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ABSTHACT. A Frenkel-I\ontorovadislocatioll modcl variation is cmploycd to construct a Hamilto-
nian. which in turn is llsed to compute the temperature dependen ce of ultimate tensile and shear
stresses of crystal solids. A nc\\' brittleness parameter is also suggested. It is shown that with
the proposed model one is able to predicl lhe natnre of a crystal (brittle, <¡uMi-bri!tle, ductile,
quasi-ductile) and cstimate its ultilllate strength.

RESUME!'. ~Iediantc el empleo de una variación del modelo ele dislocaciones de Frenkel-I\ontorova
se construye un nuevo hamiltoniano. que permite calcular la dependencia con respecto a la tempe-
ratura de la resistencia máxima a la tensión y el esfuerzo de corte para cristales sólidos. Con este
nuevo modelo se sugiere una expresi6n para el parámetro de fragilidad. También se muestra que
con el modelo propuesto es posible predecir la naturaleza de algullos cristales (frágil, cua..,i-frágil,
dúctil, cuasi-dúctil) y estilIlar su IJlclxillla resistencia.

PACS, 62.20; 6~.¡0+h; 83.20.Di

The bt'havior of materials off"rs an almost infinite variety of challt'l1ges in the que,t of
Ilnd('rstalld physical drects. Undpr ideal circlllIIstances olle wOllld \\'ish to start with an
atomic or molecular mode! of the materia! aud theu coustl'\let a compl<'lely gt'neral tlll'ory
of behavior that trauseeuds all leugth scales of possible pheuomeua. \\'ith a profound
understauding of this type. full seale macroseopic beha,'ior of materials could be predicted
from minimal and fundamental parameters of the material.
The first investigations devot<'d to the theoretical streugth of crystals within the frame-

\\'ork of <¡uantum physies consi,lered ideal c1eavage in the sense that ueighboring planes
of the atomic lattice \\'ere assumed to be separated (see, for example, referenees iu [2,3]).
This led to an estimarion of the ultimate teusile stress, ae, \\'hich in faet exeeeded by
far those lIl('asllf('d undpr ordinary ('(~nditions. )'loreover. pllre metals. likc cooper or alu-
minum, are truI)' dllct.ile materials which appan'lltly call1lOt. sustaill a eleavage crack, hllt
may fail hy plastic illstability alld IIPcking 011 a gross scalp.
In his notable \\'ork [~l.Frenkel first made a famous im'estigatiou into theoretical

strength of ductile lIIl'tals aud also found a value of lhe sht'ar streugth, Te, higher by
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many orders of magnitude than the observed flow stresses of metals.1 The original Frenkel
model [4] is associated with the sliding of one semi-infinite half crystal over another amI
thus gives no way to estimate the tensile strength associated with cleavage fracture.
According to modern quantum-mechanical models of solid fracture (see Refs. [1,5,6]

and references therein) crystal solids will be either brittle or ductile depending upon the
ratio Te/ae. In fact, however, the ductile response of the solid is associated with the
processes of dislocation production and propagation [6-9]. Because of this, shear strength
of a deformed crystal is strongly dependent on the actual dislocation processes. On the
other hand, even a low defect eoucentration catastrophically a!fects the tensile st rength of
a brittle crystal [2,3]. Thus theoretical threshold stresses are rarely realized in practice.
Nonetheless, the theoretical ultimate strength of a crystal is of interest in solid physies

and mechanics. First, theoretical ultimate strength is an important concept in the phys-
ical theory of deformed solids amI is a material para meter central to modern Iheories of
plasticity and fracture [6,10-13]. Secoudly, ultimate strength is the upper limit of the
streugth which can he reached in crystal solids under certain conditions.2
Various theoretical models of nltimate strength for crystals have heen proposed hy a

number of authors (see Refs. 11-5,15-1 iJ and references therein). In the present work, we
undertake to calclllate in a novelmanner the ultimate strength, hrittleness parameter and
their temperature dependence for crystal solids.
For this pro pose let us consider a configuration of atoms in a simple cubic crystal

with a defect density low enough for the characteristi(' distance between dislocations to
be large in comparison \"itlt tlte interatomic distancc. Thc a.o;;;sumption that the relative
arrangement of atoIlls in a givcn clcmcnt is approximately the samc than thc arrangement
of lattice sites, means that there can he a mutually one-to-one mapping of the atoms onto
the lattice sites which conserV<'s the neighborhood relation. The nearest neighbors of an
atom correspond to those sites that are eloser to ils image on the lattiee. The lIamiltonian
of sueh a sys!em, expressed with regard to the Frenkel-Kontorova dislocation model [18]'
may he written in the form3

(1)

1 It was this obscrvation that led to the de\'elopment of dislocation thcory in the 1930's.
2 Foe examplc, ulldcr dynalllic loading whcJI kinetical processcs of dislocation (and othcr defect)

are Bol decisivc in thc response of irrcvcrsibly deformed solids [1,6,14].
3 I'otiee that the common approximation (see, for example, Refs. [2,3]) whieh takes into aecount

only interactions bctween the Ilearest atoms in a crystal \I,:itha simple cubic structure leads to a zero
shcar lI10dulus [l!)j. 011 the other hand, lhe COIIIIIIOIIcon:;idt'ratioIl of the :;Iiding uf alUlllic plallc:;
one over another (sec [2,4]) do 1I0t permit tell:;i1e strcngtiJ ealculations. The Frenkel-I\ontorova
disloration model [18) t1sed in lIamiltoniall (1) lIlakes it possible to elilllillate these ohstaclcs
amI consisten ti)' definC'scrystal lH'havior in sll{'arillg alld tl'llsioll. Notice that this is equivalent to
selccting the suitablc angle de¡wlldcncc of intC'ratolllic pot<'ntial whirh is the fUllctioll of itlteratomic
distanees (see Ref. (20)).
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where Ti = (T;) +Ui, 17i is the vector of displacement of the ith atom from its position of the
thermal equilibrium (Ti), Tij = ri - TJ; ak are the lattice constants, m is mass of an atom,
and ?ik is the momentum conjugated with Cartesian coordinates (k) of the ith atom. The
last (third) term in Eq. (1) represeuts the generalization of the three-dimensional case of
contribution to the Hamiltonian from the "base" by the analogy with Frenkel-Kontorova
model, which is stated in the poteutial forlll (rk is the current linear coordinate "along
the base").
Proceeding from the variational principie in statistical mechanics (see [21]) and the

Gibbs-I3ogolyubov inequality (see [22]) it is possible to calculate the free energy F of the
crystal which obeys the Hamiltonian (1), by minimizing the right side of the expression

F:S Fm == Fo + (H - Ho), (2)

where Fo is the free energy of the Illodel systelll with the Hamiltoniau Ho; the mean values
of (... ) are taken within the canonical ensemble characterized by the 1Il0del Hamiltonian
Ho.
Employing the self-consistent hannonic metllOd [231. the thermodynamic properties of

the system under consideration can be readíly eomputed by using as the mode! system
a set of harmonic oscillators (Einstein's model [21]) with variational force constants Ai
and lattice constant "0. In the high-temperature approximation [22]' when crystal atoms
are exposed to external forces, the minimum of the free energy may be deterlllined by
self-consistent computation of the force constants A; and the equilibrium atom positions
(r;). A pair interatomic Morse pOlential U(n [21 may be employed for dynamic properties
of the linear atomic <:hain imposillg thc followillg condition

(3)

which lea,ls to the following expression for the shear modulns G at the final temperatureA

(4 )

Befe El is thc longitudinal mo<lllllls, Cij are ('lastic COIlstants, and v is thc Poisson'g ratio.
To calculate the temperature dependence of the threshold tensile stress, let us consider

a uniforlll tension of simple cubic lattice in the .1'-direction under stress all' This results
in incrrase of thc distance bctw('cn nPighborillg: plancs Barrnal t.o dircctioll of stress on t.he
value 11, along the axis [1001. The threshold stress may be ddermined frolll the maximum of
the fundion 11,(10) for each temperature in tht, self-consistent ("omputation using following
equat ions:

(
"0 ) 2 o (1 f!lT ) [ (1 f!l'j" )] (Ta )all = 4 - ac exp ---.- 1 - exp ---.- exp --\ '
(11' .1 [cno 4 [ello 1. 1

4 Averaging was l)f'rfoTIllP<i by tlH' Gauss Illcthod [21).

(5)
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2 ( Ta) { I - 21' [ 2 (ao ) 2 Ta (' )2] }A, (T) = 3" exp - A, (T) I + ~ x exp -32" UT A, (T) '"e

x [2exp (-~ ,".UT) _ exp (_~ ,".aT) + 2] , (6)
2'"cao 4 ECUO

\....here

Uz
E=-,

aT

o• _ Uc
'"e = El'

,1,
A,(T) == --o

E¡aT
(7)

Here UT and rto are the parameters of the elementary cell at temperature T and O 1\,
respectiv(1)'; ku is tIte I3oltzmann's const.ant; and U¡, is the bond energy, which is rclated
to the atomization energy (snblimation) of g-atom of solid Ha as

(8)

where nb is the bonds number (nearest neighbors) ,rbont the elementary celló and NA is
thc Avogadro's nUllIher.

To ca!rulate the temperature depend('Jjce of the sh!'ar ultimate strength.6 l!'t us consider
a simple cubic latt.icc under the lI11iform shear strl'SS T]2_ , ••.•hic}¡ go\'crns a slH'ar 8 of
the neighbor atomic planes of the {OOI} tnH'. In this r;l'e the self-consistent system of
COllstitllt.ive rqllatioIls t.ak('s the form

o rto . ( b) [ 2 ("O ) Ta • 2] ( 7;,)TI2 = Te- snl 2)[- ,'xp -:32" - ---(Ecl exp ---,_ .
rtT rtT rtT A,(T) .\,(1)

AT(T) = exp ( - ,\~~))

(9)

{ I - 21' [ ., ("O ) 2 '1;, ] [ (b )]}x 2 + . ( ) exp -32,,- - --(Eé)2 5 + ('os 2)[- . (lO)
.3 I - u "T .\,(T) "T

It is !"\Sy lo see that at T = O 1\ E'Is. (5)-(8) and (9). '(10) leads lO th,' weH known
expressions (s!'e, for example nefs. [1,2]) for nltimate tensile aud shear threshold stn'ss!'s.

f('spect j \'('Iy.

oDe = .!.'..!!...lf ami
144 o

o GTe =-.
2íT

(11)

5 The ("oeffici(,lIt 2 iJl Eq. (8) reslllts frolll tlI(' SIlIII of aH ¡he PIlPrgy of illteratotrlic bonds. wiH'rt,
e<tch bond appt'ars twi('(',

6 Thc 1Iltimate shear st.rrll!!.th iu original Frl'lIkl'l-I\olltoI"Ova modc1 [18] is ralculatt'd (,ollsidering
tlH' intrrartion of two paralh-l atolllic linear rhaills.
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Jt immediately follows from Eqs. (5), (6) aud (9), (ID) that the temperature depeu-
deuees of the threshold stresses are governed only by two dimensionless parameters of
the material under study, name!y, by the Poisson's ratio v7 and effeetive critieal value of
elastic deformations ce = a~/E\.
The results of the computing of Eqs. (5), (6) and (9), (ID) are eonvenient to present

iu the eoordinates: ultimate strength normalized to the longitudinal modulus (ae/ El 01'

Te/ E\) and the n01'1nalized temperatm'e (T /Te), where Te is the critical temperatnre crys-
tal struetural stability [1], whieh is governed by the equatiou

Vb { (1 - 2v ( 7[2)] }Te=4-
k

max xexp(-2.r) I+--exp -32-(- ,
Il x 1- v y x)

(12)

[ -1 )2
where y(x) = (ceV2X) + 6V2X
The results of eomputiug temperature dependenee of teusile aud sll('ar threshold stresses

by using Eqs. (5), (6) and (9), (ID) have showu that there are three different types of rela-
tions betweeu the funetious o.(T) = ae/ E, and 2V2 T. = 2V2 re/ E\, whieh are presented
iu Figs. la-c. Rl'ealling that whl'n ae < 2V2 re thl' crystal is brittle. and if oc > 2V2 Te
it is duetile [1,5]. Thus. the transition frOln the brittle to the duetile state of a erystal
solid may be deterllliul'd by the eonditiou

ae(7~) = 2V2 rc(T. j. (13)

llenee. graphs iu Fig. la are assoeiated with tjl(' truly brittll' crystal; graphs iu Fig. lb are
assoriated wilh a duetile erystal: while a crystal whieh is eharaeterized by third type of
ti", (ae/rc)-diagram (Fig. le) can be treatl'd as a quasi-brittle or quasi-duetile materia!.
The sp('eifie relat ious between the parameters v amI ce corresponding to these three

tYIH'Sof matl'rials are pn'sentl'd iu Fig. Id. The last diagram evaluates t he eharaeter of
material fractllrP ac('ording lo an adiahatie modrllln<1rr cOllsi<ieration. TIH's(' fesll1ts givc
r¡sr to suggrst a pltysical cr¡trr¡on of britth'l1rss. \Vr t\t'filH' the hritt1eIlt'SS paramrter as
t}¡p frBormalizC'd vahH' of t 11<'('f[('('1in' ,ril jeal ('lasl ir <h'forma HOIl. naIllPly.

(14 )

".here c~ is gowrJ¡('d by tll(' eouditiou o~ = 2V2r2: aud thus (see E<]s. (11)) is equa! to

the ratio Ha/ E\.
,",ow. it is straightfolwald to ,,'(' that the elys!al is tluly brit!le if [3. < 0.637 O.(i/.

amI it is ductilp if D .• 2: 1. Quasi-hritt.lr alld qllasi-dllctilr materials art' cllaracterized by
a britth'w'ss paraIllctpr within th,' illtl'n.al O.GG < D. < 1.

7 Tll('oretiral lJlct llOds for t hp ca kula tioll 11 and it s t ('lJlpera t ti n' ,1PllPll{h'IlC(, are ronsidt'red
. \')' .,,]111 _""t, _""t .
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FIGURE 1. Temperature dependence of ultimate tensile (1) allll shear (2) strength for brittle (a),
ductile (b), and quasi- bri ttle or quasi-d uctile (c) materials amI the diagram of the fract ure character
by adiabatic model: [: brittle cleavage, JI: ductile fracture, and [JI: there is the brittle-ductile
trallsition.

As we can see from the data ¡isted in Table 1,8 the results of brittleness estimation
by means of suggested parameter B are in a good agreement with results based on the
brittleness parameter Re" = l/o/G suggested iu HeL [2GI within a framework of quantum-
statistical approach to dynamic problems of solid mechanics (see also review [14]), as weH
as with the result" obtaiued using brittleness numbers 1/ = .jGb/19 and 1Jb = .jbTo/-¡ 10
which were suggested within a fralllework of di!!"erent dislocatiou models of quasistatic
ductile fracture by Hice an" ThOIwion [71 alld Cherepauov [8]' respectively.
The merit of the brittl('J]ess parallleter B. O\'er the brittleness"nulllbers 1] ane! 1]b is that

8 Parameters for mat<'fials with complex crystal structurc were ealculated using the effective
ceHconcepl [1,14J.

9 bis lhe Burgcrs vector absolutc valuc of the elclIH'lltary dislocation, and ! is the surfacc tcnsion
(dclIsity of the surfare t'lIergy).

10 TO is the frictioIl (Shlllid) force,
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TABLE 1. Ultimate tcnsile strcngth and various brittlcness parameters ror sorne crystal materials.

Malerial l1c, GPa B., Eq. (14) Re" [1,14) '1;;' [8,27] '1-1 [7]
Ductile malerials, B. ~ 1 (Re" > 0.707 [26], 'lb' »1 [8]' '1-' ~ 0.35 [7]).'

Au 25.3 1.81 1.01 70 0.45
Al 18.5 1.44 1.14 25750 0.35
Ag 18.9 1.28 0.85 507100 0.39
Ti 24.6 1.26 1.10 40 ?

Cu 29.0 1.18 0.93 30750 0.40

Quasi-ductile aud quasi-briltle malerials, 0.65 < B. < 1 ('Ib1 - 1 [8]).

Fe 38.1 0.90 0.71 10 0.34

Ilu 57.2 0.73 0.70 ? ?
~lo 40.9 0.72 0.61 0.87 ?
\V 50.5 0.70 0.55 0.93 0.33

Al203 49.8 0.68 0.705 0.63 0.24

llriUle materials, B. < 0.65 (Re" < 0.707 [27), l/bl < 1 [8], 1/-1 < 0.25 [7]).

ll,C 48.2 0.53 0.60 ? ?

Si 13.9 0.46 0.52 0.77 0.23

Ge 10.7 0.42 0.53 ? 0.18

SiC 37.1 0.41 0.32 0.59 ?

Diamond 81.7 0.34 0.51 0.42 0.20

• l\otice the differencc in the rondition of ductility according lo different cr¡tcr¡a.

for the calculation of the first one, one neecls only data for elastic mocluli and atoll1ization
(sublill1ation) energy, which in contrast to the dala for -y ancl TO are wel1 definecl.l1

Thus, using the suggested model we ean prediet the nature of a given crystal material
(brittle, quasi-brittle. cluctile, quasi-cluctile) and estimate its ultimate tensile ancl shear
strength.12
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for the last material cOllstants reaches 100-300% [2,31 and there is Httle data for tcmperature
dC'pcndence of -1 (we do not know thc data for temperature dependence of To).
11 Noticc that ultimate tClIsile strength should be equal to the Griffith strcllgth !2,3] aud we can
use Eqs. (5), (11) for eslimation of tll(' surface tension " ",hile the ultimate shear strl'uglh (9),
(I1) lila)' be observed onl)' for a cf'rtain conditions of dynalllic loading (sec llef. [14]).
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