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Duality rotations in the linearized Einstein theory
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ABSTH¡\CT. Using the fad tbat the solutions of the Einstein vaellurn field equations linearized
abollt the ;\linkowski space-tilllc can be expresscl' in tenlls of two rcal scalar potclltials, the effect
of a duality rotation on thc mctric perturbatiolls is givl'll. It is shown that, in the linearized
Einstein theory, the field of a gravitomagnetic rnass ami of an accelerating lIlass are related by
ItIcallS of a duality rotation \I,.'ith the field of a static ordinary mass and of a rotating mass,
rcspectively.

HESU~lE;\,. Usando el hecho dc qllc las soluciones de las ecuaciones dc Einstein para el vacío
lincalizadas alrededor del espacio-tiempo de ;\linkowski pueden ser expresadas en términos de dos
potenciales escalarcs rcales, se da el efecto de UIla rotaci('m de dualidad sobre la..'i perturbaciones
métricas. Se muestra que, l'll la tcoría de Einstein lincalizada, el campo de \lIla masa gravito-
magnética y de una m<l..'>a acelerada están relacionada."> por medio de una rotación de dualidad
COIlel campo de ulla masa ordinaria cstática y de uJla masa rotan te, respectivamente.

rAes: 04.20.-'1; 03.50.0e

1. INTRODUCTlON

As is well knowll, the sOIllTe-free Maxwell equatiolls are illvariant under thc transforma-
t.ion

E'=B, B' = -E, (1)

iu the seuse that the fields E', B' satisfy the soul"{:e-free Maxwell e<¡\latious if the field,
E, B do. Then, the liuearity of the sOllrce-free Maxwelle<¡\latious illlplies that they are
al so invariaIlt under the duality 7"otations

E-4 Ecoso+Bsiuo, B -4 -Esiuo+Bcoso. (2)

OH thc otlter hand, the illvariallce of the I\t1axwdl eqllatioIlS with sOllrces under the
duality rotatious (2) re'luires the existeuce of e1ec!ric aud Illaguetic charges.

lu Eiusteiu '5 theory of gravity, the gravitatioual field is represented by the clII"vatllre of
the sparc-timc. Thc curvature tensor of a solution of the Einstein vacuulIl field equations
lilwarizcd ahollt tite !\lillkowski metric call he (lc(,OIIII)()sP(i illtO '"eIectric"' all<l ;;lllagIletic"
parts

(3)
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where Ko81Ó denotes the eurvature tensor to first order in the metrie perturbatiou, that
satisfy the homogeueous e<¡uations (see, e.y., Refs. [1,2])

OiBij = O,
(4)

\\'hich are invariallt under a transfoI'matioIl analogolls lo (1):

(5)

In sorne C&:les (e.g'l in thc intcraction of a quantulll system with lhe clectrOlnagnetic
field), it is neeessary to represent the eleet.romagnetie field by meaus of the pot.eutials rjJ,
A. Similarly, dealing with the gravitat.ional field, the metrie is usually eonsidered as the
ba.sie field, rather thau the eurvature whieh is giveu in te!"lns of sceond dcrivatives of the
metric.

In this papcr we give the cffeet of the duality rotations on the e1eetromaguetie poten-
tials aud ou t.he metrie perturbations of thc Minkowski spaee-time. We make use of the
faet that the solution of the souree-free Maxwell e<¡uations amI of E<¡s. (4) eau be written
in terms of two real sea!ar poteut.ia!s (sec, c.y., Refs. [1,3,4]). As we shall show below,
by eoutrast with E<¡s. (1) and (5), thc duality rotations ou the eleetromagnetie poteut.ials
and OIl tlle luetric pcrturbatiollS a,re lloulocal. In the cxamples considcrcd herel \Ve find
the elfeet of the duality rotatious ou tlw lineari",d Sehwarzsehild aud Kerr metrics. The
analysis of tite mctric pcrtllrbatiolls is done by IIlCaIlS of tite so-cal1cd Tanb numben.¡ [5, G],
which givc the cOllservcd qualltities of tite sources of tIte mctric pcrturbatioIlS éL"lSociatcd
with tite symmctrics of thc background metrie. Throughollt this pape!', lowcr-casc Latín
ÍIldices i, j, ... , run froIll 1 lo 3 aJld lower-ca...o;;eGrcck indiccs O'l /3, ... , rtlll frolll O lo 3.

2. DEIJYE POTENTIALS AND DUALITY ROTATIONS

The sollltioll of the sOllI"ec-frce!vIaxwell e<¡\Iatiolls cau bc writ.teu in terms of two
sealar potelltials, ,pE aud ,pM, wh¡eh satisfy the wavc e<¡\Iation, aecording to

1 Ol/JEA = r--- - r x \7,pMe ot ' ,
llJ>to gallgc trallsfoflIlations [3]. Hcncc, thc e1cctrolllaglletic fields are givcn by

1 O
E = -::otr x \71/J\1 - \7 x (r x \7,p,J,

liJ
B = --.,--r x \71/J¡.; - \7 x (r X \71/J\l!.

e ,JI

real

(6)

(7)
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where we have used the faet that 1/JE obeys the wave equation. From Eqs. (7) it follows
that the duality rotatiou (l) eau be obtaiued by making

(8)

'['huso by expressiug the poteutials, 4>, A, of a giveu electromagnetie field in the fonu (6),
theu

, I
4> = --r. V'(r1/J~t),

l'

, I fJ'ljJM
A = r~7it+ r x V'1/JE,

are poteutials for the duality rotated eleetrOIuaguetie fiel,b E', B' [Eq. (1)]. Note that,
while at the leve! of the eleetrOJuagnetie fields E aud 13 the duality rotatious are rather
trivial [Eqs. (1) and (2)]. the relation betweeu the poteut.iab 4>, A and 4>', A' is nonlocal
(see t.he cxample below).

Eveu t.hough expressious (6) are obtaiued lookiug for solutions of the souree-free
Maxwell equations, t.he electromagnetie ficld produeed by eharge and eurreut. dist.ribu-
tiolls <:a1lalso be cxpressed in the fonu (6) by cOIlsic!criIlg solutions of tite wavc cqllatioll
wit.h siugularit.ies. For iust.auee, t.he field produeed by a st.at.ie point. ehargc r¡ is giveu by
the pot.ent.ials

4> = '1,
l'

A =0. ( lO)

\vhich can he represf~llted ill lhe fo[m (6) asslllllillg that

1/J.\! = O, (11)

aud r1/JE = -q In ,. + 1(0, '1'). Uy requiriug that 1/JI': be a solution of ti", wave equat.iou
oue fiuds that L21 = '1, where

L=-;rxV'.

Choosiug 1= r¡ In siu O we oblaiu

'1 siuf)
1/JE = - lu --o

7' T

Substit.ut.iug Eqs. (11) aud (I:l) iuto Eqs. (9) we fiud

(12)

( 13)

1/ = O.
1 q colO A

A = --c"
7' -

( 14)

wiJjciJ arl' potclltia1s for 11¡c fidd of a maglletk 1II0JlO¡)()!c [ef. Eqs. (lO)]. (Note that the
most. g,',,,,ral solutiou of 1/1 = '1 is givcu by 1 = '1lnsinf)+g(O,<p). where L2y = O.
which lcads tu potcntials l?qllivalellt t.o (14) IIp lo a ~allgc transformatiOlI.)
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As shown in Re£. [7), the solntion of the Einstein vaeUll1JI field eqllations linearized
abollt the Minkowski IJIctric is given by

(
éP 1 1)2) 2

hoo = -2 81"2 + c21)1,2 T 1'1':'

Xj 8 21 Ü,pE " 1 8 2
ho)' = -4--8 r' --1) + 2¡J')'--1) r' l'M,

7' .1' e t r r

Illodl11o tite gauge t.ransfOflllations

(15 )

(16)

w}¡cre 1/)Eitnd 'ljJMare realsolutiolls of tite wave equation, lhe Xi are cartesian coonlillatcs,
Li are the cartesian cOlJlponents of the operator L [Eq. (12)] and the parenthesis denote
sYlJlnletrization on the indices en<:1osed. Then one finds that the c1cctric and lJIagnetic
parts of the cnrvaturc tensor to first order in the lJIetric pertllrbation are

[ef. Eqs. (7)], where [1,4]

1 1)
Eij = - ')IUij(l'~l) - v,)(l'El.e ( ,

1 1)
Bij = --;'DIUij(l'El- \l;j(l'~tl,

( 17)

x == iV x L - V.

(As in liJe ca.."iC of the c1cctromagnctic lidds E alld B. the sYlIlllletric lracdess tensor £lelds
Eij .uld Dij are gauge-iuvarialll.) FrOlll E(ls. (17) it is clcar lllat the transforluatioll

( 18)

yields lhe duality rotatioIl (5). (Of coursc, we can al so cOllsidcr duality rot.atiolls analo-
gOlls to that given in Eqs. (2), for an arbitrary angle D.)

Tlle sollltions lo the Einstein field eqllatiOlls with SOllfces lincarizcd ahOilt the lvlinkowski
met.ric can also hc cxprcssc<l in the [01'11I(lG)l modulo thc gaugc tralls[orlllatioIls (16L
by cOllsi<ierillg solutiolls of thc wave <'qllat.ioll with sillgularit.ics. FOI" illst.allcc. t.hc
Sdlwarzsci¡i!<i solutioll lillcarizc<l with resl)cct. to t}¡C nlaSS Imratlwter Al. cOlTcspOIl<b
to tll(~IIlctric perturbatioIl

I _ 2GM
¿DO - -,,-o

c~r
ho, = O.

2GM
hjj = -2 3 :1:¡:I:)\e 7'.
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whieh, hy means of a gauge transforInation (lti) with ~o = O, ~i = -CMx'¡c2r, IS

trallsforllte(l illto

2CM
"00= -2-'e T

"Oi = O, ( 19)

'ljJM = O,

This me!rie perturhation can he written in the fOrIn (15) with

CM sinO
'ljJE = -2-ln--,

e r r
(20)

[ef. 1,'1, (1:1)]. Then, one easily finds that the me!rilO pert.urhat.ion gmrerat.ed hy the
pot.eJltiais

'ljJ;.; = O,
I C ¡'vI sin Ii

'ljJM = --o -In --,
. (;'27' T (21 )

ohtailH'd fmm E'Is. (20) hy means of t.he rluality rot.at.ion (18), is given hy

Z. e ..

"~O= O,
I 2CM .
"oJ' = --2-cot.O¡LJIi,lO ,.

2 2 2 2 2 2 2 2 1CMd" = -e di + d,. + r (dO + sin Iidcp ) - -- eos Odcp dI. (22)
e

The ¡net.rie (22) is t.he Tauh-NUT solut.ion, whicll represents the gravit.at.ional lield of a
spherically sYlllllletric sOllrcewith ordillary alld gravitomagllctic lJIass(see, e.g., Ref. [8]).

where
u _ 2(m7' + /2)
=-1+ 7,2+[2 ,

lo first. onlPr iu 1, when m = O, making t.he ident.ifications "di. = 2/ d'ljJ and / = CM/e2.
(Tite paralllders 1TIand l are relatcd to the mass and lile gravitolllagnctic Illa.";s,rcspec-
t.ively. )

Silllilarl)'. ~tartiIlg froJII the J(crr solutioIl, une f¡uds tltat il! tlw case of a. rotatiIlg
IWlSS. in addit ion to (1 U). t.}¡creis a cOlltrilmtioll

"00 = O, h'J = O. (23)

wll('n~ S) an~ tJI(' COIIII)()IH.)lIt~ of the angular lJlOlIlClltlllll of tlw rotatillg ma.'.;sand 7lk

.1',/1', Th" ¡oelri" pcrturhalion (23) is of lhe rOrtn (Iii) ",ilb

J/J¡.: = O, (24)

wIlt'n'. iJl ()rci('r lhat ~I)':-.Ihp a ~olllt.iOIl of tll(~ \\'a\'(~pqllatioll. II(O.!.p) IIlIl~t satisfy
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(tlle explieit form of H will not be ""luired in wllat follows). Tllen, tlle metrie pertur-
bation generated by

IS

I G lI(O,<p)
,pE = - -3 2Sj"j In1' + 2 '

C' 7' 7"
(25)

I 2G
hoo = --3 25],,),e l'

(26)

In order t.o give an interpretatioll of the metric pcrturbation (2G)l in the Ilext scctiOll \\fe
s}¡allmakc use of the Tallu 1l11lllhcrs [5, ti].

3. TAU!3 NUM!3ERS OF METIUC I'ElrrUIWATIONS

Tlle Eillstein field c'Iuations lilleari",d about tlle Minkowski mel.rie are givell by

81rG
GofJ = --.I-To8,

e

wherc

(27)

(28)

(2g)

'1~~!1is t}¡c cncrgy-mornclltUJll tensor of t}¡c SOIll"CCSlo first ordcr in tite IIlctric pcrtllrbatioll
'llld tlle illdiees are raised alld lowered by means of ('Ial!) = diag( -], 1, 1, 1) = (1/"1!). Tlle
tensor f¡del Go.{3 satisfics DflCn!J = O, idcntically (i.e., [01' auy hH¡J) t1wreforc, ir 1(° is a
J< illillg vedor of tlle Millkowski metrie,

(30)

til<'ll tiJe rOlltraction G°:3 1(0 sat.isfies

Tlle colltilluity e'luation (31) implies tllat

T(K) = e:
l
(,jco"I(,,"I> = _~jTonKn"I>,

81r .f e

(31 )

(:32)

wlwrc t}¡c integral is takcll ()vcr a hYJlPrsurracc 1. = eOllst., is a cOllst.ant., whiel! n)presPllts
the (,OIllPOIIPllt alollg IC~of t}¡e f01l1'-l1W7fu'ntWIl (Jf the 8011H'C'<;of thp mdric perturha-
tiOll, T1H~COJlstant í(K) is refeITed to as the Tani> numiH'r of tlw IIIdri(' pertllrhatioIl
a.."lsociated witb the Killing ,"cet.or }{H.
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A straightforward computatiOll shows that

(33)

where [5,6]

U"~ '" J<1"iJoh~h - J<1"iJ~]h -1hiJ" J<~ - J<oiJI"hmo - ho'''üB1J<o, (34)

ami the square breckets denote antisymmetrization OIl the indices enclosed.
Eqs. (32) and (33), making use of the Causs' theorem one finds that

"'/ e' /.T(I<) = __ o - iJ"U"o til! = -G lim UO'7l;da,
81rG 81T r-+oo

Then, from

(35)

\vhcrc tlle Ia.st integral is takcn over a sphere l' = consto
For iustance, substituting Eqs. (23) ami I<i = é¡'njXj, J<o= O (which are the com-

poncIlts of a Killing vector corrcspollding lo spatial rota.tiolls about the xm-axis) ¡uto
Eq. (34) oue obtains UO;7li= 3G(Sm -Si7li7lm)/(c',.2). lIence, Eq. (35) gives T(J<) = Sm,
in accordance with the meaning assigned to S;. On the other hand, the Taub numbers
for the metric perturbation (23) ¡e,sociated with translations and boosts turn out to be
zera.

In a similar manner, one ¡¡nds that the TaIlb numbers of the metric perturbation
(26) are zero for the Killing vectors corresponding to translations ami spatial rotations
and that T(J<) = -S"" when J< corresponds to boosts along the xm-axis. Thus, we
conclude that the me!.ric perturbation (26) is produced by an accelerated mass, with
the acceleration beiug parallcl to S. (It may abo be noticed that the components of the
curvature with spin weight :1:2, which correspond 1.0 Wo and w.¡ in the Newman-Penrose
notatiou, of the metric perturbations (19), (22), (23) and (26) vanish, hence, accordiug to
Wald's results [9]' thcse perturbatiolls can only contain ordinary ma.ss, gravitomagllctic
IIlasS, rotation and accelcratioIl paramclcrs.)

It would be desirable to relate the metric perturbation (26) with an exact solution
of Eiusteiu's equations, as iu the case of Eq. (22): however, although there exist exact
solutious of the Einsteiu ¡¡cid equations that represent the ¡¡cid of a uniformly accelerating
poiut IIHe'5 (see, e.!J., Refs. [10,11] aud the rdereuces cited therein), it is rather ditricult
lo fiud thc corrcspollding lincarizcd sollltioll (note that thc magnitudc of thc vpctor S
appearing in Eq. (26) is related to the inverse of the acccleration).

4. CONCLUDlNG flEMARKS

The Ple!>aúski-Dellliaúski soll1tioll of the Eillsteill-Maxwell eq\latiollS [12] contaills, be-
sides the cosmological constant, six paramcters that group in a natural way iuto lince
cOlllplex combinatioIls, In + in, a + ib, e + iy, which correspond to ma ..."iS, gravitolllag-
uctic IlIass, angular lIIomentuIIl per lmit ma."iS, accelcratioll, alld eicctric and magllctic
c}¡arge. Thc examples cOllsiden~d here show that, in t}¡c lillcarized Einstein theory, the
real ami imaginar)' parts of cach of tltcse cOlllplex ('omiJillatiolls are lJIixed hy tite dllality
rotatiOlls.
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It may be noticed that the potentials [Eq. (24)] for the metric perturbation (23),
which has a rnagllctic-dipole eharactcr, can be obtaillcd by diffcrentiatillg tile potclltials
(21), which generate the gravitationa1 field of the aualogue of a magnetic monopolc; this
means that the liuearized Kerr so!ution is equivaleut to the field of two gravitomagnetic
lIIasscs of the saIllc magllitudc all(i oppositc siglls placcd al oppositc sidcs of an ordinary
point mass.
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