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The infinite-range hopping approximation for a
binary alloy. Exact Eigenstates
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ABSTHACT. \Ve find exact eigellstates for tile infinite-range hopping approximation t.o binary
aJIoy disord('r. ".e sho\\" how the det.erminants can be rearranged to get the exact solutioIl. The
eigenst.at.es are w('1I defineo and not. sIIIeared a.s in ePA. 1'0 get thc thermodynamic limit. \ve find
it uecessary lo scalc the hopping tcrm t by diYiding by z (the number of neighbors) and not hyvz as adopted for the illfinite dilllensioll model by otber authors.

I~ESU~IE:'\.EllcOIlt.ramos aut.ocstc'Hios exactos para la aproximación de rango infinito de la aleación
binaria . .\Iost ra1llos talllbién cómo liar <¡lle[('organizar los det erminantes I)ara obtener la solución.
Los autoestados están definidos por oeltas en contraste ccm la ePA que da bal1{las. Para obteuer
el límit.e termodimímico \"e1ll0S que el cscal{'o del t.érmino de salto t debe ser z (el número de
n'cinos) .Y no su raíz cuadrada como sucede en la aproximación de dimensión infinita de otros
alIfores.

PACS: Gl.43.-j

l. INTHODUCTION

[t is of current intere,t in solid state physies to study the tight-hinding model which in the
most diffieult limits 1,,", two ingredients: correlation interaetion and disordeL The !irst
of these Icads to states with diffcrcIlt occupatioIl II1IIIll)(~r,wherca ..'i the secolld illvolves
states that are no longer translationally invariant. Here we will present a solution with the
disorder ingredient only, leaving the correlation interaetion for further studies. Recently
there In, been increased interest in the so-called inlinite dimension of the ho]>ping term
of the tight-binding part. It Wi"' !irst introdnced by us [IJ with the following scaling:
t' = t/z, where t is the tight-hilldillg hoppillg tCrIll alld z is t,he Illlllluer uf Ilean~st
cOllllectcd IIcighhors. It was calIed thc infinil.e-range hopping lIlodcl. The s('aling is
lI('ccssary to hav(~ tlw clI('rgy as a finit.e qllantity. Aft(~r that Volha.rdt el a/'

1
[2] haVf~

Jluhlished a series of palH'rs wlwre. Ilsing t.he salIw idea they scale: l.' = I./.¡z arguing
tiJa!. it is cssclltial to oiJtaill a prOI>l'r dcnsit.y of st.ates.

'rIle 1:00111)lcl.clycOIIIlec:tc(i 1.-IIIO(lelllas its origill ill tlle Sllerringl.ou-I<irkpatrick IIlodcl
for a dassical spill-glass [3J \vh('re much \\'ork has 1>ecnachic\'cd. Ollr scaling of t [1J is
tlw SilllW as apI)(~ars in thc spin mudel [:1]. The pidlln~ \ve havc in milld is that (JI' a
big: cluster \\.'ith aH tlH~ sit(~s COllllcct.('d by a hopping t of ('qua1 stn~lIgth. This somt'what
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FICUHE l. Tite matrix elements Cor the illlillite-range hopping approximatioll. The example is
Corsix sites. TIte rows and columlls are laheled by the position sites I i>-. h) The matrix elcmcnts
Cor the infiuitc dimension approximatioll (2-d examplc Cor 4 siles). The rüws ami colllrnns are
labeJler! ;e, before.

IInl'hysical featme can he relaxed in fllrther stlldies taking the t I'arallleter frolll sOllle
randolll distrihlltion. Volhard's el al. [2] scaling is different bllt the I'ictme of the lIIodel is
aIso differcllt a."icau be scen writillg dowII lile matrix clCulCutS. Tltis lattcr model is caBed
of infinitc dimcnsiOIL havillg COIlIIPct.ioIlS onl)' t.o Ilcarest ncighbors ill each dimcllsioll hut
with an infinite nllmber of thelll. Our lIIatrix is complete with all the off-diagonal sites
takillg the t valuc. Volhard's el al., Illal.rix is oC ¡¡fractar' design a.'; iHL"i IH'CIl studicd by llS

previollsIy [4]. lt has zcroes in some of lile oír-diagonal tCflIlS. \Ve give a picture of hoth
matrices in Figs. la and lb, rcspectivdy. \Ve tltink it is the first time tilat sutil a elear
diffcrcIH:c betwcen the iIlfiuite dilllcnsioll and illfinitc rauge approxilllatioIl is statcd.

Volhard's el al., rnodcl ha.,; beell adoptcd for fermions whcrc promising studics givc a
n"wand "Io"al" pictme of the Ilnbbard and ot.her models of strong correlation.

Om original att.eIllpt with t.he infinit,,-hopping model \Vil, applied t.o a Ilartree-Fock
term of a Ilcgati\'c U Hubbard modd wil h disorder incorporat.cd which Icd lo a very iu-
tercstillg 1)ll<\...<.;c(liagraIlI for the localiz('el SIIIH'ITOIl<ltlctivity pilenolIwllOlI {Il. \Ve an~ still
exploring tbe COllllcction of these n~slll1s witb t}¡e phcIlomenology of high-'¡:: samples {5].
\V(~wiIl disCl1SS in this rcport a cOlllpldt'iy new and intllitivc sollltion of tite infinitc-

range lIalIliltonian "....itlt binary-alloy disonler.

2. '1'111' IIAMILTONIAN

Tlw Ilallliltolliall rcads

1I = -{ " (.1,. + " " ,.1,. ( 1 )L- 1 ') LI '7 -'1'

i,j

\••..lH'n: 1 is Ihe: bopping COIIIWdioll y,'ith all tlw silCS and ti whiciJ is (: + t. illdlld(,s til('
diagollal clH'rgi(~s \•...it.}¡ t llC added diagollal hopping terIn.
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The (~ are randoBl energies. In particular we think Itcre of the binary aIloy ca..'iC so

(i = fA, \vith HA terlllS,

(i = fH, with n/J tcrllls,
(2)

where nA + nn = N. There is a certain 1l111111wrof fA cncrgics and f./J cnergics cOlllplcting
the total lmmber of degrees of freedom N.

\Vc choose a ccrtain state in posilion represcntatioll formcd by lhc creation operator
for an e1cctron having the diagonal energy <A. \Ve take it as an origin for the atoms of
type A, in nnmber nA and represent it by IAo ~ E nA (where nA are the atOlns of t.ype
A). \Ve then propose the foHowing [G] "traslational states"

(3)

1# 0,1 E nA, and analogously for the B clnst.er

(4)

1 # O, 1 E n¡¡.

\Ve caH them "tr'L,lat.ional st.at.es" as they are the difference bet.ween two electrons in
difTercnt position sites.

TI""e (N - 2) "tr:L,lational states" diagonalize the IIamilt.onian

lilA; ~ = <;,11£10 ~ -IAL ~~,

lIIB; ~ = ('¡¡liBo ~ -I[J¡~~,

Explicit opprator l)r{ln~(Illrc SIIOWS:

1 # O, 1 E nA,

1 # O, 1 E n¡¡.

(5)

(G)

1I>hcIIO~ = -12:>: [Ojl - elej] 10~= -1 L e:IO~,
ij ij i

L (,e:e,cIIO~ = LC;el[0'1 - ele,] 10~= (;cIIO~ ., ,

(7)

(8)

In ordcr to find lile rcst of lIJe states \\'C agaill postulatc ¡¡cluster states" 01' (¡rcscrvoir
st.ate,"

\Ve caH t.hem by lhese names 'L' t.hey are sUdes that. gather aH lhe e1ectrons of lype
A in OlH' of lhe stales ane! al! t}¡ose of type lJ in thc ot.hcr stat.e alld tltc)' in some SCIlSC
rcsclIlblf' tite Ferllli s('a of electrol1s of eac}¡ type.

lA ~ = '""' lel ~,LA
(9)

\V(~ look for tIw linear ('ombillatiotls which are (~igPllstates. \JVc apply JI on tlll~states

llIA~ = ('.' + t.) IA~ -11IAIAo-- -11I¡¡IB~.
lllB~ = (/1 + t) IDo>--11I/lIB~ -11I,t1A~.

( lO)

( 1 1)
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'rhe explicit eigcnstaí.PH in a 2 x 2 space are:

(w - £~\) IA?- +tul13?- = 0,

(w - £~1)113?-+t ..dA?- = 0,

wlJere lhe parametcrs read

£~\ = (A + t(1 -11...11,

<';1 =(u+t(l-nu),

tA = tn ..\,

tu = tnu.

\Ve build the detenniuantal equatiou

(w - (\) (w - (';,) - t,ltU = O.

Theu,

{" + (" 1 Jw = A f) + _ (£" _ (" )2 + 4t t .2 2 a U AU

(12)

(13)

(14)

(15)

(1G)

(17)

(18)

(19)

\Ve have therdore solved the infiuite-range hoppiug biuary alloy problem. \Ve find:

1. "Traslatioual stat<,," in uumber N -2 whiclt are loealized (withollt disp",'siou in the
hopping t,) whieh read IIAa?- -IAI?-?- with the eigenvalue <\ aud IIIJa?- -IDI>?-?-

with the eigcnvaluc (~1'

2. The "cluster states" whieh read: IA:-= ¿"A leL?- aud ID:-= ¿"JI kL,?- w¡th the
dispersion re1atioll givclI aboye.

No\\' wc want lo jtlstify OU1' proccdlln~ by the precise dctermin<llltal rules rOl' lhe
lIamiltonian in the matrix fOrIll.

:1. TIlE DETERMINANTAL STUDY

Dw' to llw current. ill!PI'Pst. in matrix m<tlliplllatiotlS \\'e wallt to redpriv(' t.he previous
n~slllts through explicit and well kuowll mathcmatical rules [01' the detcrlllinanls. \Ve
hope HOl lo be too repditive with this h1lt in 0111'Opillioll it is interestillg lo sec step by
step how tlle matrix is hpillg diagonalized.

111al1 that follows in t.his paragraph \ve an' thillkillg of the eigellvallH~ lIIat rix w - II
where w has been olllit.ted for clcarer visualizat.iolls of the lIIatrix paralllet.ers.
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\Ve choosp a Ruite salJlph~ with n ..\ =4 alle! lll/ = ;"TIIe lIlatrix elcmcnts read

fA -/ -/ -/ -/ -/ -/ -/ -/
-/ (,.\ -t -/ -/ -/ -t -/ -/
-/ -/ fA -/ -/ -/ -/ -/ -t
-/ -t -/ {A -/ -t -/ -/ -t
-/ -/ -/ -/ (1/ -/ -/ -/ -t (20)
-/ -/ -t -/ -/, {¡¡ -/ -/ -/
-/ -t -/ -t -/ -/ (1/ -/ -/
-/ -t -t -/ -/ -t -t (1/ -t
-t -t -t -t -t -t -t -/ {Ji

TI", lal",ls of the rows alld ""llIlIllIS are lOA >- ... 1:1,\>-, IO¡¡ >- ... 14¡¡ >-.
I3y lIsing the rule that. t.hc det.crmillant of thc matrix <loes Bot challge ir wc S11I11(JI'

sllbstract f()\I,."S or calUllllls. we first farm

fA -/ - <A -t - (..\ -t - fA -/ o O o o
-/ (A + t o o -/ o O () o
-/ O fA + / o -t o O o o
-t O o (A + t -/ o O () o
-/ O O o (Ji -/ - (Ji -/-<Ji -t-(Ji -/ - <Ji
-/ O o O -/ <¡¡ + / O o o (21 )
-/ o () () -/ () f¡¡+/ () ()
-/ O () o -/ () O <¡¡ + T o
-/ O o o -/ O o o (Ji+ / .

where the row labelsofthe lIIatrix are:IO,I>-, IIA -Oa>-, , .. , 13A -OA>-.Ilh>-.Il¡¡-()b>-
,., 14u - 0/1 >-. \Ve have slIhstracted the lOA>- collllllll frolll all the A states alld the 10¡¡ >-
COlUlllll frolIl tIJe n stat.es,

Next we add all the A rows with the f¡rst A row allll all the 13 rows tll the first 13 row

<,1 -:H O O O -4/ O O O O
-/ {A + / O O -/ O () () O
-/ O (.1 + / () -/ () O () O
-/ O O fA +/ -/ () O () O

-[jI O O O (Ji- '1/ O O O O
-/ O O O -/ <Ji+ / () () () (22)
-/ O O O -/ O '¡¡ + / O O
-/ O O O -/ () O 'Ji+ / O
-/ O O O -/ O O O (¡¡+I.

Thp (°01111111I labels are ¡o,\ >- +! L1 n;'\ >-. 11,.\ >- , , , 1:1"1 >-. IO¡¡ >- +1 L "JI >-. 1I Ji >-
, . 1.111>-.
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Hearrangillg we get

'A - 3t -4t O O O O O O O
-5t q¡ - 4t O O O O O O O
-t O 'A + t O O O O O O
-t O O 'A + t O O O O O
-t O O O 'A + t O O O O
-t O O O O r¡¡+t O O O (23)
-t O O O O O £¡¡ + t O O
-t O O O O (J O £¡¡ + t (J

-t O O O (J O O O r¡¡ + t..

Tite row labcls are lOA :--, 10 ¡¡ :--, 11A - (J ¡¡:-- ... 13A - OA :--, 11U - O IJ:-- ... 14¡¡ - O lJ :--.
Tite column labels are 10" + L¡nr:--.IOn + L¡"V:--, 11,1>- ... 13A>-.I!¡¡>- .... 14u:--.
Now we expand tite determinant along the first row

(," _ 3t)(£¡¡ - 4t)(';¡)"rl(,~rn-1 - (_5t)(_4t)(.;¡)nrl(r/¡¡r,,-1 = O. (24)

Throughout this determillantal prcscntatioll W(~ kt~pt in mind of t.hc eigcllvaluc cqua-
tion, w was not written for grapltical simplicity of tite presentation. Therdore the diag-
ollal clcIIlcnts in all tb scctioll should [cad w - L PlIttillg it now explicitely we have to
solve

[w - (' ..\ - 2t)J[w - ('lJ - 3t)]- (-5t)( -4t) = O .

Generalizing

{w - [," + (1 - ",,)t]}{w - [£¡¡ + (1 - ,,¡¡)t]) - t2"A"1J = O,

(25)

(26)

we obtain the saBle rcsult a.'i by the illtuitivc gucss dcscribed al the bcgillUillg.
\Ve think tltat tltis example shows clearly tite way of manipulating tite matrix 1Il

tight-binding models.
In particular rol' Dile impurity w¡lh the hopping tCfm in thc "illfillitc boppillg'~ a,p-

proxilllation we gel.

-l. SCALING

(w - 'A){W - [£¡¡ + (1 - n¡¡)t]} - ¡2nB = O. (27)

In arder to get results in tite thermodynamic Iimit we Itave to scale the Itopping tenn t
wit.l, t,IN" whcrc lV = 71._\ + 7ln is tlle total 1l1l1111)(~r ()f elemcnts in the altoy so a..'"f.o gel an
<lnalytic depclldencc [01' the COllccIItratioIl. For example the equation ror lhe '"rcscrvoir

sta tes" will read

{w - [<.-1 + (l/N - e,\)!.'J}{w - [<11 + (l/N - e¡¡)!../]} - (1.')2"..\<:¡¡ = (J. (28)

where t' is the barc hoppillg paralllcter and c..\,1J is the respective COllcPlltratioll.
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FIGUHE 2. a) Density of states for diagonal disorder (t = 1) in the case 'A = -'IJ = -1.7 and
" = 0.01 (full c",ve) and e = 0.1 (broken cun'e) correspunding to the method of ReL [81 for a
l3l'tiJe lattice with coordination number equal to.1. The vertical lines lJIark the positions of the
Delta peaks of "he prcsent lIlodel (which are almost coincident for both conceIltrations). b) The
salIlc as ahove for lhe ePA result..

Iu order t.o ,ltow more explieit.ly the resuit. of t.he infiuit.e-mnge hoppiug approxima-
tiou for Itiuary aHoys we plot. our point, for t.he resnlt.s showu iu a reeeut. paper [8] as
giveu iu Figs. 2a aud 2h. Iu Fig. 2a t.he a\lthors [8] show t.he result., of t.heir rnethod
for t.wo difrereut. coneeut.mtions of diagonal disorder applied t.o t.he I3et.he-lat.t.iee of eo-
ordinat.iou uUluher equal t.o 4. Our sealing res\llts do not. dist.iuguish, on t.he seale of
the figure, betwecll the two concentratiotls. In Fig. 21> tlle comparisotl with the co-
hereut. pot.eut.ial approxirnation (CPA) is rnade. Uot.h of t.hese approximations are for
tbe nearest-neighbors hoppillg in rathcr a 10\'.' dimension so thcy are esscntially differ-
ellt f1'olll the infinite I'allge approximation. which h:L';an infitlite coordination Ilumbcr.
Nevertheless \\'C thil1k it is of int.crest to compare tite I'esults. The infillite dimensioll
approximat.ion ;~, sltown by Volltarrl et al., agroes wit.h t.lte CPA Tite infinit.e muge bop-
ping reslIlt gives a killd of "ccnteI' of mass" result rclativc to the ncarcst-ncighbor results
[oI' low dilllPlIsion at lcast in the approximatioll available here. It allows to visualize
the meallillg of tlle H'Sldts of the infinite range-hopping approximatioll witll respect to
t.lw lIlodl'l IIlOSt.currellt.ly thollght. as represellt.at.i"e of t.lw physical solid. Ullpllulished
stlldh~s of tlll~Illlblmrd llIodd made by llS aloug the Iilles of Ulis papt.~r spelll lo show t}¡at
tite infillite rauge approximatioll picks np special poillts of tite density of statCHrelated
lo t.lw peak. hUI lIol px;u:t.ly lile maxillllllll.
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The no-disorder limit is reproduced hy our exact result. This limit, t.aking fA = tu =
O, alld llsillg the properties foI' the delta functions: gives for the illfinite rauge hoppillg
approximation the eigenvalue located al. the value of the hopping t. In om solution the
fom delta eigenvalues reduce to t 'lIso as can be checked on the formulae of the first
scctiOIl.

The previous comparison with the ePA and with the Bethe-Iattice of low coordiuatiou
uumber (4) can be seem slightly ¡UlUeCessarysiuee tI", eOlllleetivities are very different.
However sinee they were available we deeided to show them, as to situate the infinite-
rauge approximations with respcct to thc more rcalistic OIlCS.

The result for the I3ethe latt.iee with z infinit.e amlnearest-neighbor hopping t = tl.Ji
were given (Re£. [9]). The semicircular density of states is obtained in this case [10]:

(29)

Wc sec thereforc that thc IlO disordcr limit of our approximatioIl givcs a (h~geIlerate
delta fundíon at t whereas the infinitc dimcnsioIl refiult is thc semicircular band extcllding
from - 2t to 2t.

It Illust Bot be sllrprising that althol1gh the .¡z scaling givcs uands thc z .scaling gives
deltas a..'3 thcy are very diffcrcllt as ShOWIl lwrc.

The dosel' COIlIlcction with the original Sherrillgton-Kirkpatrick problclIl is Bot obvi-
ous for us al. t.he momento Perhaps by using the scheme of Volhard ct al., oue eould try
a sollltioIl of thc Wigncr-.Jordan transfOfmation hut we lcave it [or anothcr work.

5. CONCLUSIONS

Wc Itavc sol ved thc "illfillite rauge:' hopping rnodcl with billary alloy disordcr by intu-
ition [7] and by the st.riet detenuinaut.al rules applied to the eorresponcling tight-biudiug
matrix. lt is a cOlllplet.ely new solutiou au the eigenstates are uot trivial. We find N - 2
states, where the t tenn shifts the diagonal energies of the pure alloy only slightly iu the
thennodynalllic limit. They are forllled by a difference of two local states inside each
cluster. I3esidcs, two rescrvoir statcs appear wltich can be caBed extended beca use thcy
have so me dcpcndencc in thc hoppillg.

Reccntly Vlaming and Volhardt stlldicd [7] thc "infillitc ditncllsion'1 approximation
with randoIll diagonal cncrgics using the diagralIllIlatic tcchlliqllC. Thcy filld that the
density of states is that of tlw coherent potent.ial approximation (ePA). This approxi-
mation givcs hroad, contiullouS dcnsitics of st.atcs.

Wc filld hcn\ with tite infillitc rangc hopping approximatioll, wdl defincd aIld discrctc
cigcIlstatcs. \Vc show that. rOl' 0111'approximatioll t}¡e :;caling of t' is t' / Z 01' t' /lV which
is the :;a,mc in OHr model [1J.
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