 1'10-" ,)1 [7f(;\' + :liJ) - Ji(D + 3") + 1'(<1+ 30)

- (i(Do + :11') + j'illJT\ (25)

Therefore, substitutiug Eq. (17) iulo Eq. (2.l) ou" arr;ves at

11) ¡';e' ;1',,+1,) I1 So = r2 (' +3/2 -3/1'

11' 1 -3{¡11,] ,(""+1,-)1 S" = 2/2 O , 2 ,. 1-:1/2 +3/2

Lookiug for d iff"n'ut ial id"1I1it i!'s, allaiogolls lo t hosl' foulld by Torn's d,'l Castillo [8,a,! 51
for the ,piu-:l/2 Iwrtlll'batious of a Iypl'-D soJutiou of the Eiustl'iu ,'a(,UUlll field e<¡uations
with ar without rosltlologica! COllSlant. ''''(' han' t.hat, ,vh('1I thp background spac('-time is
thf' Cartel" A 50iHtioll. tlIt' lH'rtllrhatiollS (2G) sati;-;fy

(U +, - 2i' - ;>p)(D + 2, - i' - :lp)(U + :1, - p)ll'" =

(;\' - 0- 271+ 571')(;\'- 20 - iJ + :l71')(;\'- 30 + 71')11)0

+ 2V2il'l ,)I{p(Do -:l1) + II(U - 3") - r(;\' - 38)

- 71'(h - :(0) + jl"'¡'-11jJ2 } lijo'

(Do-, + 21'+ ;>II)(Do - 2,+1'+:I,,)(Do -:l¡ +11)11)0 =

(b + ¡J + 2il- 5T)(b + 2fi + o - :Jr)(b + 31' - r)11)3

- 2V2 ¡{JI ,)1 {piDo -r :11')+ II(D + 35') - r(;\' + 3B)

- 71'(b + :lil) - iO",-11jJ2 } 11)3' (27)

Arrording to th(, prl'\'iow.dy ('X¡Hlllll(h'd. \\'P ohsprvC' tha! Eqs. (27) l't'strict l1w soltttions
of lhe Rarita-SchwingPf t'c¡u<ltioll. in sllch éLway t.lla! thr separable SollltiollS (17) rallIlol
uelong 10 lhe sallH' solntiolJ.

SlIbstitllting 111('sYIlIIIll'tric soilltioll:-i of 111('d('(,ollplpd <'qllatiollS (7) gin'll by

(28)
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inlo E<¡s. (27). amI making use of Eqs. (20) ami (21) we fine! lhal

C2 = l31 + 4i(e + ig)(1 + ik),

Cl = l32 - 4i(e + ig)(I + ik),

frolll lhese e<¡ualiolls one fillds lhal,

(29 )

CI C2 = l31 B2 + lG(e + igf(l + ik)2 + 4i(e + ig)(I + ig)(l32 - B¡). (30)

Comparing wil h Eq. (22) Oll(' ariws al

111 - B2 = 8(ek + gl).

3. DIFFEHE!\TIAL liJE:'oiTlTlES FOH TIIE I'EHTlIHBATIONS OF TIIE \VEYL Sl'tNOIl

(31 )

If w" d"nole by ÓAliCD ti ••• prrturbalions of lhe \\"ey! spinar and assuming lhal lhe
el,,( t rOlllagll"lic fi"le! of 1hr space-limr is abs"nl, lhen [17)

\7AAO ..\JJCD = 1¡IISAli\7 . '!t '!t \7 iJ ¡1I5,\2' BE IISCD - 115(/IC D)' iJ

I 'j' r¡1l11¡ HA
- 2 IIS(liCv 'D)!J'

(32)

wh"J"(' hAlle'Ji d"lIot" the 1IJ('lric lH'rlurbaliolls. Whell lhe spacr-lime is lype-D lhr com-
pOllents 00 == t1JAHC[) DA oH oC o[) alld 04 == 1>ABClJ ,A lB le l[) are invariant undcr the
tranY'format ious

Ó Ó
,J;i; "7. ", ?", "7 ,EÉ

. AIJC!) ~ AlI("f) -, v E(A 'Y liCD)E - .'Y E(AIJC v D)i;' ' (33)

which are ill(lllced by rhe p;allgc t.ransformations hal) 1-+ hah - 2v(a (b), where (a lS an
arhitrary w'ctor fipld. Furtil('rmore, t1l(,5(, components are sllrh that [2]

[(D -:k + ('- ,lp - ¡;)(f', -'h + 1')

- (6 - :1,) - n - 4r + 7f)(3 - 40 + ,,) - 3'!t2JÓO = O,

[(f', +:l¡ - '7 + ,j" + Jí)(D + 4, - p)

- (3 + :jo + 13 + 4" - r)(6 + 4;3- r) - 3'!t211>. = O.

For our casr. lhesr rqualions adlllit H-separable solulions giwn by

(34)

(35)
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where k and 1are separation constants ami the functions RI2, and 5I2 obey the differential
equations

(QD_1DÓ + Gikq)Q2 R+2 = AQ2 R+2,

(QD~IDo - Gikq)R_2 = AR_2,

(£:~t £:2 + Gkp)5+2 = -A5+2,

(LI£:1- Gkp)5_2 = -A5_2. (3G)

In these equatioIls A is allotlll'f f;eparation COllstant. As in the previous case, the futlctions
Q2 R+2. R_2 and 5I2 satisfy t he so-caBed Teuko!sky-Starobinsky identities given by [181

2 t 1 2Q (Dol Q n+2 = C¡R_2,
2 4 2Q (Do) R_2 = C2Q R+2,

£:_1£:0£:1£:25+2 = BI5_2,

£:~ ¡£:ó£:l £:15_2 = B25+2•

where CI, C2, BI and B2 ,atisfy [18]

(3i)

(38)

Gn the othcr hand, w(' han' tllat \,,'hcl1 lhe sparc-time is tYI>('-O. thr maximal spin-\'.;eight
components of the \Vey! spiuor can be wriw'u in the followiug form [19-211:

q,o = 4q,-"(D - 3< +(- 5p)(D - 2<+27- 5p)(D - <+ :J(- 5P)(D +4(- p)T.,

</;.•. = 4q,-.1 (6 + 3cr + /3 - 57')(6 + 2cr + 2/3 - 57')(6 + cr + 3/3 - 57')(6 + 4/3 - T) T.•.

- 12q,-".'h{p(f'. + 4-() + I/(D + 4<) - r(6 + 40)

- ,,(b + 4;3) - 2W2 - 4A}T¡, (39)

where T.•.is a solution of second ('<¡uation (34). Thereforl', Illaking use of E<¡s. (11)-(15).
(35) ami (39) we ha,'e

.¡. = C c-i(k,,+"') 0-2R . 5~o 1 . -.. -2 -2,

.¡. ¡ '¡'" {n e-I(""+' •.) o'n 5"'''.=:'''' 2 _ +2 +2

+ 12(m + in)(l + ik)el(k,,+lv) R_2 5_2},

where we ha,'e assullled that R+2 = Q2R+2 and that 5I2 are real for k and 1 real.

(40)
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Looking for differential identities analogous to (27), we have

(D + < - 3< - 5p)(D + 2< - 2E - 5p)(D + 3< - < - 5p)(D + 4< - p)<I>4=

(6 - o - 3i3 + 57f)(8 - 20 - 2i3 + 57f)(8 - 30 - i3 + 57f)(8 - 40 + 71")<1>0

- 3112{p(~ - 41") + IL(D - 4<)

- r(8 - 4i3) - 7f(b - 40') + 2<1><I>-1112}<I>o,

(~- 1 + 31" + 5IL)(~ - 21 + 21" + 511)(~ - 31 + 1"+ 5JL)(~ - 41 + 11)<1>0=

(b + 13+ 30' - 5r)(b + 213 + 20' - 5r)(b + 313 + O' - 5r)(b + 413 - r)<I>4

+ :l1jJ2{P(~ + 41") + Il(D + 4<) - r(6 + 4i3)

- 71"(b + 40) - 2<1><1>-1112} <1>4' (41)

These differential identities were found by Torres del Castillo [181 when the background
is anO' type-D solution of the Einstein vacuum field equations with cosmological constant;
however, in the form given en Re£. [18]' they do not apply in all null tetrads such that D
and ~ are principal directions of the \Veyl 'pinor.

4. CONCLUSIONS

Since all terms that appear in the differential identities (27) and (41) have a well-defined
type (in the sense of Ceroch-Held-Penrose [7,22]), these identities are invariant uuder the
transformations given by

lA .•-l,A~. ,

where z is an arbitrary (nowhere vanishing) complex sea lar field. Therefore, (27) and (41)
are valid in all null tetrads such that D and ~ are double principal null direetions of the
conformal curvature.

On the other hand, in aecordance to the results obtained by Aichelburg and Cüven [111
and Eq. (8), it should be possibl(' to search for a solution of the field equations of 0(2)
extended supergravity theory, which should contain the solution obtained by Aichelburg
amI Ciiven [23) as a particular case.
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