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AHSTH~\CT. Thc effects of external fiuctuations in a laser beam interacting with a nematic liquid
crystal film are studied. \Ve model the f1llctuations in the intensity and amplitude of the ind.
dent optical field and derive the associatcd stocha.<;tic dynamics of the director's reoriclltation.
\VheIl the parametric noise is ill the intellsit.y, the dynamics is described by a linear Langeviu-Iike
equation with gaussian white or colored Iloise. In contrast, thc ca.')c of a ftuctuating amplitude
leads to a stocha.stic equatioll with nonlillear (quadratic) colored noise. By using a systematic
approxirnation method we calculate the nobe induccd hirefringence for both ca.ses in tite final
stagcs of the reorienlation proccss in thc a.bscnce of hydrodyna.mical backflows. Numerical esti-
mates of this <¡uantitO' for 5C13 indicate that it maO' be <¡nite large and that it should be readilO'
mea..'mrable. ActualIy, we show that this Iloise intiuced birefringence may be comparable, and
e\'eIl larger, than itr-;value in the purely deterministic ca.sc. In this sen se our work suggests a new
effect ami Jlew experiments to he pcrformed. The limitations and sorne gencralizations of our
model are also discllssed.

RESU~IE:\". Se estudian los efectos producidos por fluctuaciones externas en un haz Ia..')cr que
interacciona con un cristal líquido nemático. Presentamos un modelo que descrihe las fluctua-
ciorlC'Sen la intensidad o en la amplitud d('1 campo óptico incidente y describimos la dinámica
estoc.btica de la reorientación ¡Jpl director. ~Iostramos que cuando el ruido está presente en
la intensidad, la diJl(imica obedece una ecuación tipo Langevin con ruido blanco gausiallo o de
color. En cambio, el caso el! que la amplitud fluctúa, se describe por una ecuación estoCéi-;tica
con ruido no lineal (cuadrático) de color. Utilizando un método de aproximación sistemático cal-
culamos la birrefringellcia inducida por el ruido en ambos casos en las etapas finales del proceso
de reoripnt ación, cuando los cOlltraflujos hidrodinámicos son despreciables. Las estimaciülleS del
\'alor de la birrefringcllci::t. inducida para 5eD muestran que ésta pued(~ ser apreciable y por lo
tanto medible. De hecho, ést.a cantidad puede ser comparable y atín mayor que la inducida en el
caso detl'rminista puro. En este sentido nuestro trabajo sugiere 1111 nuevo efecto físico y IHWVOS
expC'rilll('flt os.

PACS, .12.G5.Jx; GI.:lO.Gd; GI.7(I.~[d

. Ff'lIows of 5:'\1, ~Iéxiro
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l. lNTRODUCTION

Thc intcractioIl of la...~er light wilh l¡quid crystals has given rise lo many int.crcsting electro
and magnelo-optical cffccts [1,2]. Amollg 1,hCHC,optical sclf-focusing stands out a.."i a phe-
1l00UenOIl that ha.., revcaled tlle vcry strong optical Ilonlincaritics of liquid crystalli [3.4]:
an extreme lIonlincarity tlmt pcrlllit~ tite illvcstigatioIl of Ilonlincar optical effects with
low powcr cw la.."icrs. For illstancc, it is cxperilllcntally weH cstablished that tluder low
optical nelds the response times of the reorientation of the director depend on character-
istic lClIgtlts sudl as thickncss al' grating COlIstallts, and are typically in lhe milliseconds
lo seconds rauge [5]. Howcvcr, rcccnt cxpcrilllcn1.s have showll tltat liquid crystals can
also respond to sufficicntly intensc (~ 100 Ñ1\V jcm2) nanosecond or evcn picoseconds
laser pulses and that this res po use is also iu the nauoseconds regime [6].

But although these phenomena have hmn well studied fm determiuistic light pulses
where their intcrnal fluctuatiolls are cOIllpletely ignored1 nmdl less is knowlI abollt the
effects t}¡at a I10isy incident signal nlig}¡t produce on t}¡c reorielltation of t.lw nematic's
director and t.hercfore, OIl sOllle of its optical properties suc}¡ as birefringence. Act.u-
aHy, a proper characterizat.ioll of laser light should take iuto accollllt HuctuatioIls. They
are needed lo describe statistical properties such as illtensity or amplitude f111ctuations.
correlatioll fUllctiolls or dynamical transiellt pl'ocesses triggercd by the Huctuatiolls thcm-
selves

1
likc tite decay of ullstahle ol' mcta."itable ¡.;t.ates. La....,cr f1uctllatioIls have their origin

in differcnt. SOllrces of noise which lIlay bc elassified as intcrna1 or external lloise.
In fact.

1
in the study of opcn systems it is cotlvenient to distillgllish bctwecll interna1

aud external Hnctuations. This differeuce depeuds, of course, iu how the system is denuedo
In practicc. hO\\'ever, the difl'ercnce betwcell thc system and the external parameters
acting OH it s}¡ollld be clcarIy cstablished in cach particular ca."ie. The external parameters
are detenuined by the cnvirollluent of the system, that is, hy bouudary conditions or
applied ficlds.

Internal flllctuatiolls are self-gcneratcd by t1Jesystem aud !lave their origin in liJe largc
Illllnher of degrecs of frcedolll that have betm avcraged out in its statisticai deseriptioll.
Their st\Hly is a weH kllOWIl part of stat.istical mechanics in eqllilibrillm and far from
eqllilibriuIIl [7] and an illlportant featurc of thcm is that they scale with an inverse
power of tlle size of the system. Thereforc, they vanish in the thcflllodynamic limit,
except at the critical point where long rauge order is established [8]. In thc ca.se of Ia..o;;;er
signals tltesc f1uctuatiolls are relat.ed, for illstalH:c1 with spontallCOllS eluissioll 01'qllantlllll
noise. FroIll a fundamental poi lit of view this is, perhaps, the 1II0st intercsting SOUITeof
internal fluctuations. However. iJl practical devices stlch as Illcmory elemcllt:-; or optical
transistors. qualltum ftuctuations are overshadnwed by othcr IllOre staIHlan! sourccs of
uoise [9).

In contrast, external fltlctuations are thosc pre¡.;ent in the system \vhell it is subject to
an external lloisc

1
that is, whclI the external paralllctcrs do not take OH fixed detcrlllinis-

tic but raudolll vallles. This Iloise has it.s origill olltside t.}¡csy¡.;tcm in al1 illtrillsic natural
randollllless of the cnvirolllItellt. lt lIlay also I)(~imposcd 011a givcl1 experimental setup
by forcing a ('out.rol paramcter 1.0take rall<iolll valllcs with a \'..'e1111efil1edprcscription. In
this case it may he regarded a.."i an external fidd dl'ivillg thc systclll which is (,oIltrolh'd ill-
depelldcllt.ly and that does 1I0t sealc with t.he systelJl's size [lO]. This type of lIoise oeeurs
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in a variety of systems that have been studi"d in the literature and iucludes photochem-
ical reactions [11]' hydrodynamic systems ""ar the Rayleigh-Beuard instability [12] or
liquid crystals in the vicinity of the electrohydrodyuamic instability [l3J.

It is in connediou with this latter situation where the lIlotivation for this papel'
lies. The maiu objedive is to aualyze a simple model for the reorientation produced
in a lI"matic cell by a uoisy laser beam alld to calculate the induced stochastic eledric
birefringeuce (Kerr e/fed). This e/fect occurs when the medium is optically anisotropic
aud th" refractive illdices differ for different directious of polarizatioll of the light.

Ther" are differeut ways iu which the preseuce of external noise can be taken iuto
accouut. We first cousider the case wher" t.h" int.ensit.y of the iucident beam is t.he
fluctllating paraJnet.er. As wiIl he shown below1 this leads to linear stochastic equations
with white 01' color uoise and to the unphysical reslllt t.hat the iuduced birefringeuce
does not depend 011 thc field's intensity. For this reason we then analyze the sitl1ation
where th" external uois" is in t.h" amplitude of the elecl.ric licld of t.h" iucident beam. In
this ca..'"ie tite rcoriclltation dynalllics is dcscriued in terlllS of a stocha.stic equation with
nonliuear quadratic ext.ernal uoise. We find t.hat for the liual stages of the reorientation
where hydrodyuamic Ilows cau be neglected, the stocha.,tically indllced birefrillgeuce
does depellds on the optical's lield intensity alld that it may be as large as the usual
detcrnlillistic birefringcI1CC ::l..,,:,sociatcdwitll lhe intrillsic ::l..",;ymmctryof nematie liqllid
crystals. 111 principIe, such a large e/fect should be mea.,urable with high precisiou and iu
lhis seus" our mode! predicls a uew effecl aud suggesls uew experiments to be perfonued.

To tltis eno tite papel' is organizcd as follows. In t.he ncxt seclioll we definc tite
model and writc down the ha..,ic dynamie cql1ations for tIJe particular gcometry tlndel'
cOllsideration. TItcu in Seel. 3 we define tite stationary lIollcquilibl'iulll Htatc to be studied
aud from the dy"amical equatious we derive an amplit.ude equation for the Fourier modes
of the componenls of lhe director lield. In Sect. 4 we introduce uoise effects iulo this
equatiou alld in Sect. 5 we calclllate the illlluced birefringeuce for the dilferent situatillns
mentioncd aboV(. alld estimate its value for 5en and rol' differcnt noise parmueters. We
also discuss the limitations of the model a., well a., possible generali"ations wh"re the
results of this work could be used as a startiug point aud we clase the papel' by makiug
SO me fllrther physical remarks.

2. l\IOOEL ANO I3ASIC EQUATlONS

Consider a uematic liquid crystal placed between two glIL," plates perpeudicular to the z-
axis awl separated éL distance d, a.."\ShOWIlin Fig. 1. Along the transverse dircctions x alHI
11 the cell ha.s infiIlite (liulcnsioJls. DOlludar)' cOIl<litions corrcsponding to Htrong anchorillg
of the director are IL'"lImed on the plales at z = 0, d aud are such that the director's
initial orienlation is arhitrarily sel along the z direction, nO = (O, (J, 1) (homeotropic
conlif\uration). At ",)me initial time au optical lield (pump beam) with a linear and
constant polari"al iou iucides obliqlldy inlo t.he cell with an ilnf\le r = (orr /2) - fl with
respcct t.u t.lw z-axis. Ir tite lascr field is intclIsc cnollgh, aH orientatiollal transition. the
so cal1pd optical Frl'('dpricksz trallsitioll (OFT). is illducecl in thc nematic film [14]. Ahovc
tile trallsit.ioll thrcshold. Ec_ t}¡c optical field diHtorts t.he ¡nitial homeotropic aliglllllcllt
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FIGURE l. ScheIIlatics of él linearl)' polarized aplical field acting OH a lIlomeotropically aliglled
Ilcmatic crystal film.

of the film by reorienting the molecules against the clastic torques. This reorientation is
described by the director ficld n(r, t) and if the polarization always remains in the x-z
planc of incidente, it occurs in thc saIllc planco Furthermore, ir the aspect ratio of the
cell is chosen in sllch a way that thc trans\'crsc direction z is small comparcd to x. we
may further ,~"ume that n(z, l.) = [sin O(z, t). 0, cas O( z, t)], where O is the reorientation
angle in the x -z plane.

Although the reorient.at.ion of t.he director is usually coupled to hydrodynamie back-
flows generat.ed by the motion of the moleeules of the nemat.ie, for the stat.ionary state
that we shall consider later on. they are small and we shall ignore them cOlnplet.ely.

To describe the OFT \Veeonsider t.he Helmholtz free energy functional

F[n) = l rlr (j,,] + f"m),

\Vhere V is t.he volume of t.he liquid crystal. llen, fpl is the Osecn-Frank energy densit.y of
clastie dc[ormations [15], which in the equal elastic constants approximatioll [( == K}
1<2 = K:1 ane! fOf thc aboye IIIclltioncn gpolllctry. il is givclI by

f,.] = J( [(ü,nx(z. 1))' + (iJ,n,(z, 1))'] , (2)
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where Üz == ü/üz. Sinee usually the magnetie suseeptibility of nematics is much smaller
than their dieleetrie susceptibilit.y, we assume that the liquid erystal is nonmagnetie. In
t.his CiL'e t.he eleetromagnet.ie free energy density can be writ.ten as

2lem = -(E. D)/2 = -EaEO(n. E) /2, (3)

where EO is the eleetric pcrmittivity of VaCll1l1lland where we have llsed the usual consti-
tut.ive relat.ion bet.ween the nematie atJ(1 t.he opt.ieal field, namely

The dieleetrie tensor •. is given by

D = ;;. E. (4)

(5)

(6)

(7)

(9)

(8)

whenl Ea .= £11 - £-1 is the dielcctric anisotrOPYi £11- £-1 dellote, rcspcctively, the nClllatic's
dielecl.rie constants along the parallel and perpendicular direet.ions 1.0 n.

U,ing t.he fonnulat.ion of t.he nemat.odynamie equat.ions developed by San Miguel amI
Sagué, [i6]' from t.he free energy funcl.ional obtained by sub,tit.ut.ion of Eqs. (2) amI (3)
int.o Eq. (1), we arrive al. the following "quat.ions of mot.ion for the components of the
director field:

, f( . 2 EaEO (2 )ü'''x(z, t) = -ü,"x(Z, t) + -- "xEx + ",ExE, ,
1'1 2"y¡

Ü ( ) f( .2 ( ) EaEO ( 2)lnz z, t = -üz nz z, t + -- nxExEz + nzEz ,
1'1 21'1

where 1'1 is the reorientational viseosity. Not.e that. t.he ele<:trie field ent.ers quadrat.ieally,
t.hat is, 'L' t.he int.ensit.y of the beam.

3. AMPLITUDE EqUATION

The ailll of this scctiOIl is to introduce noise iuta the aboye equatious. F'orthis pllrpose
we restrict OUT allalysis to the fillal stagcH of the reoriclltatioll aroulld tlle final stationary
state where n is almost. orient.ed along the polarization of t.he optieal field. In t.his state
thc induced backflows are negligihle since rcorielltation is almost complete. \Ve specialize
the general Eqs. (6)-(7) 1.0 this sit.uat.ion by linearizing them around this final orientation
atJ(1 expressing them in t"rms of t.he angle () bet.ween E and n when () -+ O (see Fig. 1).
Tlle correspollding dYlI:uuical cqllations then reduce to

Ü ( ) f(ü2 ( ) EaEO¡'2' /3tnI z~t = - znI Z.t + --:jo SIB ~
11 211

. f( 2 EaEO .2ü,,,,(z,l) = -o,,,,(z,t) + --1, cos/3,
1, 21'1

with Uf == U/DI. Not.e t.hat. while in Eqs. ((;)-(7) the field's amplitude enters in a mnl-
t.iplieative way. wit.h t.he,e approximat.ions it. is addit.ive in Eqs. (8)-(9). This faet. will



98 R. F. RODRÍGUEZ ET AL.

be important for introducing parametric noise, <lB will be discnssed below. Before doing
this, however, it ís important to remar k that although these equéLtioIlS are linear, thcy
are partíal differcntial cquatioIls alld lo convert tlwlIl iuto stocha.stic partíal diffcrcntial
equations by inclnding noise in the parameters E or 1 ~ £2, is a difficnlt problem to
deal with. To proeeed further it is more eom'enient to derive an amplitude e<¡nation for
the Fourier's amplitude of the most unstable mode of Ilx(z, t) with the inclusion of noise
terms. In this way one reduces the problem posed by a stoehastic partial differential
cqllatioIl ror a vector variable to aB ordinary stodw ...,.;tic differcntial equatiotl rol' a scalar
variable [17]. The method is of general validity and can be applied to a variety of similar
problems.

This is cOIlvenientiy rarried out by illtroducing tite following FOllrier's trallsform COIll-
patible with the imposed boundary conditions on n

00

Ilx(z, t) = L Ilq"rn(t) sin[(2m + l)(rrz/d)J,
111=0

(10)

where the index m identifies the diserete modes in the z-direetion amI q is the eorre-
sponding wave vector. It should be pointed out that since for a nematic n2 = lli+ll~ = 1,
for every z and t, it is snfReient to describe the dynamies of one of the components of n
oIlly. !\/1oreovcr, al this poillt we a.",~mme that the energy of the incidcnt beam is slIch that
its amplitude is sligbtly greater than Ec. Therefore, only the dominant mode m = O is
exeited and only its dynamies will be describcd. \Vitb these approximations the resulting
e<¡uation for the amplitude Ilq,(t) is derived from E<¡s. (8-10) ami tUt'llS out to be tbe
following linear stocha.stic amplitlldc cquation:

(11)

where d, == d/dt, JI == (I<h¡)(rr/d)2 and lJ == (£aEO/4¡I)sill,6. Not.e that. t.he constant JI
has the dimCllsiollS of invcrse time alld denotes a. charactcristic (rclaxatioll) time ni"thc
dominant mode.

Ncxt \Ve cOIlsider parametric lloisc which can be illlposed 011 this cquation in differcnt
ways. For inst.anee, we can assullle that eit.her t.he intensit.y 1 ex £2 or the amplit.ude E
itself are nol constallts in time but fluctuate. In thc formcr ca.se tlle Iloisc is additivc and
cntcrs lincarly in tlle amplitudc cqllatioIl, whcrcas rOl' the latter onc it is quadratic. Of
course, it is neeessary to speeify the statisties of the noise in eaeh case and this will he
done below.

4. PAHAMETRIC NOISE EFFECTS

4.1. Linc(l1' lloise

\Ve first consider t.he case where the intensity 1 = (:£0£2/2 (e is t.he speed of light
in vacllum) of thc incidellt signa) fluetua.tcs with white, gaussiall Jloise. lt lih0111d be
stresscd, howcvcr, that although tltis is perhaps t.hc simplcst modd of noi.sc OIIe cOllld

think or, and will formally cast Eq. (11) in a Langevin l(¡rm, t.here is no physical basis t.o
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justify this choice. Furthennare, ¡L' the above given definition of 1 shows, the noise in 1
originates in E and therefare it really should be nonlinear. However, let us consider this
possibility because in SOIllC way it is intuitivc and ca.sy to analyzc, but wc will show that
it leads to unphysieal predietions. Thus we assume /(t) to be a stoehastie proee" with
zero average, (/ (t)) = O, and correlation

(/(t) I(t')) = D6(t - t'), ( 12)

( 13)

( 14)

where D is the intensity of the noise. Sinee in the next seetion we will express the
bircfringenee in terms of the second moments of the amplitudc 1Iq,(t), from Eqs. (11)
and (12) it is easy to show that

2 2 D (Eadsin13)2[ ](nq (l.)) = "q (O) CXp(-2I1t) + -}( --- 1 - cxp( -2I1t) ,
" 8 ,1 C7r

which for the final statiollary statc, t -)- 00, reduces to

(,,2 )st = ~ (Ead sin 13) 2
q, 8K'1 e7r

Siuee white noise is always an idealization, a more realistie choice for the f!uetuations
of / is a eolared, gaussiau uoise. This 111L' the advautage of iutrodueiug the correlatiou
timc T of the lIoise as a sccond pa.rameter, apart froIII the Iloise intensity D. Actually,
many experimcntal results are givcll in tcrms of the parameter D /T, which is not prcscnt
in tlle aboye givcn white noise dcscription. Sillce wc wallt to dcal with a statiollary state,
let us model the linear parametrie noise in / ¡L' an Omstein-Uhlenbeek proeess (O-U) [10]
with zcro mean alld time corrclatioIl futlctioll

(I(t) /(t')) = D exp[-It - t'I/T].
T

If a..."before wc caleulate thc stationary sccond mOlllcnt (n~r)st,
but straightforward algebra from Eqs. (11) and (15), we arrive at

( 2 )st ID (Ea siu 13) 2 T [ ]-1
11 = -- --- - 1 + I1T .

q, 4 T e'l 11

(15 )

after some tedious

( l G)

4.2. Nonlinc(17' noise

\Ve now eonsider the amplitude e'luation (11) under the influenee of '1lladrat.ic parametrie
uoisc iu the field's amplit.udc. As beforc, we 1L'Sume that the amplitude E fluet.llates with
gallssian slatisties alld mcan valllc E

E=E+((t), ( 17)

where ((t) is a st.ationary /o.!arkov proeess. Then Doob's theorem [18] assures that. up t.o
eha.ngcs in sea le, ((t) is tlle Ornstcill-Uhlcllbcck proccss of mean valae zuro alld correlatioIl
fUIlctioll lik(~ in (15), Iml, wit}¡ a different lIoise illtcllsity D*

,(1. - t') == «((1.) ((t')) = D' exp[-It - t'I/T].
T

( 18)
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We are then conccrllcd with a stocha...'itie ilmplit.ude cquation in which the Orllstcin-
Uhlenbeck noise enter" nonlinearly, that i",

[
£a£o ] [-2 - 2]d,nq,(t) = -Anq, + 411 sin{3 E +2E((t) +( (t) . (19)

Tite problem poscd by this equatioll is much 1Il01'(~illvolvcd than in tite prcviotls ca.."ic:::; cinc
to the Ilolllinearity uf t.lte Iloisc. Howcvcr~ t.hcre is él syst.cmatic approach itltrodllced by
San Miguel and Sancho [19] to obtain the probability density associated with Eq. (19) in
the limit of small inten"ity D' ami small correlation time T. More specifically, in Ref. [181
is showll that to first arder in D* alld T, bcillg D* Ir finitc, a.nd ncglcctillg transicnt titiles
of order exp( -t/T), the probability density a""ociated with Ec¡. (19) "atbfie" the following
Fokker-Planck equation:

( D') (D') .8,I'(x, s) = -iJI 1 -:e + ---:;-I'(:r, s) + D' 4 + ---:;-8;1'(1:, .,¡, (20)

where we have introduced the dimensionle"s variable":I: == nq,(t)A/ BE" and s == Al.
Aithough the detaib of the method can be found in Ref. [19], at thi" point it is worth

emphasizing some of it" e""ential featmes. lt i" obviously based on the requirement
that D' « 1 when T « 1, since otherwi"e the flu<:tuating part ((t), who"e onler of
magnitude i" (D' /T)I/2, would become very large. 1I0wever, it does not reqnire that the
fluctl1ations are small, (l.'-i in cquilihrium statcs. Actllally, it is ouly llccessary that they
do not become too large with re"pect to the mean valne E; a situation compatible with
lhe stationary Ilatllfc of the lloncquilibriulIl statiouary statc we are cOllsidering. Anothcr
important aspect of the mcthod to be used b that the trullcation pcrfol"med re"pect" the
boundary cOlldition" of the problem. Thcrcfore the "tationary solutioll" ohtained from
the tI"1lncated cquatioll Eq. (20) remain valido

Using the "tocha"tic properties of ((l), from Eq. (20) we can derive the contribution
to (n~)st that originateH in tite paralllctric 1l0iHC. Tilat iH, kcepillg ol1ly tite tenllS that
invoive D* nr 7 1 we find that

(,,2)" = [(f,,"in{3) ('!:.)2]" D' [2/ I +3TiI + D'2+3TiI]. (21)
q, 2cJ( Tr T (1 + TA T 2 + Ti!

Note that in contra.,t to Eq". (14) and (1ü), thi" expre""ion dcpcnds explicitly on the
illtensity 1 and contaiIls quadratie terms in J)* 17.

S. Il.F:SULTS AND DISCUSSION

In t}¡c Appcndix \Ve Hllow that a normal to tlw cdl platcH incidcnt probe beaIll witlt a
wavdcllgtll AP1 traverHillg tlJe liquid cfystal in tlw final stationary state Illlder cOllsider-
atioll, should have its extraordinary cOIllIHHlent expericllcc an induccd ph,L",eshift. givCJl
by

(22)
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FIGUHE 2. Xoise indllced birefringcllcc;¡; (arbitrar)' units) as él function of lhe veam's intellsity 1
abo\'e its critical value 1, = 155 w/cm2, for linear white noise in 5GB ({3= rr/2). (-) D = 2D,;
(- - -) D = 1.5D,; (- ._) D = D,; (... ) D = 0.5D,..

where No and lVe arel respcctivcly, the ordinary and ma.xiIlllllll extraurdinary rcfractivc
Índices of the nematie. The cxpressioIls COI'the second mOIllcnts (ni)st to be tlscd in
Eq. (22) are given by Eqs. (14), (16) ami (21) for tbe different noise modcls considered
previously. l3y delining

(23)

where ivl is sncb that O < M < l, the ph,~se shift Eq. (22) may be rewritten in the more
convcnicnl form

Here /((M) is the first order elliptic integral defined by [20]

rl2 . -1/2
K(M) '" Jo du (1 - M sin2 u) ,

(24)

(25)

witb 1l '" rrz/d. Thus, the noise induced birefringence, -;¡, '" 1>/2rr, will be calculated by
substitnting Eqs. (14), (16) and (21) into Eq. (24) for the material parameters of 5CI3,
name1y, Ea = 0.62, 1'1 = 0.01 kg/ms, K = 7 X 10-12 N, No = 1.54 and N" = 1.73. On the
other lIalld. for lile s('paratioll helweell tile cdl plates \'v-C take el = 2.G X 10-.1 1Il alld tlle
incidcnt signal is asslllllcd lo be a Hc-Nc heam with >'p = li32.8 x 10-9 III alld fi == 1r /2.
which corresponds to <tu incidellt pump Iwam allllost Hormal to the plates.
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FIGUHE 3a. <p VS. 1 > le fOf linear colorcd Iloisc with fixcd D = 1.5D('. (-) T = IO-.ttc;
( ) T = 1O-3t,; (_.-) T = 10-2 t,.; (- .. ) T = 10-1 t,. Recall that t, :; A -1 = '"11IK (di rr¡z '" 1O s.

For lhe lincar white noisc ca.."ic the valucti of the Ilobe intcllsity D, w¡th dimcllsioIlS
[D] = \V2 S/CIII41 are llIlfcstricted sincc t.hc lIoise is a free external paramctcr. On the
other haud, siuee the critical field cau be ,,,timated to be Be = (rr/rl)(41rK/Ea) 1/2 [IJ, theu
le = CEoE"Z/2. It will be couvellieut to ddiue De as D, :; lO¡ aud from Eq. (12) express
the values of D iu tenus of DC" Cousequelltfy. by choosiug DI = 2De alld D2 = i De.
from Eqs. (14), (2:l) aud (24) we calculat.e -;¡,. This yields tbe plot.s ill Fig. 2 of -;¡, versus
t.he iutellsity 1 above 1,. 'rhe first feat.nre to lIote is that. cousist.ellt.1y wit.b t.lw fad that.
(n~)", 'L' giveu by Eq, (14), does 1101. depelld 011 t.he illteusity 1 of tbe iucideut beam 1
for this type of uoise, -;¡, is giveu by st.raight liues parallel to the 1-axis. Clearly, t.his is
an llllphysical result sincc1 él..'; I1H~lltioned in Sed. 1. it is expcrimclllally well cstablished
that tlw rcspOIlsC of tite ncmatic varies wilh t}¡c typc alld inlcnsit.y of the la."icr bealll.
Sillce for the otlwr IIlodels we slmll use the samc ullits lo exprcss 4>, this figure caH he
easily compared with the corn~spollding curvps for the olher types of Iloise. Thís shows
that. the ma¡!;uitude of -;¡, is <¡uite low for all t.he considered valnes of lhe only available
panlIlwter D, a.s cOlllpared \vith its valuc for the ot}¡cr rH,,',ps.

A similar result is obtaill(~d for lhe lilH~ar colorcd nois(~ with (n;,)st given by Eq. (lü).
lIowe\'(~r. ill this case we hav(~ étll additiolla! free pal'étlllder. the corrdatioll t.ime T of
the Iloisp. Adually. w(~ sltall cOllsider two sit.llatiolls. \Vc nrst fix lhp valllc of D and
caklllat.(~ -;¡; for difrerellt values of T ami tlH~1Iror a COllstant. T wc vary D. lu this (,(L"'(~I>otll
parallwt.ers are fn~(~lexcept frolll the restrictiolls iIIII)(IS(~dby the approximatioll IIlcthod
allll by t.i", fact. that t.heir va"",s should be such thal lhe correspondiug val"e of ¡\f (f1) is
cotltailled itl O < AJ < l. The n'sults an~ showtl, rcsp{~l'ti\'e1y. itl Figs. :!a and :~h for the
SaJlH~vallles of [) and the same material alld gcollletrk parallleters of Fig. 2. Noti('(~ that.
<l." for t.1¡(~liJl(~ar whit(~ Iloise f:iL"(~, w(~gel tlH~salllc llllpilysicai result that 1> is illd(~p('tldcllt
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FI<;UItE3b. Same as Fig. 3a for fixed T = 1O-3i,. (-) D = 2D,; (- - -) D = 1.5D,; (_._) D = D,;
(- .. ) D = O.5D,.

of J. 1I0wever, note tl",t for the situation in Fig. 3b, the choice of T may produce a one
arder of magnitude larger induced birefringcncc than rOl' thc ca..o;;c in Fig. 3a.

In contrast, for the nonlinear ca"e -;¡, depends explicit.ly on J, as expected from Eg. (21)
and ;l.' shown in Figs. 4. In Fig. 4a we first fix t.he value of V' and plot -;¡, as a function of
J, for different values of T. Then V' is varied for a fixed value of T yielding a -;¡, t.hat also
depends on J. However, the magnitude of the induced birefringence may be considerably
larger in t.he forller case t.han for t.he lat.t.er one. Furt.hermore, not.e t.hat the value of -;¡, in
the C'l.'e of Fig. 4a is not only much larger than for the two previous cases, but that it is
comparable and even larger t.han it.s value in t.he purely det.erminist.ic Ol.,e [14J. Typical
experimental values of -;¡, for this latter Cil.,e are taken from Ref. 14 and are represented
by t.he point.s R and Q in Fig. 4b. The fonner corresponds t.o -;¡, for J = 30ü w/cm2, while
the lat.t.er one implies that -;¡, = 50 for J = :lOü w/cm2. However, a word of caut.ion must
be said in connection with the abo\'e rcsults: the valucs uf -;¡; are limited to the maxilllulll
valt", obtained fmm Ec¡. (22) when 1> = 7r /2 and n~•. In t.his case

- (Ne - No)d
ifJlIlax = .\ 1

P
(2ü)

whefe we !lave óL"iSlllIlCd a COlIstaut. maxillllllll rcoriclltatioll of tite nematic thruughout
the eell. FOI"the 5CB eOl"ed eell used above we find 1>",,,x = 75.0(;. This result restriets
t.he validit.y of t.1", result.s s1town in Fil\s. 4. Indeed, they are only correet fOl"small valt",s
of tlle irradiance of thc pumping la.."ier 01' for slIIall nois(~ conelatioll times. NOlltheless.
lIote that t}¡cse allow('d values are still comparahle or even larger t}¡an tlw valucs of ~ for
tlle dPlerministic case, points R and Q in F'ig. ,¡h.
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F";CHE .1h. Sallle as Fig .. Ia foe lised T = 10-"1,.. ( ) DO = 5 X 10-6.1 (J,I,): (- - -) [J' =
;; x 10-"" (1,.1,): (_. -) DO = ;; x 10-' (J,I,): (... ) [J' = 5 x 10-'." (J,I,.). The poiols JI aod Q
dellotc (iet(,rII1illistic \'al\l(,:-; ()fJ, <\(TonliIl~to H('f. [1,1].

Al t.his poi lit it should I)(~ I'('calle<! 0I1l'(~lI1()rt~ t.ilat wc havp ollly considl'n'd t.h(' filial
stationary slate \\'lterc hydrodyn<lmic hackllows have almos!. vallished. It \",'ollld he of
intcrcst tu stwly tlle illitial st.a~es (Jf t}w rl'Oriellt.atioll !leal' tllP ()FT transitioll poillt as
wdl. ltl •.his ('as(~ liyeirodywullic f10ws \V()lIld ¡le important. alle! ('(luid affcrt. in a sigllifinlllt
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way tllt: optical propertics [21]. Also, in thesc llollcquilibriulll transicnt statcs interna}
fiuctuations are kIlO\VIlto grow :tnd to be allolllalously largc, so that they are an csscntial
part of the dynamics. On the other hand, whcther external f1uctuatiolls may also induce
importallt effects 011 the optica! properties for these stat.es remaills to be assessed.

Although the consideratioIl of general transicnt llo11cquilibriulll statcs with couplcd
illtema! or ext.ernally imposed bydrodYllamic f10ws may bave all important. effect. on
variolls opt.ieal propert.ies of tbe lIemat.ic [9), it. shollld be stressed t.hat for t.hese st.at.es
evcn tite dcscriptioll of the dctcfministic oricntational dyn<tmics is intrinsically Ilonlincar.
l'v!oreovl'r, wit.h ti", illcillsion offlllct.llatiolls t.he analysis becomes mllch mOfe illvolved [22]
and the simplicity of lllodels sllch as the ()Jl(\ discuRsed he re is lost. Presumably, Dile wiU
have lo restore to I111IllcricaJ JIIcthods in this Cét.."iC, altltough analytkal approachcs are
valid to some cxteut [22).

Allother feat.ure of the model t.hat. should be poiut"d out is that the dyuamics of
t.he opl.ical field is st.rict.ly speakiug coupl"d t.o t.he director's dyuamicH aud t.he lield's
modes shollld challge during rcoriclltation. Ilowcver, this gencralization has becll cntirely
ueglected iu our discussion but it. may be cousidered explicitly [23).

In sl1mmary, in spite of thc restrictiolls on the model alrcady IIlclltioned, our ana-
Iytical reHult.s show t.hat. the ext.erna! uois" induced birefringence may be a large e!fect..
Sinee a diffcrcncc in rcfractive indices can he lIle(]..."Hucd very accllfately (10-15) for op-
tically lIonlinear polar gases !ike CO2 [24]' it iHt.o be expect.ed that. t.hiHe!feet. might be
mca .."mred al so \vith high accllracy for liquid crystals, wItere the Ilonlinearity in the index
of refraction is 1Il1lC}¡larger. Howcvcr, to 0111'knowledgc this has lIot heen IIlca..'iufcd so
far. In tlJis scnsc 0111'work sllggests lIew cxperiments t.o he pcrformcd.
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ApPENDIX

TI", purpose of this appendix is t.o derive Eq. (22) Ils"d iu t.he maiu t.ext.. The ph'L,e
diffcrcllce, .6.1>, betwccll the transmitted wave whclI 1'eoricntatioll OCC11rsand whcn it
propagat.es withOllt rcoficntation.

(27)

is proportional to the optical path difference

(28)

w}¡cn' k() = w/c is tlw wavc nlllllhl'r in VaClltllll and .6.N := N(fJrt,) - N(Bo) is t.he COf-
respolldillg challge in the refractivc indexo Sillce tite llclllatic hchaves a..<;j all 1111iaxial
crystal. tlH~ rcfractive index lVe for tIte cxtraordinary rayo.which ioSthc Cc'l.'iC lllldcr cOllsid-
cratioll. dl'pcnds UII the re1ativ() o1'icJltatioll. 0, hel\vecll the dircctiolJ of propagatioll of
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the probe's beam and the optieal axis of the liquid erystal. As is well knowu [25]' N(O)
may be written as

[
2 2 2 . 2 ] -1 (2N(O) = NeNo Ne eos O+ No sm O , (29)

w}¡crc No ami Nc denote, respectivcly, l}¡e ordinary aJld extraordinary refraetivc Índices.
As we pointed out in Seet. 2, ll(Z,t.) = [sinO(z,t), O, cosO(z,t)], and therefme we can

express eos O as Hz = (l - ni) 1(2 and siu O = Hx. Then using Eq. (10) fm the dominant
mode m = O, we may rewrite N(O) in the form

[
2 2 2 2. 2 ] -1(2N(O) = NeNo Ne - "q,(Ne - No) sm (rrz/d) . (30)

In this exprcssioll we have considercd t}¡at the director ha..') rcachcd its final stationary
statc. Furthcrmorc, ir we asSllIllC that t}¡c time nceded 1.0 IIlcasurc ~4J is largc cllough a....:;
comparcd with tite relaxatioIl time te of lhe dominant lIIodc, tite director will rcach the
stationary state iL'5oeiated with the stoehastie amplitude equation for the eorresponding
noise. Therefore, it is reasonaLle to replaee "~Iin Eq. (:lO) hy its average value in the
final stationary state ("~J",given, repcetivcly, Ly Eqs. (14), (16) and (21). This then
yiclds Eq. (22). Ilowever, it should he poiuted out that this replaeement is indeed au
approximation, sinee Eq. (29) is strÍ<:tly valid only for the complete and detenninistic
reorientation process. Noutheless, the ahove argumeuts make plausiLle the use of Eq. (29)
also in the stocha ...'"itic case discusscd hcre.
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