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A BSTHACT. A new variational formulation of the problclIl of the scalar wave diffraction on an
isolated inhomogeneity is proposcd. The corrcsponding \"ariational principie is bascd 011 thc
forward élmplitude of thc srattering ficld. An approximate solution of the diffraction prohlem for
a spherical anisotropic inclllsion is oLtained with the help of this \"ariational formlllation. It is
a"islIlIlcd that the wm'e field inside t.hc indusioll is aplane wavc with unknowll amplitude and
\ an~tllllllber. The lattcr are fOlllld fmm the stationarity of thc variational functional of the
problelll. The comparisoll of thc cxact and approximatc solutions in the ca."iC~)f all isotropic
sp!Jerical inciusion is prescnted.

HESU:-'lE!'.". En este artículo se propone lIna nueva formulación variacional del prohlclna (le di-
fracdón de ondas escalares sohre una inclusión aislada. El principio variacional correspondiente
se hasa en la amplitud de m"ance del campo de dispersión. ~Iediante la utilización de esta
formulación \'ariacional, se obtiene una solución aproximada del problema de difracción para una
inclusión anisotrópica esférica. Se asume que el campo de la onda dentro de la iJlclusiólI es una
onda plana con amplitud y nÜlllero de onda no conocidos. Estos ültimos se obt.uvieron a partir
de la condición estacionaria de la funcional variacional del prohlema. Se presenta la comparación
('nt.w las soluciones exact.a y aproximada para el caso de lIlla inclusión esférica isótropa.

rAes: 4:UO,G\'; 43.30.5[; ,13.20,Fn

1, INTRODUCTION

Diffractioll ol' \vavcs 011 isolated inhomogencitics (illclllsioIlS) in a hOlIlogencolls mediuIIl is
aH impnrtant problem of t.he wave titear)'. Exact sollltiolls al' this problclll are knO\vn only
for I'at.hcr simple cases: for illst.ancc, isotropic incillsions of canonical forms (dlipsoids
ancl lilllit forms al' ellipsoicls) in an isatropic hOIllogeneolls mediuIll [1,2]. Evcn in thcsc
("asps thc exact sollltiolls have t.he forms of series oI' sphcrical (or cylinclrical) Besscl's
flllldiotl allcl Lcgcncire's polYlloIllials \vith a poor cOllvergeuce. It is nec($sary to keep
aiJollt huudred al' tcrllls in t.hcse series to obtain a rdiablc rcsult in thc rcgioll of middlc
alld short \","aves [1]. For allisotropic inclusions 01"illclusions of nall canonical forms, only
approximatc solut.iolls 01" t.he diffract.ion problclII are availablc. A nat.ural way t.o bl1ild
approximate solutioIls is a variatiollal fOI"IIlulation of t.}¡e diffractioll prohlplIl. SOllle of
sll("h forlIllllations were cOllsidered in Hefs. 2-4.
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lu this work a uew variatioual formulatiou of the diffractiou problem is proposed. This
formulatiou is based on the forward amplitude of the scatteriug field. The corresponding
variatioual functional di!fers from the ones considered iu Refs. 2-4 ami depends ou the
wave licld and its gradient inside the volume occupied by the inc!usiou. It is shown that
this functional has a clear physical meaning: it is proportioual to the forward amplitude of
the scat.!eriug field ami its imaginary part coiucides with the fuJl scattering cross secliou
of Illotlochromatic wavcs 011thc inclusion. This fact may he llscd rOl' the correction of
approximatc soiutiollS, particularly in lhe short wavc regíon wherc cxact asymptotics of
the fuJl scatteriug cross sectious are known [1,2].

The proposed variationai formulation allows liS to COllstrllct au approxirnatc solution
of the diffractiou problem. It is assumed in this work that the wave ficld aud its gradient
inside the illdusion are plallc waves with unkllowll amplitudes and wavc vectors. The
laUcr are f01111<1frolll thc COlldition of stationarity uf the IIlcntiollcd variationai functional
of the problelll. Such an approximation is built here for au anisotropic spherical inc!u-
siou. The colllparison of the exact and approxilllate solutious for the isotropic spherical
iuholllogeneity is presented. lu the Conclusion the arca of the possible application of the
plallc wavc approximatioll is disCllsscd.

2. INTEGRAL EQUATIONS OF THE DIFFRACTION PHOIlLEM

Lct liS cOllsidcr au infinitc homogeneous mediulIl with au isolated illc1usioll idcally COI1-

jngated with the lIledilIln aloug the interface. We stndy here the diffractiou of scalar
waves uf fixed freqllcncy w (monochromatic wavcs) 011sllch an inholIlogcncity. Ir thc
,¡ependence ou time f. is defined by the mnltiplier ciwt, the amplitnde u(x) of the wave
field iu the medinm with the iuc!nsion satisfies the foJlowin¡?;"'Inatiou of motiou:

2'V,C;j(X)'VjU(X) + p(x)w ,,(x) = -'1(:r), 'V, = D/D:r;. (1)

lIere :r(:rl, '"2, :r::¡) is a point of 3D space, two rauk tensor C;j(:r:) and p(:r:) are paralll-
eters of el<L,ticity and deusity of the mediulIl. They are equal to COij, PO in the medinffi
aud Cij, P iuside the iuC!nsion: '1(x) is the amplitude of the sources of the field. Here and
further I<l\Vlatin indexes are tensorial, summatioll in resped to t.he repeating indexes is
implied.

The fuuelions Cij(:r) aud p(x) may be represented in the fO!"lus

Cij(X) = Co,] + Cli](x),

Clí](x) = ClijV(x),

p(l:) = Po + PI (:e).

PI (:e) = PI \1(:e),

[JI = f' - {Jo,

(2)

whefe \1(:1:) is the charaeleristic function of th" arca \1 occupi"d by th" iuclnsion (V(x) =
I ir:e E V and V(:r) = o if:e f/c \1).

Alter rewriting E'I. (1) iu the form
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one can go to the integral eqnation for the wave field u(x) In the medinm with the
illclusion

u(x) = uo(x) + ( V'iGO(X - x')C1ijV'p,(x')dx'JI'
+ w2 f, Go(x - X')PIU(X') dx', uo(x) = I Go(x - x')<¡(x')dx'. (4)

Here Go(x) is Green's fllnction of the homogeneolls medillm with the da.,tic constant
tensor COij and deusity ¡Jo. This fllnction satisfies the following eqllation:

[V'iCOijV'j + pw2] Go(x) = -6(x), (5)

(6)

(7)

i=H.[iiO
ko =wV~'r = Jxl,

where 6(x) is Dirac's dclta-fllnction, and the "radiation" condition at infiuity [5]. The
explicit form of Go(x) for an isotropic medium (COij = C06ij, 6ij is Kronecker's symhol) is

e-'¡kor
Go(x) = --,

47[Co"
Note that uo(x) iu Eq. (4) is an "exciting" field which would have existed in the

homogeneolls medillm (Co, po) amI the same sourees <¡(x) of the field and the eonditions
at. infinit.y.

To ohtain Eq. (4) it is neeessary t.o apply t.he int.egra! operator wit.h t.he kernel Go(x)
t.o t.he hot.h part.s of Eq. (:l) and t.hen t.o t.ake int.o aeeollnt. t.he definit.ion (5) of Greeu's
flluct.ion amI Gauss's t.heorem. The int.egra! equat.ion (4) is totally equivalent. to the
original equation (1) amI ha., heen used by many authors for the sollltiou of diffract.ion
prohlems [2,6,7].

lt is evident from Eq. (4) t.hat the amplitude of the wave field gradient. vector E(x) =
V'u(:1:) in the medillm sat.isfies the eqllat.ion

éi(X) = éOi(X) - ( J(Oij(X - X')Cljkédx') dx' + w2 ( V'iGO(X - X')pIU(X') dx',
Jv Jv
J(Oij(X) = -V'iV'jGo(x), éOi(X) = V'iUO(X).

Symholically the eqllations (4),(7) may be writ.ten in t.he forms

u = Uo + V'G. CI . é + w2Gplu, é = éO - J(. CI . é + W2V'GpIU, (8)

Not.e t.hat Eq. (8) are in essence the equations for the fields u(x) ami E(x) iuside t.he
inc!llsion. The wave ficlds in t.he medium cau be re<:oustructed from Eqs. (4), (7) if t.he
wa,ve fields illsidc Vare knowIl.

In the ca.'e of isotropic medillm amI inc!llsion (COij = C06ij, Cij = C6ij and Co, C are
sealars) t.he wave field U(l:) inside the iuc!usiou of Ilnit. radius a = 1 may he represent.ed in
t.he fOrln of t.he series of spherical I3esse]'s flluetions j",(kr) aud Legeudre's polyuomials
!'", (<:OsO) of order rn [2,5]

u(x) = u(r.O) = :f= o",j", (kr)P", (cos O), k = wl{;,
ln=O

(2m + 1)(_i)"'+ICO"", = [ () ( ) () ( ]' h",(z) = j",(z) - iy",(z). (9)ko Cokoj", k h;" ko - Ckj~. k h", ko)
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Here Ym(z) are spherical Bessc1's functions of the seeond rank, 1'(x) = el/ jelz; (r, Ii, '1')
are the spherical coordinates in 3D-spacc with the origin in thc ccntcr af thc inclusion
and the polar axis directed along the wave vector ko of the exciting field uo(x). The
latter is aplane wave with the unit amplitude ("0(") = c-ikO"x).

3. A VARlATIONAL PRINCIPLE OF THE DIFFRACTION PROIlLEM

Let us rewrite the integral equations (4),(7) of the diffraction problem in the fonn

u(x) = "0(") + ,,5(,,), d") = EO(X) + E'(X),

,,'(,,)= r 'VGo(" - ,,') . C1 . E("') ,h' + w2 r Go(" - "')PIU("') el,,', (10)J\/ lv
c'(.1:) = - r Ko(" -,,'). C] .dJ;'),h' +w2 r 'VGo(" -"')PIU(,,'),/J:'.

J" lv
Further the exciting fields "o (x) and EO(") are assumed 1,0 be plane waves with the

wave vector ko of the lnediurn:

() -iko'xUo X =c 1 (11 )

The fields 1<,'(.1:) and ES(,,) in the right hand sides of Eq. (lO) may be intepreted as
thc wavc fields scattcrcd OIl the inclusion. In the case of au isotropic lI1cdilllll thc rnain
terms of these fields in the far zone from the inclusion(r' = 11:1 » el, el is a characteristic
linear sizc of the indllsion) have the forms

C-ikor e-ikor :L'
u'(,,) '" -'--F"(n), E'(X) '" -'--F-;'(n), F,(n) = -ikonF,,(n), n = -,

T r l'

F~,(n)= _1_ [-ikon. r C1 . E(y)eiko(n.y) dy + w2 r plu(y)eiko(n.y) dy] . (12)
47[Co Jv Jv

To obtain these exprcssions we use the following a.symptotic rcprcscntation of Grccnls
function amI its derivative in the far zone (1;[ - yl '" Ixl - n . y in this zone);

-ikolxl
Go(" _ y) '" e eiko(n'y),

47[Co

e-ikolxl
'VGo(;r - y) '" (ikon)eiko(n.y)

47[Co

Let us consider the amplitud Fu(n) of the scattering field in the direction n = m
(the direction of the exciting fic1d propagation). F"(n) is called the forward scattering
amplitude. Taking into account Eq. (11) one can represent F,,(m) in tlw form

V[ _ 2 _]F,,(m) = 47[C
o
-(CI 'E,EO) +w (P1U,UO) , (j,4» = ~ r /(")4>(") ,iJ:.

V Jv (I~l)

IIcrc aud [urther the lille over fllllctiollS BleallS the cOIllplex cOlljllgatioll; thc last
integral incln<1es the convolutioll if / alld 4> are tensor fllnct.iolls of the ,allle rank.
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It is known (see, e.9., Refs. 1 and 2) that the imaginary part of the forward scattering
amplitude is connected with the normalized full scattering cross-section Q of the inclusion
by the relation

(14)

Here So is the maxilllal area of the intersection of the inclusion V by the plane
orthogonal to the direction m. Note that the short wave aSYlllptotics (w, ko --+ 00) of Q
is equal to 2 (the exctinction paradox [1,2]).

In the case of a spherical isotropic inhomogeneity of a unit radius the field u(x) inside
the inc!usion has the forlll (9) and form Eqs. (13), (14) we get the following expressions
for F,,(n) and Q:

k2 00 [O ]O .m I PIF,,(n) = -3L I am C91m - -9m Pm(coslJ),
m=O O Po

4 [01 PI ]Q = ~ko 1m -OHc(k, ko) - -lIp(k, ko) ,
.1 o Po

(15)

where (} is the angle between the vectors n and m, the fllnct.ions Hp and [fe are defined
by t.he series

00

H l J () ik •. x d ""mp = - u x e x = L- t Ctm9m,
V v 70=0. J 00IkHe = -2-ko' \lu(x)e' o'X dx = L imam91m,
koV V m=O

(16)

and am has the fonn (9).
Let us express uo and EO through U and E using the original eqllations (8) and sub-

stitut.e the result in Eq. (13). For the function F,,(m) we get the following expresion:

F,,(m) = 4:0
0

[- (01, E,E) - (01 'E,K. 01 'E) +w2 (OI'E, \lGOPIU)

+W2(PIU, u) - W2(PIU, \lGo . 01 . E) - W4(PIU, GOPlu)]. (17)

Lct liS introduce the fllnct.ional JQ(u, E):

JQ(u, E) = ko~So [- (01 • E, E) - (01 • E, K . 01 . E) + w2 (01 . E, \lGoPlu)

+ w2 (IJIU, u) - w2 (PIu, \lGo . el . E) - w4 (PI U, GOPIU)

+(OI'E,EO) -w2(PIU,UO)+(01'E'£0)-w2(PIU,UO)j. (18)
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Becanse of Eqs. (13) and (17) the valne of this functional on the exact solution of the
system (8) is proportional 1.0 the forward scattering amplitude F(m)

41C [- - ] 41CJQ(", E) = k S F"(m) - F"(m) - F,,(m) = --k -F"(m).o o '0So
(19)

It is evident from Eq. (14) that the imaginary part of JQ coincides with the full
scattering cross section Q of the given inc1usion [1m (.JQ) = Qj.

On the other hand the variational equations

o(.JQ) = O,
o"

o(JQ) = O
OE (20)

are equivalent 1.0 the original system of the integral equations (8). Really, the first
equation (20) may be written in the form

('5(:,~),ou) = _w2 PI [((u - 'VGoC[ . E - w2GOPI U - uo),o,,)

+ ((,,- 'VGo' C¡. E - w2GOPI"- uo),o,,)] = O. (21)

Here we take into accout that C1 is a two rank symmetric tensor amI the kernel Go(x)
of the operator Go ha.., the property Go(-x) = Go(x) that follows the expression (6) for
Go(x).

The real Re (o,,) and imaginary 1m (o,,) parts of the variation Ou of the wave ficld in-
side inc1usion can be considered as independent. Thus the last equation may be rewritten
in the form

[ (Re (u) - 'VGo . C¡ . Re (E) - w2GOPI Re (u) - Re (uo)) , Re (ou)]

+[(lm(u)-'VGo'C¡' lm(E)-w2Gopllm(u)- lm(uo)),lm(Ou)] =0. (22)

After putting the multipliers in front. of Re (o,,) alJ(11m (o,,) equal 1.0 zero ami joining
these equations into the one we gel. the first equat.ion of the system (8). Al. the same way
it may be demonst.rat.ed that the equat.ion o(.JQ)/OE = O gives the second equation of
the system (8). Thus the solution of Eqs. (8) is a stationary point. of t.he functional (18).

Variat.ional principies based on the forward amplitude of t.he scatt.ering field in appli-
cation 1.0 the difIraction problems were considered in Ref. 2 (See Cha]>ters 9.4 alJ(1 12.3)
and Ref. 4. If one changes the complex conjugated function in Eq. (18) for the original
ones the resulting funct.ional will olso have a stat.ioner value on the exact. solut.ion of
Eq~. (8). (For the problem of the elastic wave rlifIraction the similar funt.ional was pro-
posed in Ref. 3.) But. by such a definition the functional.JQ loses it.s mentioned ]>hysical
meaning (1.0 be proport.ional 1.0 the forward amplitude of t.he scattering ficld and t.o have
the imaginary part equal 1.0 the full scatterin¡>; cross sect.ion Q of t.he ¡>;iveninclusion).
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4. AN APPROXIMATE SOLUTION OF THE DIFFRACTION PROBLEM

Iu arder to build an approximate solution of the diffraction problemlet us assume that the
wave field u(:r) aud ,,(x) inside the inclusiou are plane waves with unknown amplitudes
b aIHi B and a wave vector 1:

x E V. (23)

For simplicity thc mcdium is assumed to be isotropic with the dynamie properties
equal to oue (Co = 1, Po = 1) aud the inclusion is a sphere of a unit radius (l = 1. (The
dimcnsions are of uo importauce for thc prcscut aualysis)

Iu ardcu to obtaiu the amplitudes b and 13 in the represeutatiou (23) let us substitute
u(x) ami ,,(x) from Eq. (2:l) iuto thc funetioual .JQ (18). As a result .JQ will be the
fuuction of three variables

.JQ = .JQ(b, 13, 1), (24)

(25)

wherc b is a sealar, 1 and B are vcctors. According to Ritz's schclnc the equations [or
the amplitudes b aud 13 follow fmm the coudition of statiouarity of .JQ ¡ü(.JQ)/üb = O,
ü(.JQ)/üB = O)amI take the forms

b - w2p¡g(ko, l)b - G(ko, 1) . CI . 13= F(lko - 11),
213+ K(ko, 1) . CI .13 - W PIG(ko, l)b = -ikoF(lko - 11).

Here g(ko, 1), G(ko, 1). [((ko,l) are the followiug iutegrals:

g(ko,l) = I Go(x)e'II ¡(:r) <Ix,

G(ko,l) = I[VGO(X)]cI1I ¡(:r) <Ix,

K(ko,l) = - I[V 0 VGo(x)JeI1I ¡(x) <Ix,

where the fuudiou ¡(x) has the form

1I {I - ªI:rl + -',,1:rl'l,¡(x) = ¡(I:rl) = V V(y)V(x + y) <ly = O, 1 lO
Ixl ::: 2
Ixl > 2

(26)

(27)

Here 1'(y) is the charaderistie functiou of the spherieal are V of radius (l = with
tl¡e ccntcr ato poillt y = O.

The fUIll:tiou F(k) ou the l'ight haud sides of Eq. (25) 1,,", the ¡,mu

F(k) = \1, r e,kI <I:r = ji. (kk) .JI' ,1 .
Ikl = k, (28)

where jI (k) is the spherieal Bessel's fuuetiou of the first arder.
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The Eqs. (25) may be obtaiued abo according to Galerkin's scheme if we substitute
the represeutation (23) into Eqs. (8), multiply botb parts ou eil.x aud then average the
result over tbe volume of the inc!usion.

Note that for I = O (tbe long wave limit) the equatious similar t.o Eqs. (25) were
proposed iu Ref. 7 for the sollltiou of t.he problem of the elast.ic wave diffraction on a
sJ)herieal inholllogeneity.

After using Gauss's theorem and iutegrating over the unit sphere the iut.egrals (26)
take the forms

y(ko,l) = gO~:,I), go(ko,l) = t e-;kor /(1')jo(l1')" d1', 111 = 1, 1= le,

G(ko,l) = J Go(x)V'[eilx /(x)] d" = - ~o lG(ko, 1),

2
G(ko, 1) = lo e-;kor[J'(")j, (1,') + ''f('')jo(l7')J d1', (29)

f((ko,l) = - J Go(x)V' 0 V'[eilx /(")1 dx = ~o [f((1)(ko, 1)1+ f((2) (ko, I)e 0 e]'

f((,,2)(k,l) = 102 e-;kr<I>(1,2)(,.) d,', <1.(1)(,.) = ¡'(1')jo(1') + [,-¡,,(,.) _ ¡'(1')]j, ¡:1') ,
<1.(2)(1') = -[1'/"(1') - ¡'(1')lh(17') - 2I,f(")j¡ (1') - l'/(1')12jo(l'-).

Here I is the t.wo rank uuit teusor. Note that. aH these integrals cau be calclllated in
t.he explicit. forms (see Appendix).

The solutiou of the system (25) has the form

(30)R,=iGI.CI,

B = -iDo' . koF(lko - 11)- R2 . Do'b,¡, = 1+ iR, . DOI .ko F(lko _ III
d,,-R,.Do'.R2 '

2 (J,do = I - ko-go, Do = 1+ f(. c"
(Jo

After substitutiug (23), (30) iut.o t.he fuuctional .JQ (18) the !atter take the form

(31 ).JQ = ;ko [__ i_, ko' C" B + (JI¡,] F(lko -11).
3 Cok6 Po

lu oreler to check the quality of this approximation let us compare the values of the
fuuctiouai .JQ (18) ou the exact. solutiou of the Eqs. (8) aud ou the approximate sollltion
[(I:l), (:10)) iu the case of an isotropic iuclusion. It is natural to assume that. t.he directions
of the wave vectors ka ami 1 are thc saIllc rol' the isotropic indusion:

ko = konl, 1= 1m.

In this case b and B are reprcscllted in lile fonns

¡, = Ji p(ko, 1), B = -ikoN c(ko, 1), (32)
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FIC:UHE 1. The dependen ce. of lhe real (a) and imaginary (b) parts of the fuuclional JQ on
t.he Wi1\'C 1l1lInbcr ko of the IIIcdiuIIl for a soft and light inclusion (p = 0.1, e = 0.001; (Jo = 1,
en ::;:;1). Salid lines correspond t.o lhe cxact solution of tlle diffraction problcm; lilles of pluses
(+) and minuscs (-) corrcspond 1.0 thc assllmptioll that the wavc nurnbcr 1 of lhe wavc field
illsid(~ inclllsion provides stationary to the functional .lQ; lines of squarcs (O) correspond lo the
a....slllllptioll 1 = ka; lines of circ1es (o) are obtaincd frolIl tite condition that 1 is real and provides
a maximmn to the real part of tite functional JQ.

where lhe scalar funclions Ji (1 and Ji c are defined by tbe following relations:

Ji(l(ko, 1) = (1 ) [De(ko,l) - ~llkoG(ko, /)] F(lko -11),
6> ko, I vo

{J c(ko, 1) = (1 ) [<lr(ko,1) - (11 kolG(ko, 1)] F(lko,lI)' (33)
6> ko,1 Po

(11 el 2 2 26>(ko,/) = Dc(ko, I)<le(ko, 1) + -c kol G (ko, 1),
(lo o

De(ko.l) = 1 - ~I [[((1) (ko, 1) + ]{(2)(ko, 1)]. <le(ko.l) = 1 - PI k611(ko,1).
"-'{) Po

'rhe fuuctioual .Fq fOl"this case !.akes the fonu

(:14 ),1 [el - PI - ].Fq(ko,l) = -;-ko r;-Hr(ko,1) - -!fp(ko,l) F(lko,ll).
,1 vo Po

'rhe solid liues ou Figs. 1a and 1h are the exaci. dependences of the real ami imaginary
par!s of fnn"tional .FQ 011 the wave number ko fOl"the soft and light inclusion (e = 0.1,
P = 0.(1). The same dependenees for the han! and heavy inclnsion (e = IODO, P = la)
an~prest'llted in Figs. 2a alld 21>. In order to btlild t¡¡ese dependenccs t.he equatiolls (19).
(1;'). (lG) were used. (No!.e tha!. 1m (.FQ) cnincidl's \Vith the fulJ seaUering <TOSSsI'clion
q of !.he inclusion).
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FIGURE2. The dependences of the real (a) amI imaginary (b) parts of the functional JQ on the
wave number ko of the medium for a hard and heavy inclusion (p = 10, C = 1000; P = 1, Col.
The denotations of the lines are t}¡c same as in Fig. l.

In order to build the approximate dependenees of JQ on ka it is neeessary to find
the wave number l of the wave ficld inside the inclu8ion. Let U8 assume at first that
the wave number l coincides with the wave nurnber ka of the medium_ The dependenees
of Re (J Q) ami 1m (.JQ) on ka for this case are presented in Figs. 1 and 2 (the lines
with squares). It is clear that this approximation serves only in the long wave region.
In the short wave limit when ka, w -+ CXJ it gives for Q = 1m (.JQ) the asymptotie value
32/9'" 3.55 ... instead of 2 (the exaet limit of 1m (JQ)).

In order to eorreet the approximate solution in the short wave regio n let us consider
the funetional .JQ (34) as a funetion of the wave number l. Aeeording to the logie of the
ealculus of variations one should ehose l from the eondition of stationary of .JQ(I). It
tUrIlS out that in in the limit ka -+ CXJ the funetional .JQ does not depend on the dynamie
propertie" of the inc1usion ami is only a funetion of the differenee z = l - ka. The limit
express ion .JQoo(z) of the funetional JQ has the form (see Appendix)

, 192z2jr(z)
lim .JQ(ka,l) = .JQoo(z) = .. (35)

ka ...•00 8z3 + 31(e2" - 1) + 6z(e2iz - iz)

The dependenees of the real (sol id line) and imagynary (dashed line) parts of the
funetional JQoo(z) on z (z are real) are presented in Fig. 3a. The line with triangles is
the dependenee of the motlulus of the t1erivative I.JQ;"'(z)l on z. It is evi,lent from Fig. 3a
that for real z in the region where 1m (.JQoo) is closetl to 2 there are no stat.ionary point.s
of JQoo(z). (The derivative JQ;"'(z) is not. equal t.o zero in t.his region.)

Let us consider .JQoo (z) as a funetion of the cOlnplex variable z = <; + ir/o In tUrIlS out
that there are t.wo stationary points z+ and z- of .JQoo(z) in t.he region where 1m (.JQoo)
is close to 2 (.JQ;"'(z) = O al. these points):

Zct = :1:2.471 - i2.129, .JQ(Zct) = :1:0.485 + i1.468. (36)
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JO(z)
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(a)

~=-2.129
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FIGURE 3. The dependen ces of the real (solid lines) a11(1imaginary (dashed lines) parts of the
fllnctional JQ(X) Gn z = 1 - ka- Thc Hnes with triangles (.6.) are the modulus oC the derivath.e
I./Q:XO(z)l. (3a) is these dependen ces for real z, (z = (+ ir/, 1/ = O), (3b) is the same dependences
for z = (- i2.129.

TI", dependences of the real (solid line) and imaginary (dashed !ine) parts of functional
./(2oo(z) on <; for '/ = -2.129 are presenterl Fig. 3h. The line with triangles is the
dependen ce of the Illodulus of the rlerivative IJQ;"(z)l on <; for this 'l.

Let us consider the roots of the e<¡uation

8(JQ(ko, 1)]
Bl

=0 (37)

in the region of short. and lIliddle waves if 1 is a cOlllplex variahle. Here JQ is t.he cOlllplete
funct.ional (34). There are t.wo hranches of t.hese root.s t.hat. cOlTespond to t.wo root.s (36)
of t.he E<¡. (37) in t.he short. wave region. The lirst hranch where Re (1) < ko if ko -+ 00

we denote as (-) and t.he second hranch (Re(l) > ko if ko -+ 00 ) as (+). The lines of
pluses and Illinuses on Figs. 1 and 2 correspond 1.0 t.hese hranches of the solut.ion of (:l7).
In tnms out t.hat. (+ )-hranch for soft inc!usion and (- )-branch for harel (lIles hreak off in
t.he long wave region. Not.e t.hat t.he short. wave I¡mit. of Q = 1m (J Q) is e<¡ual 1.0 1.468
hut nol, 2 [01' this approximatioll.

Ouc can acccpt that

Q = 1m (.JQoo(z)] = 2 ( :18)

and cOllsider this cquatioll ,Ui au additional cOllditiollal rOl' the variatiolla! problelll in
tite n~gioll of very short waVCH. This equation dcfilH~sa lille OH thc complcx plane (<;,11).
In t.he physically accept.ahle region ('1 S O) t.he funct.ional JQoo(z) does not. have any
stat.iollary poillt OHthis lille but m<tximull and minimulIl of t.hereal part oCtltis fUllctioual
are aehieved Ol! t.lle real axis (, = :1:1.561, '1 = O). As il can be seel! frolll Fig. :1" t.llat.
t.IH'sepoints are dose t.o tite st.atiouary points z = :i::1.;}7!J()f tite real part. of t.he flllldiollal
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.lQoo(Z) on the real axis (71 = O). Note that

.lQoo(:l:1.579) = :1:1.856 + il.759

amI 1m (JQoo) is elose 1.0 2 al. t.hese point.s.
ane can nse t.his fact. in order 1.0 obt.ain t.he dependen ce 1= l(ko) in t.he rep;ion of short.

and middle waves from t.he condit.ion of st.at.ionary (maxilllum) of Re [.lQ(ko, 1)] for real
l. The corresponding values of t.he funct.ional .lQ are t.he lines of cireles in Figs. 1 a",l
2 (The choosing 1 from t.he condit.ion of t.he minimum of Re [.JQ(ko, 1)] does not change
practical1y the illlap;inary part. of.lQ for al1 ko but. t.he real part. of.lQ will have anot.her
sigll in thc short \vave regían.) As it can he scen this approximatioll allows lIS f.o describe
bet.t.er t.he dependence of t.he ful1 scattering cross-sect.ion Q = 1m (.JQ) on ko t.ben t.he
same dependen ce of Re (.1Q).

As it. t.he fol1ows from t.he Eqs. (12) and (23), t.he amplit.ude F,,(n) of scat.t.erinp; field
in lhe plane wave approxilnatiol1 takcs tite fonn

¡;~,(n) = _~5[_i -11' CI .B - PI b] F(lkon - 1J),
,1 Coko Po

where b and B are defined in Eq. (:10).
The different.ial cross-sect.ion DQ(n) of the inelusion is defined by t.he relation

DQ(II) = !F,,(1I)¡2

(39)

(40)

ami characterizcs the frictioll of the cIlcrgy scattcrcd in 1l-c1ircctioll. Thc comparisotl of
t.he exact [(15), (40)] and approximate [(:12), (39), (40)] different.ial cross-sect.ions for t.lw
hanl isot.ropic inc!usion is presenled in Fig. 4. The wave numbers 1 of t.he wave field
illside thc inc1usioll [or variolls ko wcre choosclI froIll thc maximum of tite real part of tlw
functional JQ [Eq. (34)]. The discrepancy bet.ween lhe exact and approxilllat.e solut.ions
ror soft iUclllsions has the same charactcr.

5. D1FFRACTION ON AN ANISOTROPIC INCLUSION

Lct liS cOllsidcr thc diffractioIl of a planc Illonochromatic wave on aB anisotropic sphcrical
indusioll whCIl e is a. two rauk SYlIllllctric positivc tcnsor. \Ve assulllC again that tllc
wavc ficld inside tlle indusioIl is aplane wavc witb unkllowll alllplitude and wave vector
1. For thc anisotropic inclusion the dirPctioIl of tllc vector 1 <loes Bot coincide with the
wave vector ka of tite excitillg field in general ca.."ic.

Let el, e'2, e,1 are tlll~principal vcctOfS of thc tensor C} = e - Co alld el, C'2, t:3 are
the corresponding principal valucs. \Ve a.SSllIllCfor simplicity tha!. thc wavc vector ka is

located 011 t.h" plaue of t.lte vectors el, e2:

kll = ko(mle, + '''2e2)'

It fo!Iows from t.he symmetry of tlw pro17l"m t.hat the vector 1 is located on th" same

plallc:
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FIGURE 4. Thc diffcrcntial cross-sections of thc isotropic spherical inclusion (Co = 1, p = 1;
e = 1000, p = 10; (l = 1) for "¡ITerentwave nl1mberska of the cxciting fiel". Salid lines are exact
solutions, rlashing Iines are the reslllts of the plalle \"'aveapproximation.

The eomponents 11, 12of this vector shol1ld he fouu" frolll the eondition of stationary
of the funetional ,/Q (31). lIere as in the ea.'e of the isotropie inclusion we find the real
numbers 11,12 frolll the eondition of the maxilllulll of the real part of ,/Q. The graphs of
the differential eross seetion of the hard anisotropie ine!usion (el = 100, e2 = e3 = 10,
P = 10) in the isotropie medium (Ca = 1, p = 1) are presented in Figs. 5. Polar angles
on these graphs are the angles !>etween the wave vector ka = kam of the exeiting field
and the direetion vector n of the point (e¡, e2). The direetion of the exeiting field wave
vector m was ehosen in the form

I
m = j2(e¡ + e2).

For the given values of the wave numbert ka of the mediulll the eorresponding values
of the eomponents I¡, 12 of the veet.or 1 are:

ka = 0.1, I¡ = 0.071, 12= 0.071,

ka = 1, II = -0.G38, 12= 1.307,

ka = 5, I¡ = 2.437, 12=4.111,

ka = 10, I¡ = G.451, 12= 7.942.

Note that in the long W<lVC regioll (ka < 0.5) lII<Lxillllllll He (./(2) disappears and wc
chose ka = 1 for ka = 0.1. In thc short wavc rcgion the directioll of tlw wavc vector 1
t.UrIlSto the di,-eetion of ka when ka --+ oo.
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FIGURE 5. The diffcrcntial cross sections of the allisotropic spherical illclusion (Co = 1, Po = 1;
el = 100, C2 = 10, p = 10; a = 1) for differcnt wavc numbers ka of the cxciting field.

G. CONCLUSION

The approximat.e solut.ion of t.hc diffract.ion problcm which has been huilt in this work
may be caBed Lhe planc wavc approximatiotl. This approximatioll givcs liS thc corred
asymptotics fOf the fll11 scattering cross-scdioll of a sphcrical indllsion in the long wuve
region and it is close 1.0 t.he exact. rcsult. in t.hc ,hort wave region. Thc for¡nulae for thc
calculation of the differential and ful! scattering cross-scct.ion of the spherical anisotropic
inclusion in thc framcwork of this approximation consist of same combinations of cxpo-
nential functions and polynoms of finite powers (see Appendix). The numerical calcu-
latioIls accordillg f.o these formulac are mOfe simple that thc slImmatioll of thc series of
the exact sollltiolls similar to Eq. (9), particlllary in the short wave rcgioll. Of COllrse
with t.he help of only (lIle plane wave it. is diflicult. t.o describc a rat.her complicat.e wave
field inside the inclusion in t.he region of the middle and shart wavcs. In the middle wave
rcgion this approximation describes only a gcncral trcnd of the dependcncc of the full
scattering cross-sectioll 011 the frcqllcncy of the exciting fie1d. I3ut in lIlauy cascs fillch a
description is very dose 1.0 the exact. solulion. Note that in the lonl'; wave region (1.:0 < 1)
an agreement wilh cxact solutions can he obt.ained in the a",snmption that ko = I (the
\vave vector insidc the inclusion coincidcs with t}¡c wave vector of exciting fie1d). In thc
regioll of thc middlc and short waves (me hafi to find the wavc vector 1 frolll the cOllditioll
of the maximnlll of lite real part. of t.he fnnct.ional JQ (:n).

It is worth to clllphasiz;c that the plallc wave approximatioll Illay be applied t.o thc
sollltion of the difffaction problcm fOf iJlc111Sionsof noncallunical forms. This approxi-
mation on the haS(l of thc correspondillg varaetional principie may he also l1scd in lhe
problcms of the el;L'\ticand c1cetromagnctic wavcs diffradioH OHisolaled inhomogcllcitics.
A possihlc arca of applications of this approximatioll is thc prohlem of wave propagatioll
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throngh the llIedinlll with a randolll set of inclnsions. For this problem an exaet aeeonnt
of details of the seattering ficld from every inclnsion is not neeessary beeanse of further
averaging the resnlt over the sizes of the inclnsions and their spatial positions. That is
bCC:lllSC using SOIllC simple approximations of the diffraction problcln is more prefcrable
then to operate with the hnge series of the exaet solntions no to say of the cases when
sneh solntions are not available. For instanee the plane wave approximation is simple
enongh to be nsed inside sclf-eonsistent sehemes for the ealcnlation of effeetive dynamie
propcrtics of composite materialH [7,8].

ApPENDIX

For the ealcnlation of the integrals (29) it is neeessary to take into aeeonnt that the spher-
ical llcsscl's fllJlctions jo, jll j2 may be reprcscntcd as combinations of trigoIlOlIlctrical
élud powcr fUllctiolls

. () sin(z)Jo x = --,z
, () sin(z) eos(z)

JI Z =-----,
Z Z

'() 3jl(Z) '()J2 Z = --- -- Jo z .
z (41 )

The functiou f(r) in E'l. (29) and its derivatives are also power fnnetions:

f(") - I - 1,.+ J..,.- 4 16' f'( ) 3 3 2r = -;¡ + T6T , j"(r) = ~r. (42)

That is because the integrals (29) may be represented as linear eombinations of the
integrals I,,(e) of tbe following type:

11. = -3, -2, -1,0,1,2,3 (43)

For negative 11 these integrals diverge. I3ut it is neeessary to take into aeeonnt that
the integrand fnuetions in the integrals (29) are bonnded when r = O. That is beeause
these integrals can be understood as the following.

lf 11 < O let us substitnte instead of O in the low limit of the integrals (43) a small
nnlllbert 6 and take into aceonnt only the terms that have the order of 1 in eomparison
with ... , 6-1, ln(6), 6, etc. The other terms shonld disappear when 6 -+ O in the full
expression of the integrals (29). As a result one shonld nnderstand the integrals (43) for
Ilcgative n, (n = -1n, rn > O) a.....following

1 [e2iC '(ic)m-l. ]
L",(e) = - m _ 1 2"'-/ - (m _ 1)! - IcL("'_1)(c) ,

If m = 1 this int.egrals is

Tn. = ... 13,2.
(44)

L,(c) = -E/(-2ie) -In(e) -""y + i~.

wIJen f is Euler's (,OIlstant.

/,

00 -zte
E/(z) = -di,

I i
(45)
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For positive n the integrals (43) converge ami have the forms

1 2lo(e) = -:-(e ,e - 1);,e n > O. (46)

Let US tum to the integrals (29). Arter substituting Ec¡s. (41), (42) in Ec¡. (29) we get

90(k,l) = jO(k, 1,1) - ~jO(k, 1, 2) + i6jO(k,I,4),

G(k,l) = jO(k, 1,1) - ~jO(k, 1, 2) + /6jO(k, 1, 4) - :lji(k, 1, i) + 1~lj1(1, k, 3),

K(k,1) = K{I) (k, 1) + K(2)(k, 1) = -tJO(k, 1,O) - 12jO(k, 1,1) + 136jO(k, 1, 2) (47)

+ ~12jO(k,I,2) - i612jO(k,I,4) + :lj1(k,I,-I) + 1~lj1(k,l, 1)

+ 1Ij1(k, 1,1) - glj1(k, 1, 3) - iJ2(k, 1,O) - /"j2(k, 1, 2).

Here jm(b, n, n) are the following integrals

n=-l,O,1,2,3rn = 0,1,2;
2

jm(k,l,n) = la ,'''e-;bjm(/,')dr,

ami jm(z) are spherieal Besse!'s functions (41).
The integrals jm(k, 1, n) may be represented in the forms which follow from Ec¡. (4i):

(48)

where

1:' (k, 1) = (2 ,'''c-;k'sin(lr)d,' = 2
1
[1,,(1- k) - l,,(-k -1)],Jo. z

2. 1
l"e = la ,."e-'kc cos(l,') d,. = 2[1,,(/- k) + 1,,(-k -1)], (49)

and integrals l,,(e) have forms (43)-(46).
The explieit expressions of the integrals (29) are rather huge. We wrote here only the

asymptotics of these integral s for long and short waves.
1. The long wave asymptotics [(k, 1) ~ w; w -* 01

90(k,l) ="- 2.12 - .".k2 +iJ,.k3 +i(_l + .l..12) k + O(w4),El ,k, ,b 1,) ,l 15

• _ 2 :2 2 ,,2 2 8 2 2i 4G(k, 1) - 15 - mi + k (35 - 9451 ) -le, + O(w ), (50)

K(k,1) = _1 - .l..12 + i(1_ J,.12)k:¡ _ 2, k2 + O(w').3 75 9 40 10



A VAHIATIONAL PRlNCIPLE OF THE SCALAR WAVE . .. 411

2. The short \Vave asymptotics (z = k -1; k ~ w -'> (0)

yo(k, z) = _1_1 [3i(e2iz - 1)+ 6(e2iZ - iz)z + 8z3] + O(k-2),
16kz'

1[(3' 3) 1]G(k, z) = k 16:4 + 8z3 (e2iz
- 1)+ 2z + O(k-2),

K(k z) = ~ [:li(1 - e2iz) - 6z(e2iz - iz) - 8z3] _ ~ +, 16z4 4
3i. 3. 33i - 4z
--o (,,2« _ 1) + _(e2« - iz) + + O(k-2).
16z.l 8z2 32k

The Eq. (35) for .JQoo(z) is the conseqllence of these expressions.
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