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Influence of high order aberrations induced by
atmospheric turbulence on the image centroid
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ABSTRACT. The study of a star image produced by an earth based telescope in the presence
of atmospheric turbulence is presented. The phase of tite wm'efront at the telescope pupil is
represf'Ilted as a linear superposition of Zernike polynomials. The statistiral relatiyc error of the
tilt angle in the x-directiotl compared with its estimator defincd by the image centroid position
and the optical axes is calculated for the Kolmogorov model of turbulencc ami the yalue 0.125 is
ohtaincd. This result implies the existente of an additional contribution for t.iJe cxact dct.ermina-
t.ion of the centroid posit.ioll from high order aberrations. The relatiYe error cakulations also are
shown, which consider the influcnc:c of the outer scale of tlle t.urbulence using t.lw Van Kannan
lIlo<iel. Results ol>tained in tlle t.wo cases are cOllsist.ellt.

BESU:-"IE:'\. Se present.a UTlestudio en donde se considera la imagen de una estrella, producida por
1111 telesropio instalado en tierra firme en presencia de la turbulencia atmosf('rica. La fa..<;ede la
Olida de luz en la pupila del telescopio se expresa COIIIO\lna combinación lincal de polinomios de
Zernike. Se calcula el error relati\'o estadístico del állv;ulo de "tilt" en la dirección r. con respecto
a Sil estimador definido por la posición del centroidc con el eje óptico, obteniéndose un \'alor de
0.125 para el modelo de Kollllogoro\' de la t.urhulpnria. Est.e \'alor residual siv;nifica que existe
Ulla contribución de las aberraciones de alto orden en la determinación exacta del c('utroide. Se
muestran t.ambién los c<Ílculos del error relativo cOllsi<ieralldo la influencia de la escala exterior de
la t.urhulencia, utilizando el modelo de VOHKarman. Los resultados obtenidos ('11 los dos casos
SOTlconsistentes.

I'ACS, 42.G8.lJz

l. INTRODUCTION

It is well knowll tllat. wllell olle observes él st.ar wit.h a ground hased telescOI)(~, olle of
t.be lIlost import.ant dl{~ct.s 01' atmospheric turhlllence is an agitatioll 01' tlw image in the
focal planc [1] as a COllseCllencc of local variatiolls of thc allgle of tlle tallgeIlt plalle 01' the
\vavpfront at tlw td('s('ope pllpil. Agitatioll of tlw illlage corresponds t.o t.he \\!alldering
of tite imagc ccnt.roid posiliOlL In order to cOlIlpellsat.e sllch an l111desirahl(~ dfect. it is
Il(~('essary lo filld aB possible sources of this ('rrOL Importance 01' this sllhjpct in adapt.ive
opt.ics is fundamellt.al sillce l}¡e simplest adaptive optica! syst.cm attelIlpts to COlT('ct thc
illlag(~ c(,lItroid off:o.;d hy Plllploying a tip-t.ilt rotat.in¡.!; mirroL which is Hot vpr,\' ('fficicllt
if 011(' COIllI)(~Ilsat('s oHl)' tip and tilt as tlw lIallle sllggesls.
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'['he aims of this papel' are t.wofold. Firstly, t.o show t.hat high order aherrations are
important in ealculating tlle mean deviation of thc imagc ccntroid with rcspcet to its ideal
posit.ion, whell the Kolmogo1'Ov model of turbulence is applied for the phase fluctuation
correlation function. Secondly, to illvestigate the influence on the previous results of the
ollt.er scalc of turbulcnce llsing thc VOIl Karmall IIlodel.

2. TILT ANGLE AND n...1AGE CENTROID ANGLE

Le!' the wavcfront w(p,~) be rcprcscntcd a..'"ia. lincar superposition of Zernike POlYUOlUi-
'lIs [2L <lIso knowll a..'; lIlodal represcntation of the wavcfrollt, hy the cxprcssion

00

w(p, <p)= 2:>j Zj (1', <p),
j=l

(1)

",here p, <pare polar coordinat.es and the Zernike polynomials 01' wavefront modes Zj(p, <p)
al'(~expresscd as

Zj(even) (p, <p)= V2(n + 1) R;~(p) cos ("'<p),

Zj(odd)(p, <p)= V2(n + 1) R~'(p) sin ("'<p) ,

Z](p,<p) = Jn+1R~(p),

m,!,O,

rn = O,

m=O,

(2a)

(2b)

(2c)

ami n::l are radial ZCfllikc polYllomials [3). Thc Ilormalizcd coefficients aj are givcll by

a] = [1 2 r ,¡2pw(p/ R, <p)Zj (p/ R, <p),
7T ¡ leR (3)

where t.he integral is evaluat.ed over a circular regio n G/( of radius R ",ithin t.he wavermnt.
is cldincd. Thc cocfficient.s al, (l2, (l3, a4, ... correspond fa the piston modc, tilt ahout x

lIl()de~ tilt about y lIlode~ fOCllS lIlodc~ etcetera. In addit.ioIl, observe tha1. 1.hc \vave phase
is expressecl by S(p/R,<p) = kw(p/R,<p), where k = 27T/).. is t.he ",ave nnmber, 'o t.he
codliciellts in t he Eq. (:l) can be written in lhe fOI'ln

1 1 2 ,") = -:--R2 dpS(p/R,<p)Z)(p/R.<p).
k7T. Gn

(4)

Ld, llS cOl1sider, 011 the otiler hand, a tilted wavefnmt 1lJ = o;¡; a1. tlw t.e!escope pllpil
and t}¡e ofrset of the image ccntroid callscd hy tite at.mosplwric t.urblllcJlce as showlI in
Fig. 1. \Vith 1.his, we exclllde othcr aucrratiolls 1.0 he prescllt in the wavefnmt, so we
C,tI) wrile w(p/ R, <p) = "2Zz(p/ R, <p). It. is not. difIienll 1.0 show f1'Om lh,'S<' t.wo last
"qnat.ions lbat lhe angle n is pmportional to llw tiJt codlicil'nt "2 and t his eoeI!ieil'nt.
can be obtained fmm Eq. (.1). so that n can be ",rittl'n ac('()rdin~ to the formnla

2 !n = --¡ ,¡2pS(p/R,<p)Z2(p/R,<p).
k7T ¡¡. . r: ¡¡ (5)
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FIGURE 1. Displacerncnt of the image centroicl duc to a tiltcd wavefront.

Now, in order to find an analytical expression for ii, the angle corresponding to the
image centroid, let us supose that the optical field at the aperture is giveu by

U(jn = A eiS(¡;) , (6)

where A is a coust.aut and S(p) is t.he wave pha_,e at t.he position p in t.he telescope
apert.ure. The field al. t.he image plane is proportioual 1.0 the Fourier transform of U(p)
aud the intensity is easily calculated hy its square modulus. The result is

(i)

where K is a constaut, f is the telescope focal distan ce, Tis a vector in the image plane amI
• denotes the complex conjugate. The image centroid x coordinate is determined [41 by

J::'oo d2r xI(i")
Xc = e

oo
d2r I(;') .

(8)

After substitut.iou of Eq. (i) iuto (H), this can be writ.t.eu iu t.he fonll [4J

(9)

So, from geometry in Fig. 1, the tilt angle estimator ii is found to be represented by the
formula

_ 1 ir 2 DS(p)n=--2 dp-.--.
br 11 G R <Ir'.,

(10)
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:\. H.ELATIVE ERROH [lETWEEN (t AND " FOIt KOLMOGOROV MODEL

An ader¡nate way to compare the tilt angle " and its estimator ii is to calcula te the
statist ical relative error in the fonu

(,,") - 2("ñ) + (ñ2)

(,,2 ) (11)

wlIere (... ) denotes an ensemble average. Developiug the averages nsing Eqs. (5) and
(lO) wehave

2

(a2) = (" 2J1;¡) r. ,PpIZ2((i¡/JI) r r/"p2Z2 (P2/JI) (S(¡II)S(¡)2)).
7r. j"R len (12a)

("ñ) = r.
2

J1:1 r. 1/1" r, d2pI Z2 (¡II/ JI) r, ,PP2 DD, (S(¡I¡)S(¡I")), (12b)
h7r . ",7r . 1(,n l(,u .C2

(
1 )2 iJ"

(i;2) = r. JI" r, ,PI' 1 r ,¡2P2D iJ (S(¡I¡)S(¡I")), (12e)
h7r, len len .r:1 .r:2

where (S(¡I¡)S(¡12)) = IJs(PI,¡"G) is the correlation fnnetion of ph'L'" flnctnations that
can 1)(: writtcn in thc form [4]

13 (- -) - 04° -5f'l1.00
{" .. -11/3 ;qp,-p,)s' p¡,p'2 - . :Jro (1iJ), e 1

o
( 13)

where 1'0 is the atnlOspheric coherence diameter ur Fric(Ps paralllcter, Ii = liZl = 27r/L is a
spalial freeneuey vector and L is the size of eddies of the turbulenee model. Substituting
Er¡, (13) into Er¡s. (12a)-(12<:) and evalualiug lhe integrals we ¡¡ud

, I (11)5/3
(,,2) = 5,7151 ""11" ;:;;

1 (1I)"f'l("',) = 5.4841 ~ -
,,11 "o

, I (JI)"/3
(,,2) = 5,34n F 11" "0

Snbslitnting lhe expressions (14a)-(14<:) inlo (11) we gel lbe fiual resnlt

E = 0,1255.

(14a)

(14b)

( 14<:)

(15 )

This reslllt. mean S t.llal. t.Iw tilt. angle allfl it.s ('st.imat.or diffl'r b:r 12 ..',%. At. this POillt.
observe tltat in the formula (10) rol' (y aH \\'an~frollt.aherratiolls an~pn's('nt. while n onl,\"
I'epn$ellt.s thc titt tpnll.



(16)

(17e)

(17a)

(17b)
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4. INFLUENCE OF TIIE OUTER SCALE OF TURIJULENCE

For the Von Karman modcl of turbulence the correlation fnnetion of phase f1nctuations
takes th" form [S]

-5/3 (00 2 (2 2)-II/li .~(- -)
BS(I'I,I'2) = 0.49 "0 . Jo d" " + "o e'" 1'1-1" ,

where "'0 = 1.071/1,0. lIere Lo is a maximnm critieal size of eddi"s which describe the
turbnlent. at.mosphere and is caBed the onter seale. Snbst.it.nt.in¡?;1,'1, (lü) into Eqs. (12a)-
(12c) reSl"t.s in t.he l<,lowin¡?;:

2 Ao (R)5/3 -2 (00 -1 (2 2 2)-II/li 2
(" ) = k2 ro R Jo l. t + "o El .J2 (t) dt,

_ Al (R)5/3 -2 (00 (2 2 2)-II/f¡
(",,) = k2 ro R Jo t + "o El .JI (t)h(t) dt,

2 A2(EI)5/3 21000(222)-11/62(6 )=" - R- t t + "oR .JI (t) di,
k "0 o

where t.h" const.ants Ao = 98.S2, Al = 24.G3 amI A2 = G.lf" t = "El and .JI, .J2 are Besscl
funct.ions of the first. kind. Evaluation of these integrals yields

10
00 1(2 2 2)-II/li 2 ,(1.1 11.', 29 17.. 2 2)¡- t + "o El .J2 (1) dt = 0.0077 2F.3 6' 6' ¡;. 6' 6. "oEl
o

O0'"1 ( . R)I(:l ¡.' (" 2,7 '¡ , .. 2R2)- .;)u ti,o, :¿:~;¿1 1 6,t ,v,h:o '

10
00 (2 .2 ,,)-Il/li _ (1.1 11. r, 23 17.. 2 2)

f + "oEl .JI (t).J2(t) dt - 0.2217 2F., 6.6. ¡;. 6' 6' "oR
o

022'()(' ¡1)1/3 ¡" (" 2.7 'll' .2¡12)- . d tqJ, :l:l 2' '6" l' • hO' 1

10
00 (2 .., 2)-11/6 2 _ '( (1.517 .. 22)

f t + "011 .JI (t) dt - 0.8G3U 1F2 'jo ¡;. 6. "0/1
o

O"('¡I)I(:l ¡.' (:1.7 'l' .2¡12)- .J !'Lo, l:l}' fi' .. h:o .

(18a)

(18b)

( 18c)

\vlwre 111'~1 ((ti, (Y2 .... ,Op; (JI- fJ.l, ... 1 (3q; z) lS t.he ~elleraliz('d hyp('rg(,oIlH~tric function
defin"d hy [GI

( 19)

A ft.c~r caiClliati(1I1S tite filial CX}JrCSSiOll for t.lte n'lative ('IT(lr giV(,ll i)y E(l. (11) (ippcnds
011 (he out.el" scale ¡Jo of t.urhulence and tite pilpil dialllct.er fJ = '2J{. Figure 2 shows thc
relat.jv(~ (~ITorhdlavior with the ollter scale. As olle can s('e the lIlap;llitllde of the error
df'Pf'IHls 011 1.1",vah", of Lo alHl is elos" lo Ihal oht.aill"d frolll 1.1",l\oll11o¡?;oWVMode!'
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FIGUHE 2. Relative error versus Lo. Apcrturc sizc: D = 0.5 m. The horizontal Hne corresponds
lo thc valllc obtaincd ror Kolrnogorov Illodel and should be taken as a rderenec. Observe that
[or Lo = D the error inereases to 0.25 approximately.

5. CONCLUSJONS

From the result given in Eq. (15) the lirst thing we condude is that the tilt angle and
its estimator differ hy an amount that depends on other aberrations different than tilt
which contribute also to the agitation 01 the image; that is to say, the image centroid is
influenced by high arder aberrations.

One may aIso condude that in designing adaptive optica! sistems the so-called "tip-
tilt" mirror is not sufficient to compensate for the image agitation if onIy tip and tilt
tcrms are considercd in thc wavcfront mcasurClIlcnt proccss. This Illcans that in arder
lo corred properIy the image centroid offset all linear contributions induded within the
high order a.herrations should be considcred. FrolIl this, aue could rCllame the mcntioncd
mirrar a.."i '"imag:e centroid mirrar".

A third condusion is the agreement between the Von Karman and Kolmogorov models
of turbulence when outer scale approximates to illfinity (Lo -+ (0), as shown in Fig. 2,
which corresponds to an error of 12.5% in detennining the image centroid. In addition,
the outer scale does not affect significantly the image centroid unless it is of the order
of the te!escope aperture (Lo = D = 0.5 m, in the considered ca,e) whereupon the error
increa....cs to 25% approximately. This fact is ver)' important to consider in dcsigning
adaptivc optical tele.scopcs and experimental work OH atmospheric optics.
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