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ABSTIL\CT. The efTects of thermal fillctuatiolls aud hydrodynamic backflows OIl the dit'iectric
relaxat.ion of t.hennotropic lIematic ¡¡quid crystals are studicd hy Ilsing a stor1w ....<;tic fonnulation
of tIle IIPlllatodynamic ('qtlatiolls. \\'e construct a stocha. .••tic aIllplitude equation to descrihe the
initial st ag('s of the reoricntational dynamics. \\Te t1Jen use this l'qllation lO ralculate analytically
the a\"crage clectrie dipole moment, the dipole correlatioll fUIlction and the dielectric relaxation
ftlnctioll in the direetion perpendicular to the director axis, where a non-Debye response is ex-
pected. The real amI imaginary parts of t.he trans\"erse dielect.ric constant are then e\"aluat.cd a..,
functions of tIle field frequency for both cases, namely, when backflows are taken into account
and wheu they are totalIy neglf'ctcd. \\Te find that for lo\\' field frequencies, the diffcrcnce in
their values in thf'sC ca.<;esmar be a$ high as 75% and 40%, respectivel)'. This is also manifcstpd,
though less fl()t.ice,lbly, in the transverse Cole-Cole plot, which is 110longer a spmicirc1e illdicatillg
a non-Dehyc rela.xatioll. TIle magnitude of the correctiolls sugg(~st that these effects should he
mea.<;urable and in this sen se, our allalysis indieates a tendency in the dielectric response and
suggcsts llCW cxperiIlH'nt:-i to be pcrforlllcd. Thc difficulties associated with the dcscriptioll of the
response for t.he whole reorientatioll prorcss are briefly discllssed.

B ESUM EN. Se utiliza 11l1afonnulaci()1I estoc<Ística de las ('cllaciolles Jlcmatodin;ímica.<; para ('stluliar
los efC'clos producidos por las fluctuacioJles trnnic<ls y los cOIltr<lflujos hidrodinámicos sohre la
relajaciólI dieléctrica de cristales líquidos nemáticos tcrmotrópicos. Se construye ulla ecuación de
amplitud estocá.stica que describe las etapas iniciales de la dill.ílllica reorient.acional delllclwitico.
A part.ir de l'Ila se calculan analíticalIlente el 1II01lH'lItodipolar ('Iéctrico pronlPdio, la función de
COlTl'laci611dipolar )' la fllncióll de H'lajacióIl diel{'ctrica CIl la dirección traIls\'pn;al al eje óptico
inc!uY('JlClo los efC'ctos d(' los contrafilljos inducidos. Las parl('s n'al (' imagillaria de la constante
diC'iéclrica se calculan COIflO fUllci<Índe la frecuellcia dd campo fléctrico aplicado. con y sin ('f('ctos
hidrodin;ítllicos. Se 1I11H'straque para fr<'cucIlcias bajas del campo, la dif('f(,lIcia ('litre estos valol"(,s
puede sn. n'sp('ctiv<tllu'f11p, hasta d(' 111175% Y1111,10%. Este ('fl~clo s(~manifiest.a t.ambién, aUllque
de marH'ra IIU'110SIlotahh', (,Il C'1diagrallla Cole-Col(' PI clIal 110('s \In s(,IIIicírnilo, indicando 1111

proc('so (1(' J"('lajaci611(lirt'n'llte al (J¡, 1)('1>y('. Estos rt'slllt;-Hios sllginen qut' (,:,;¡osefectos jHHlrían

. Ft'!lows of SXI. ~!l"xic()
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ser mediLlcs .Y,en este sentido, el modelo propuesto indica una t.endencia y sll~iere la realizacióu
de experimentos IlUCYOS. Se discute brevemente la respuesta esperada para el proC(~so completo
de rcorienlación.

PAes: 05..l0.+.i; ú1.20.Lc; ú1.30.Gd; 77.40.+i

1. INTlWDUCTlON

The classical theory of dielectric re1axat.ion is due to Debye ami gives the t.ime rate of
challge of the macrosropic polarizatioll in terms of tite lllotioll of the individua.l dipoles.
Debye int.roduced a model fm t.he rot.at.ional Browuian mot.ion of "-'5emblies of dipoles
ami a...'is\lIlled that the tendcncy of the tIIolecular dipolc lIlOlllents lo align parallel t.o thc
applied field is eount.eraet.ed by rot.at.ional dilfusion [1,2]. lIe described t.be dynamics in
tefms of thc Smolllchowski cqllatioll assuming a dilutc solutioll of polar molecllles in a
nOII-polar (isotropic) solvent. By using the general t.heory of linear response for a di-
e1cctric IIlcdiulII in aH external field, Dehyc ohtaincd the wcll-knowll dielectric rclaxation

fuuetiou [3]

c'(W) _ '(00) = ,(O) - «00).
1 +WTD

lIere, ,'(w) == " - ú" is the eOlnplex dieleetrie penuittivity at the frequeucy W of the
applied field, and «O), c(oo) deuot.e, respectively, the dielect.rie constauts under a st.atic
and in au el,,<:trie fiel,l of infinite frequency. The paramcter TI) is a relaxatiou time that
depends on the molecular propel'ties of the syst.em. Note that if WTD is eliminated frOln
the real and imaginary parts of ~~q.(1), the equation of a drde is "btained. Consequently,
if the relaxat.ion can be described by Eq. (1), a plot of é" vs. é' (Cole-Cole) should give
a scmicirdc.

It should be pointed out that in del'iving the aboye expression, Debye made strong
Silllplificatiolls tllat am011t1t to neglect the cffects of illertia, IIlclllory aud tlle intcractions
het\veen the molecules. Unt in spite of these simplifications, experimcnts have showll
that mallY mat.erials are correctly dcscribcd hy Eq. (1). Therc are, howcvcr, substances
that deviate from it when high frequeIH:y values of the alt.ernat.ing elect.rie field are used,
leading to nonexponent.ial decays. Although much theoret.ieal dfort l,,~q been devoted
to explain the non-Debye behavim in polymeric and glassy systems, this h,~s not. been
the c,,-se for dip"lar liquids or liquid cryst.als. For the lat.t.er the long-range orientat.ional
correlations a.lld the presmlcc of hy<iroeiynamic £low affcct significant.ly the dynalllics of
tI", dipole mOlllents leading t." experimenta!ly we!l established nOll-Debye dielect.rical
behavior [4,5].

Recent gPllcralizatiolls of Df'bye's tlwory havc lIIaillly focouspd 011 takillg iuto aCCOllllt
lhe cffccts of illertia and mpmory OH didectric relaxat.ion by usillg stocha.stic fol'mulatiolls
b,L<.;cdOHLall~~pvil1-iikeeqllatiolls [ti-U]. The h,L"iicpul'posc in this papel' is conccrtwd \l,.'ith
a differcllt but rclated a.."iIH:ct, namely, with hov,,' to descrihe tbe diciectric re1axatioIl of a
IWlllatic liquid crystal taking iulo aCCollllt tlw pwsmH:e of thcl"lual fluctuatiolls and the
dfpct of lhe hydrodYlIalllil" backflm ....s which are ilwvitably illdlll"ed by tlH~ oriPlltal.iollal
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defonnation. In the case of a nematic liquid crystal Eq. (1) can he applied to each of the
components of the diclcctric constant, parallcl, £~, and perpendicnlar, £'t, to the director
axis. The eorresponding Cole-Cole plots have been measured and for £~ a semicirele is
indeed obta.iucd; however, for e~ deviations frolll a scmicircle are observcd iudicating a
distribntion of relaxation times [10].

Strictly speaking, backflow effects in liquid crystals are always presento They have
been known for long time [11] and their essentíal effect is to rednce constraints [12,13].
In addition of taking them into aecount, here we ,hall foeolls on the time evolution of
tlle slmtia! orientational f111ctuations a..,;;sociatcd with the orientational transition of the
Ilemati<: whcll tIte Illagnitllde of au altcrnating external field is switched frolll an initial
vallle E; < Ec, smaller than a critieal one Ec, to a final value Ef > Ec. During this pro-
eess the system becomes unstable and the rodlike moleeules of the nematic tend to align
with the applied electrie neld. The standard analysis of this transient dynamics is deter-
ministic al1d ha.."'icd()n a mean field approach which ncglects spa.tial illhomogcneities and
thermal fluctuations [14]. 1I0wever, as is well known from the behavior of other multi-
stable nonequilibrinm systems [15]' a proper description of the decay of an unstable state
shou1d indude fluctlla.tioIlSl \vhich are anomalously largc durillg tlle trallsient reorieIlta-
tioll proccsses a..,; compared lo thosc in equilibrillm. FlIrtltermore~ at the transition poillt
whcre tlle n~orieIltati()1l begills, a correlatioll Iength diverges and thc spatial flllctuations
a.ssociated \\!itll the oriclltation of the lllolecules are expected to he importallt.

Usillg a stocha.stic fOrIllulation of the nenlatodYllamic equatiolls wc describe the be-
havior of these fluetuations ami calculate the average dipole moments. In lerms of them
we then derive lhe corresponding die!ectric relaxation fllnction for the transver,e direc-
tioll to tite director axis where a non-Debyc behavior is cxpcctcdl alld WhCIl backflows are
cxplicitly takcn inlo accollnt. In this sense the theory presentcd here gives the fluctnating
hydrodynamics correctioBs to the dielectric response of the nematic liquid crystals, This
response is calculated only for the illitial stagcs of the rcoricutatioll whcrc the lowcst
ordcr 1Il0de domilla.tes. \Vc show that for these Iloncquilibrilllll statcs the prescnce of
llow prodllces an incre¡~,e ¡~, high a.' 75% and 40% for £~(w) and £'L(W) , respectivcly, in a
low frcqllellcy mnge oflhe external field, betweell 1-200 Ih. Wc a!so show that baekflows
give rise lo a lIoll-Dd,)'e Cole-Cole plot, althollgh the effect is less notieeable than for
the e~ and e" liS. w plots, SillCC \"'"Carc BOt aware of any mea.suremcnts of dielcctric
rclaxatioll of nClIlatics in thc presence of ftow, a direct comparison with expcrimental
resuIts wa.s 1I0t carricd out. Howcvcrl such 1argc effects conId be IIlcasurable and in this
sCllse. tltis work Sllgg(~Stsllev.."cxperiments to be perfofmcd.

To lhis goal the arliele has heen orgallized I~'follows. In the next section we define
tite lJIodd alld write do\\'u thc ba.tiic stocha.<;tic dynamic equatioIls for the director and
the rC'oricntatioJl a.nglc fur thc particular gcoIllctry 1l1lder cOllsideratioll. Thcn~ ullder
the wcll defined approximatiolls of IlcgligiLle itlertia and minimal cOllpling, from thcsc
eql1atiolls \I,-"C derive a stocha.titic amplitllde cc¡uatioll for tite FOllricr's <lmplitlldc1 O(tL of
tite reoriclltatioll allglc aud for the dominant mode just ahove threshold, This lillear~
sedar st.oclla.-.;tic (~qllati()n silllplifies the dYllamic description and cOlltaills lile cffcct of
hackflows through an effectivc viscosity cocfficicnt. In the next sectioIl wc ealculate
the first. t.wo 1I10lllcnts of t.hc rcoricntation angle prohahility distriblltioll ami in tenllS
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FIGURE 1. Schematics of a linearly polarized electric field acting OIl a homcotropically aligncd
ucmatic crystal film.

of them we ealculate the equilibrium eleetrie dipole eorrelation funetion. Then we use
these quantities to evaluate analytically the complex dieleetric funetion E~ (w) in the
transversc dircctioIl alld pIot its real, é~(W), and iInaginary, c1.(w), parts a",;; fUllctions
of w far PAA (para-azoxyanisole). The eorresponding Cole-Cole plotH with and without
baekflow e!feets are abo ealculated and their differenee" in these two cases are shown.
Finally, in thc la.."tl-icctiOll we sUIIlIllarizc our results and condude by IlIaking SOIllC furthcr
physieal remarks.

2. MODEL AND ilASIC EQUATIONS

"VecOIlsider a nenuüie liquid crystal layer uf thickucss d aloug the z axis and containcd
betwecll two parallel dielectric platcs, as showll in Fig. 1. Thc trallsverse dimcnsions, L,
along the x and y dircctions are large comparcd to d, hut the ccll has a fillite voluIIlc
V = £2,]. Sinee it is well known that the hydrodynamie e!fects are enhaneed for bend
geoIllctrics [12]' we cOIlsider an initial homcotropic configllratioll of the director field n
wltcrc it is cverywhere perpendicular to the plates1 nO = (010\ 1). \Ve assUIIlCstrong
allf'l!nrin.r hnlJlld::lTV('()nditinll" rOl' tlll~ dirl't'fnl' ~lj fh" nbt"..:
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In Lile abscnce of au external ficld lhe IIcmatic will rctain its initial oricntatioll nO.
However, if it is excited by au obliqudy applied exterua! fidd with a coustaut polarizatiou
iu the :I:-Z plaue, the orieutatiou of the director iuside the ml! wil! vary with time aud
positiou aud wil! be described by the local director field l1(r, t). Actual!y, the uuit vector
n is a hydrodyuamic variable which characterizes the prderred directiou of the loug axis
of the molecules. Apart from the mass deusity, lIw specific entropy aud the mOlueutum
dellsity~ tite director is lile oul.y additional hydrodynamic variable [01'a nematíe; there
are uo other degrees of freedOlu iu the hydrodyuamics of uematics. This behavior results
fmm the spoutaueous breakiug of the symmetry 0(:1) amI from the fad that for smal!
wave vectors k, the director's susceptibility diverges as 1.-2 [lG].

Ir lile c1cctric field always remains in thc planc uf illcidcllce, it is reasonahlc lo a..'';-
sUIIIe tlJat the reoricntatioll of n also takes place in tite x-z plane, assumptioll that has
becII cOllfirmed by experimental measuremcllts of optical properties of ncmatics lluder
reoricntatioll [17). Thercforc, we also assllmc

11(:[:, Z. t) = [siu 0(:1;, z, t), O. ('()sO(;r, z, t)] (2)

\vhcre () is the reoricntalioll allglc bct\vecll II alld nO. COllsistcntly, we considcr thc
backflow (o be a shear flow of (he form

v(:r, z, t) = [v, (;¡;, z, l.), D, O] (3)

w]¡ic]¡ satisftes stick boundary couditions ou the plates vx(z = O, d) = O.
Using t}¡e stocha. ....•tic fortllulatioIl of the IlclIlatodynalllic cquations [lSL the gencral

dyuilmical eqnations for the director and vdocity lidds can be writteu in the form

(4)

(5)

\Vhere di == d/dt == D/Dt + v . V' denotes the usual material derivative aud F 18 the
Helmholtz free euergy fuuctional

1, ) 11, , (DIlO) (DIlO)F = dr U,.¡ + fem + fhyd == - dr 1\olhJ -,- --
" 2 " Dx~ DXJ

11, E.D JI, ~- - dr -- + - .dr (Jv
2 l! 81T 2 t' 1

(G)

\vlwrc .r¡ (; = 1..3) an~ tlJ(' ('olIlJHJIlCnts uf the positioll vector in thc plallc x z. Tite first
t{'nn in Eq. (6) gives tllC ()sf'cll-Frank distortioll fre(~ PJlcrgy in terms of Frallk"s el,L",tic
COllstalJt.s /(1. 1<2.. 1(1.. alld tlJ(' tensor K(3)6 is dcfiJIPd a...•

l<o..3")fJ = A'](r5nf¡ - 7lnll¡,)(6.h - HJll,) + 1('2Cn{]I1£-,r5vH¡tHV

+ K:l(()n-y - no.n'))ll¡J1tó, (7)
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where E,,¡¡I' is the totally antisymmetrie Levi-Civita tensor and the kineti" operators L(n)
amI r (n) are given by

L¡¡,(n) = O"M,,¡¡,.(n)ü., (8)

1
M,,¡¡,.(n) = 2[2(VI + V2 - 2V3)Tl"Tl¡¡Tl,Tl. + v2(6¡¡.6", + 6".6¡¡,)

p

+ (V3 - v2)(Tl"Tl,6.¡¡ + Tl"Tl.6,¡¡ + Tl¡¡Tl,6." + Tl¡¡Tl.6,,,)], (9)

r¡¡,(n) = ~[(>' + 1)Tl"O,,6¡¡, + (>'-1)Tl"O¡¡6",l. (10)
2p

In Eqs. (8)-(10) we have used the ahhreviation O" == O/On" and >, = "Ilh2, "11, "12,

VI, V2, V3 denote severaI viseosity eoeffieients. p(r, t) is the local n"l.'5 density and r+
dcnotes t}¡c adjoint operator which is hefe dcfined in the scnsc of illt.egration by parts
alld transposing matrix indexes. 'rile operator L is sclf-adjoillt, L = L-+.

The second ter m in Eq. (6) is the clectrolllagneti" free energy given in tenns of the
displaccIIlcnt vector D. It should he empita ..'üzcd that in writing tltis cxprcssioll we
have 11.'5umed, 11.,is usually the e'l.'e, that the magnetie suseeptibility of the uematie
is lIlueh smaller than its dieleetrie susceptihility; that is, that the liquid erystal is non-
magnetic [19]. The relation between the nematic and the optieal ficld is expressed through
the eonstitutive relation

D = ~ .E,

where the dieleetrie tensor ~ is given hy

(11)

( 12)

Here Ea == EII - E.L is the dicledri" anisotropy, where EII' E.L denote, respeetively, the
llcmatic's dielcctric constallts along tite parallel and perpendicular directiolls lo n.

The thiru tenn iu Eq. (6) gives the hydrodynamie eontribution to the free energy [201,
and the symbols 6F/6Tl¡¡ and 6F/6v, denote the fuuctional derivatives of F.

The uoise sourees ~¡¡aud o"n"l¡ in Eqs. (4) aud (5) are Gaussian white unises with zero
mean alld satisfy fiuctuatioll-dissipatioll theorcms stlch that thc cquilihrilllll distribution
11.'Socialed with these equatious h11.sthe cauouical fonn Peq[n(r), v(r)] ex exp[-F/ksT],
that is [18]

( (
, 2k¡j T , ,

~¡¡(r,t)~, r, t)) = --6(r - r )6(t - t )6¡¡"
"11

(!1,,¡¡(r,t)!l.,(r', t')) = 2knTM"¡¡Ó16(r - r')b(t - t'),

(O"r!,,¡¡(r,t) [O.!1bo(r',/)]) = -2kBTL¡¡,6(r - r')6(t - t'),

( 13)

(14)

(15 )

whpre kB is I3oltzmann's constant alld T t}¡c temperature. The Iloise SOUfCCS~fJ and
oonot3 are llllcorrelated.
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:3. INITIAL STAGES

Wc uow specialize E<¡s. (4) aud (5) to the particular gcometry eonsidered in this model
and introduce a minimal coupling approximation iu whieh the n depeudenee of the 01'-
erators f:h(n) and L:h(n) is approximated by substituting n by the initial orieutation
nO It should be stresscd that this proeedure retaius ouly the initial eoupling between
n and v, which is esscntial itl the initial stages of tite rcorielltatioIl, but keeps the full
noulinearity in the direet.or's dyuamie whieh iR present. in the dissipat.ive tenu 6F/6nlJ
iu E<¡. (4). Siuee all el'L,t.ie coustauts have t.ypieal values of the same onler of Illagui-
lude rol' thermotropie nematíes, fOf simplicity we also makc the cqual ela .."itic COllstallts
approxilllatiou, ]( == ](1 = ](2 = ](;¡, and aRsume t.hat. t.he ineident. field is of t.he forlll

E(t) = Eeos(wt), (16)

whure E denotes a COBstant polarizatioll.
Uuder t.hese approximatious t.he dynalllieal equat.ions (4) and (5) beeotne

() ,2 ,\+10.3 ' ()pO,v, z,t = 1':¡OzV, - [(-2- ,nx +!J,II"z,t, (18)

!lere !J, == fJ¡, Dx• == £-; (i = x, z), f3 is the iueideuee angle aud IEI2 is proportional to
t.he intensity of the applied field, 1= (eIEI2/81f), where e is the speed of light in vaenum
aud EO iR the perlllittivity of free spaee. Note that. in writing these equations we have
also assumed spatial Itolllogcncity in the x- dircctioIl so tltat the rclcvallt COlIlpOIlcnt of
the shear baekflow is vx(z, t). If the aspeet. ratio of the eell is ehoseu in sueh a way that
tlle trallsvcrsc dimcllsioll z is small a...,;;compared to ;.D, this is a rcasollablc asstltUptiOIl.

'1'0 procccd furthcr1 \Ve makc thc approximatioIl of I1cgligiblc illcrtia in whieh tite
director ficld iR cousidered to be a slow variable alld the veloeity field is aSSlllned to
f01l0w illstantancously tite dircctor's dynamics [14]. It amouJlts to c1imillatc VI from thc
determillistie parts of E<¡s, (17)-(18) and is aecomplished by setting O,vI = O in Eq, (18).
Int.egrating the resu]tillg equation once \Vith respeet 1.0z, substitution int.o Eq. (17) and
takillg t.he approximatioll of small angles (11-> O). we arrive at t.he followillg reoricntation
'''Iuation with hydrodyuamie effeets:

( 19)

Tltis st.odta ..<.;tic{'qual j( Jll d('scri lH's nI(' in it.ial stag{'s of t lu' r{'orientatioll IH"()('('SS: }¡owcver ..
evell \\'ith the simplificatiolls lIIade, it rcmains ra1,lier (,olllplicatcd. 1'0 silllplify it. furthcr.
ir. is cOIlvcnicllt 1,0 examine the hehavior of tlJ(~ FOllrier lIlodcs of O(z, t) hy tlsillg the
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fol!owing Fourier transforms compatible witlt tite imposed boundary eonditions:

00

O(z, t) = ¿ O",(t) c08[(2m + 1)1fz/d]'
m=O

(20)

witlt similar transfortnations for tite noi8e terms ~x(z, t) ami rlzx(z, t). Tite index m iden-
tifies tite discrete mode8 in tite z-direction ami tltis transformation leads to tite fol!owing
stocltastic amplitude equation:

lVm -1 EOca, ,d,O",(t) = -=-(}",(t) + '"11 --ExEz + ,/",(t).
'"11 81f

(21 )

Here '11 is an effective viscosity coeflicient wltielt eontains the effect due to the hydrody-
Ilamic couplillg in the dYllamics, i,c'l

1
'11='"11 2/( )'1+ "2 l/ni

(22)

with "2 = -Atl'"1l, where "2 i8 a Leslie eoeflicient. IV",/'11 is the amplifieation faelor of
the fluetuations during the transient dynamies associated with the switching on of the
eleelrie field. The explicit fortn of IV", is

(23)

It should be pointed out that the amplifieation factor IV",/'11 contains two wel! differ-
entiated contributions. On the one hand, IV", comes from tite fortn of the free energy;
it is therefore illdepcll<ient of the dYlli:Lmics and of the hydrodYllamic cOllplings. OIl the
other hand, '11 eontains the dynamie effeet8 originated in the backflows.

The rclaxation time of tite different modes i8 given by T", = -'1I/IV",; therefore the
mode m = O has the larger rclaxation time and is the dominant mode. Actually, the
\'€lIlles of Tm define thc time scalc on w hiclt our dcscription of the carly stagcs of thc
reorientation is valid. For instance, for CBOOA, T", can be estimated as 0.986 s ami for
PAA is approximately 1.45 5, which are times acccssiblc to cxpcrimcnt.

The noise so urce '/",(t) is the following linear eombination of the Fourier amplitudes
~""x(t) and rl""zx(t) of the original noise sourees:

,/(t) '" ~""x(t) - p(>' + 1)/20""zx(t). (24)

Tlms, it is :-;tillGallssiall with zero mean alld is complcte1y characLcrizcd by its corrclatioIl
(q(t),,(t')). It can be easily shown that. it obeys a fiueluation-dissipation relat.ion similar
1.0 Eq. (1:3) bnt. with tbe cffeetive viscosity '11'

( () (
, ) 2/,;B'i' . ,

11m t 11ml t) = 2--=---\1 ()lfl,ml()(t - l ).
'"11

(25)

This n~slllts show tltat withill lile approxilllatíollS Itlade, Uw WllOlc errcct uf tlle couplillg
betwccll the din~ct.()r and vpiocity fidds is lo rcplaC(~ rl by 11.



FLL'CTlJATI:\'(; IIYlJHODY:\':\:\lIC HESPO:\'SE IX TIIE DIELECTHIC ... 41

Now, ,ince the crilical ¡¡dd can he estimaled as Be = (7r/d)(47rJ(/éa)I/2 [21]' to be
cOllsist.ellt. with the millimal cOllpling approximat.ioll we ;:L"lSmllCthat tllc exterllal field
illtclIsity is just abov(~ t.hn~shold and that ouly t.he dominallt lIlodc 1n = O is excited.
It shonld be ,tresoed Ihal lhe rednction of 1£'1" (17)-(18) to a normal-fortn amplitude
equatioIl with the illc1l1sioll of noise terms is tlw key idea of our developmcnt. This
redll("(" the probl",n posed by a stoeha,tie partial difrerential equation, IEqs. (17)-(18)].
f.o aJl ordillary. linear stoc11iL"lticdiffcrcntial cquatioll rol' a scalar variable [Ec¡. (21)]. This
method is of general validity alld can be applied to a variety of similar problems [221.

4. DIELECTRIC RESPONSE

Tlw lolal eleetrie dipole moment p(t) of a rodlike nematie polymerie sollltion con,ists of
lwo parís. namely. a pertnanenl dipole PI' and an indnced dipole Pi

P = PI' + Pi = ItU + ~ .E(t). (26)

where E(t) i, the exterIlal field, Il is the magnitnde of the permanent dipole momenl
alld g is tlle polarizability tensor which can he writtell in tenns of tlle parallel and
Iler¡)(~ll(liclllar polariz;ti>ilit.ies as

(27)

where ~" :; all - ".L denotes the polarizability ;~symnlCtry. Now, aeearding to the
moleenlar theory of Doi and Edwards far nematie polymerie solutions [23], Ihe vector IJ

in 1£'1" (26) and (27) ,honld be interpreted as a nnit vector langent to the primitive ehain.
Thi, ,uggests that for a mdlike nematie, IJ de,cribes Ihe director n veclor f¡eld il,elf.
Sílice n is a hy<irodYIlamic variable, this identificatioll illlplies that the dipolar 1Il0IllCllt
is also a local variable descrihed in l.enns of a polarizahility local density of t.he fonu (27)
hut replacing u wit}¡ n. Tllis has the important cOlIseqllellce that the rcoricntatioll of
rodlike ncmatic liquid crystals can now be stlldied in t.erms of the stoCh;:L"lticdymuuics
of n. Aclually, Ihe quantit.y Ihat is measured in dieleelrie relaxation experimeut, is the
average vaIuc of the total dipolc 1Il0lllCIlt p over lhe distri1JlItioll of reoriclltatioll ilngles.

(p) = Il(n) + (~) .E(t). (28)

Then, u,ing 1£'1. (27) (p) cau be expresS('d in t.erm, of Ihe moment, (11) and (IIn).
Ilowev(~r! in thc lilllit ()f slllall orientatioll awl ill('idplJ('(~ allgles cOllsidcrcd in t.he pn~vious
s('dioll, Uds general pxpl'f~ssioll reduces t.o

(¡¡,(z. 1.))= (1' +~"¡,;rhoswt)(O(z. t)) + 1~'!Jt:Oswt(~,,(02(z, 1.))"11)' (29)

(¡¡(z. t)) = l' + 1,'t:Oswt("11+ ~,,!J(II(z. 1.))). (30)

Thus. it is dear that in ord('r lo ealclllate (p) it is IH'ccssary to evaIllate first t,he III0lllellt.s
(lI(z. 1.)) aud (1¡2(z. 1.)) fmm t.he ,t.och;~stic amplit.ude Eq. (21) and Eq. (2G). For givenllu
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and far the dominant mode m = O, these eqnations yie1d

2
(O(t)) == (Ii(z, t)) = -Ooc-t/T

"and

(31 )

(32)

(33)

(34)

where T is the relaxation time for the dominant. mode T == "hti? / K ,,2 a!l<l A == 2kll T /1 l'
The overbar in Eqs. (31) and (:12) denotes an spat.ial average over the t.ransverse coordi-
lIate z and kB b llolt;f,lIlélllll'S <:Ollstallt. It should be rcmarked that the ltydrodYIl<Lmic
hackflows prodnced hy the reorientation do indeed alfed the rclaxation time T throllgh
t.he elfect.ive viscosity 11 given hy Eq. (22).

On the other hand, the diclectric fUllction is defined hy [24]

(
['(W) - [(00)) < . roo 1 -iwt.l. ()
t:{O) _ t:{oo) .. = "ij -!W Jo (te 'Pij t .

'J

where ,pij(t) is the normalized relaxation funct.ion. It is well known that in the high
t.cmperaturc limit and [01' t}¡e linear response regime [25]' 'lj;ij(t) IIlay he idelltificd with
the e!cctric dipaJe cql1iliiJriulII correlation fllllctioll

1j1i(t) = (1'.(t)1'j(O)) ,
J (Pi(O)p)(O))

where pi(t) is t.he e1ectric dipole lIloment of the system averaged over z and t.he angnlar
hrackets denote an equilihrilllll average. The clect.ric dipole corrclation function is defined
in terms of the condit.ional average of the dipole lIlolllent as

(35)

Now, as rnclltiollcd in Sed. 1, [or the IIcmatic cell considcred alld \luder the ap-
proxilllations made in tlle last section, it is lo be expected that thc dieiectric flluctioll
perpendicular t.o the director axis, [~(w), should depend only on ,pn(t). Then, if we
{irst. calculat.e (Px(t))p,(O) fwm Eqs. (29), (:11) ami (32), ami if the resulting expression
is t.hen sllbst.itllt.ed into Eq. (:14) we arrive al

(36)

lI('re t.he coefficicIIts Ai, i = 1, 2, :~,are wdl ddillcd fllllctiolls of thc III;:Ltt'riai paralllcters
and ()f the amplitude E (lf lIJe field alld tbcir explicit. exprcssiollS are g:iVPIl hy

A'
A, == i = iJo[(".L + !'wli5/2)F:{1 + (2!'wOo/,,)E + Boj, (:17)

_ A~ '2 'A, = A = iJ"6.,, ¡O/I', (:38)

A~\ ,A3 = A = iJ"6.,,Mh (:19)

J1 = iJ"{iJ,, + ¡';[2".L!1+ (!JI + 06/2)/i6." + iJ,6." + ,1006.,,/,,]}. (40)
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FIGUHE 2a. "ormalized real part of the diclectric constallt, t'(w) =' ['(w)/[E(O) - [(00)], 'k,
defined by Ec¡. (46), plotted 118. w fol' PAA at 125°C. The material pal'ametel's fol' PAA wel'e
Iak,'n from [28,29]. E = 10-" din/esll alld ti = 10-3 cm. (--) correspollds \0 the presence of
backflows aud (- - -) \vhcu lhe)" are totally ucglcctcd.

where \ve havc idclltificd

(41 )

(43)

(44)

FroIII t.he ahovc equatioIls follO\....s that in the strictly linear response regime. \\'Iwn~
Eq. (:).1) is indepelldellt of lhe neldo Eq. (36) redllces to a sillgle rc1axatioll expollenlial
¡jJJI(t) ~ A, exp(-tjT). ill agn,elll(,llt wilh Deb)'e's d('scription.

011 the otlH~r hand1 it is important lo poillt out tbat wheJl lile systeJIl rclaxes l<)\....ards
lo a Hew equilibriulll state throllgh lhe reoricntatioH process, vibration mcchanisms ill-
hen'lIt. t.o tite system IIlay force it lo oscil1ate harmollically witil a cert.aiIl characteristic
frccpwllcy [2(;. 27]. lIow(~vel', sillc(~it has bcen suggested tila!' ihis dfect is significallt only
{(Jr hi14h frequencics [27] alld sillc(, il! thi~work we only cOlIsider !ow frequencies~ in deriv-
ill~ E". (:Hi) \Ve have ,,"tirel)' II"~b:ted t.his l'0ssibility. lt shollld also be emphasiZl'd tha!
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FIGUIlE 2b. Tbe same as in Fig. 2a ror lhe loss 1ll0dlllus t"(w) '= £"(w)/[£(O) - £(00)1.

the eorrelation function given by Eg. (:16) is esseutially the pmduct of au expoueutial
fuudioJl times an harmOllic Dile. This form agrees with the olle a..'is\llIlcd by Kuhn [2G] rol'
the desrription of the dielectrie relaxation of sollltions of polar 1IIo1eeules, a¡though iu onr
'"1..''' the preseuce of two reiaxatiou times, T = 1,,¡2 / J( 11"2 and T /2 indicate, a nou-Debye
effeet. Fllrthermore, onr expression (:lG) coutaius explicitly the effect of bydrodyuamic
How, (backHows) in lhe relaxaliou throllgh the preseuce of the clfeelive viscosily 1,. TI",
real and imaginary parts of the dideetric fllllctioIl ei. (w) == E~ (w) - ié" (w), can now I)(~

calclllal<'d fmm Egs. (33) and (:J6) lo ¡he ':Hue order of approximaliou as ¡J1IJ(I). This
yidd,

aIlCI

{ (
., .,

" W 1 A222T)---W"
E.dw) = (EdO) -é.doo)] ...11- 2 _" + -2 WT 2 (2) 2

TW +7 .. W + T-

(46)

Fol' typicai values of lhe mat.erial parallleters of Pl\A [28,29] .•. he a1>ove expn'ssiullS an~
evaluated as functiOlIS of w in the low fn~qllclH'Y rallge 0.7 200 IIz bot h. rOl' t II(~cast' Whl'lI
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rI(;UHE 3a. The differeuc" ~{~(",) '" ~£~("")/[EdO) - £~(oo)l as a fuuetiou of the fre'lueue)".

back(low~ are prescnt aIle! [01' a qllicscent Ilcmatic. T!tese plots are showll in Figs. 2. As
can be scen frolIl Fig. 2a1 backflo\\'s induce a slower <lecay of £~ (w). Tlle samc occun;
for the 108s IllOdulllS <Uw) a~•.•shown in Fig. 2b, but the maximum shifts towards highcr
freqllcucics. Howevcr1 it is perh(~)smore illstructivc to plot thc differcllccs bCl\',;cCIl thcsc
val\les. c,£~(w) '" £~"(w) - £~ (w) and c,£';.(w) == £';."(w) - £';.o(w). whieh are given
in Fig, :~. Thc slIpcrscripts 11 and O denote. respectivel)', the valucs with and \\'ithollt
haekllow effeels. FrOlu lhese c\lrves it cau he c1early seeu lhat thc hydrodyualllie IIDwS
illdll('(~d by the reorielltatioll pro('(~ss produce a sigllificant and in principie mcasurablc
dfe •.l. The lllaXillllllll diff" •.elH'" lIlay be as high as 75% for c,£~(w) and 40% for C,E';.(W).
This t1",n shows tha. in lhe low fre'lllCncy range 0.7-100 Hz, thc presence of hackflows
lila} induce an ilnport.atlt chatlge in the dielectric fllHctiow.; in the transverse dire<:tioll of
a t lwl'llll)tropic Hematíe.

This effec! indllced hy hackllows in the dielectric constauts is less uoticeable in lhe
traJlSVl'r!"i(~ Colc-Cole plot. Inei('pd , in Fig . ..¡ V,'C s}¡ow t}¡csc plots for PAA whell thl'rc
is IlO f1()\I,' alld W}¡CIl i>ackflows are prescllt. TIte ClIrvature of tltis plot challges dlle lo
backllows departillg frolll a selllicírcle (Dcbye), allhollgli tiJe diffcn~I1cc wit.h n~sp('ct to
t IH~casI' wit hOllt lIow is ll'ss no! iC(~ablc t hat in Fip;. ¿.
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FIGURE3b. The same as in Fig. 3a ror ~€~(w) '" ~,~(w)/[€~(O) - €1.(oo)J.

5. CONCLUDlNG REMARKS

There are several aspects of tite rcsults of t}¡e prcvlOUS HcctiollS that dcscrve fllrthcr

daboration.
First, il ¡s important lo st.ress Ollce agaill tltat the idcntification of tite ullit vector

u tallgcJlt lo thc polymcric chain in tile molecular thcory of Doi alld Edwards. w¡th
the ncmatic's director, allO\vcd liS lo use a stocila."ltic fOrlIl1Ilatioll of lhe ncmatodyn<lmic
cqllatiolls lo describe the dielectric response in tenllS of lhe :-;tochastic dyn<lmics of rcori-
clltatioll. \Vithin this COlltcxt, \ve have abo SilOWll that these hydrodynamic cOllplings,
which are al\',,'ays prescllt in tite illitial stag(~sof the rcoricntational dYllanlics. induce t;ig-
nificant chang"s on the diei"dric moduli €~ (w) and E';.(w) of the nematic. These changcs
may be as high as 75% and .10%, respectiveiy, even for a low field fre<¡ueney inlerva!
between 0.7 Hz and lOO Hz. In principIe, sneh a large cfred shou!d be detect.able, but
whcther 01' not it can be mea,"illred remaills to be a.,;,;scsscd.

Secondly, it is aIso itllportant to stress tha!. our dynamical descriptioll is re:-;tricted to
the initial lIollstationary stages of the reoricnt.atioll process. In SerL, 2 we asslllllcd sIllall
devialion angles which lead to the linearized e<¡ualions (17) and (21) which in tmn allowed
11Sto carry out all analytical treatment. However, strictly speakillg, close to t'quilibrillm,
this cla..'\s of llo11cqllilihriulIl stat.es do llol comply with thc Ollsager's hypothesis 011 the
rcgrcssioll of tite fluctual.iolls. This lIlay 1)(' S(,(,II already frolll Er¡. (20) wllidl implies
that lhe fllll:l.nal.ion (O'(z, t)) - (O(z, t))' do nol. deeay as the average. In spite of I.his,
v,'c have lIsed as a first approxilIlalioll, sev(lral reslllts t.1I a!' , admittedly, arc ouly valid
for the linear response regillle. An exalllple of tltis situation is tlle use w(~ Ilavc lI1ade of
t.hc cxprcssioll relating tbc dielcctric and relaxation [unct iOBS inc1uding terms linear iJl
I.he field. This lead ns to a non-Debye expressions for the dieiedrie constant and to the
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FIGUHE4_ Trans\-erse Cale-Cale plot for the real and imaginary parts of [1. (w) :; £1. (w)/[£ 1.(O) -
£1.(00)), as gi\-en hy Eqs_ (-15) ami (.16)_ (-) denotes the resnlts with hydrodynamies effects amI
(- - -) when backtlows are igllorf'd. Thf' dots OIl the cur\'cs denote the frcqucncics givcn in IIz.

il.\YlIlllwtric Cale-Cale diagrallls of the previous sceliou_ To justify the validity of this
approximatioll it is illlportant to mcntioll, 011 the olle hand, that the predictiollS of 0111'
modcl are in qllalitative agrecmcnt with cxpc1'imcntally lIleasured Cole-Colc plots .[5, 6].
Ou the other haud, thc fonn (3G) for the correlatiou funelion, which is essentially the
pn)(luct of an cxponcntial fUlletioll timcs aIl Itarlllonic onc, agrees witlt the aIle assulIlcd
hy Kuho on the I"l.,is of a linear respome theory description of die1ectrie rcJaxation of
solutions of polar moleeules [24, 2G]. Jt is a!so worth pointing out that predietions such as
au e1eetrie field dependent dielectric constaut for the uonequilibriulll states eonsidered,
are itl agrcclIlCnt with tite prcdictions of molecular thenries [23]' wherc thc hircfringcncc
of lIcmatics is a second order effect in the e1ectric field [30].

Thirdly, it should he lIleutioned that our stoehastic descriptiou in terms of a linear
Langevin typc amplitudc eqllation is fully consistent with descriptions ha..'.;cdon equiva-
leut equations such as the Fokker-Plauck eq\latiou [31]_ lIowever, a complete deseriptioll
of the whole reorientatioll rdaxatioll is descrihed by highly nonlinear "qllatiolls [30,32)
of thc fortn

08(z,t) ,020 £a [- 2, 2 .]
')'1 O = E\ O 2 + - sm20(lEII - IE",j ) - 2EIE, ens 20 = O,

t Z 8". (47)

wltere * dcnotes complex ('onjllgatc. rt is apparent tltat the consideration of tile wholc
reoriclltatioll process \vould sllbstantial1y ('omplicate Lhe <Lnalysis. This is dlW, 011 tite olle
hand, lo the nOlllincar charader of the equatiOIl alld~OH t,hc other halHI, t.o the fad that
(he dynamics of the field is collpled with that of (h" lIematic_ Although even in this case
all analytical trcatment is feil.,ihle [:13], the silllplicity of (he model is 10st. Fllrth"rmore,
lo COlIstrllct an ilmplitude eqllation associatcd wilh this highly nonlincar equation is
1101.a trivial lIlatter dile 1.0 thc illCOllsistcncies that lIla,Y arise bctweclI llonlincarities
anl! tlw:tllations iJl thb C':L"W [~~~I].lIowc\'er, tlle prcdictions of thc proposed Iineariz('d
Illodcl are indicativc as lo what t.o expcct for tlll~complete proccss. Ollr rcsults sltow
a t.t'llfll~Il(:Y in tile did('dr!c response duc j,o hackllow l'ffccts. SillCC to ()\Ir kllO\vledgc.
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descriptious of dielectrie relaxatiou iu liquid cryslals with hydrodyuamic coupling are
practically illcxistcnt. our descriptioll slIggests new experimcnts lo be perfofmcd.

Finally, it should he stressed that beyond the linearized regimes considered here, there
is no rcason lo expect t}¡at the lowest ordcr lIlode wilI domínate the dynamics. In this
case ail the IIlodes sltould he im:luded in tite descriptioll of the rcoricntatioIl dynamics
alld allmust contri hu te to t}¡c dielectric response. Tite analysis of this situatioIl is él lIluch
more complicated prohlcm than the olle COlIsi(1Pred here and should take illto account
thc cOllplillg and competitioll among aH the FOl1ri(~r lIlod(~s. A way to take iuio account
this [eatures is lo use rcnorlllalizatioll gl'oup IIlPtliods. This gClIcralizatioll is prescntly
lInder way [35].
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