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A BSTRACT. Currcnt rcscarch OIl critica! phenomena ami minimum cncrgy configurations oC dipo-
lar particles on a 2D latticc, usually approximatcs the infinite interaction range through a cutoff
to carry out Ilulllcrical simulations. In this work we compare the cornmonly reported procedurc
ill Iitcraturc, consisting of truncating the potential fUIIction fraIn a givcn abscissa, lo another
proposcd rncthod, whcre the fUIlction is vcrtically shiftcd to zera after the truncation. \Ve show
that the first proccdure renders more mistakes than thc second, where mistakes still admittedly
occur but their appearance notably decreases a.<;¡a function of distancc. \Ye also examined the
conditions necessary to consider di serete dipoles as bcing continuous beyond the cutoff position
ami found that the shifted procedure performs better liJan truneating alone.

IlESUt\.1EN. En la investigación teórica de los diagramas de fases y de los estados base eoufiguracio-
nales de partículas bajo interacción dipolar en una red bidimensional usando métodos numéricos,
usualmente se aproxima el alcance infinito de esta interacción introduciendo una distancia de
corte. En este trahajo comparamos el procedimiento reportado normalmente en la literatura, que
consiste en un truncamiento simple contra el método de aproximación recientemente propuesto,
en el que se cfecttÍa una translación del origen del potencial después del corte en el alcance.
!\lostramos que con el primer procedimiento el mhnero de fallas producidas es mayor, y este
Il1Ímero decae para mayores distancias de corte que con el segundo. Estudiamos las condiciones
Ilecesarias para considerar la distribución discreta de dipolos más allá de la distancia de corte
como continua y homogénea y verificamos que en el sr'gundo procedimiento dichas condiciones se
cumplen mejor.

I'ACS: 68.35.Hh

l. INTRODUCTION

TItere are syst.clIIs that may he considered intcradillg elemcllls 011 latticcs. polymcrs,
alloysl adsorhates, Il(mral tlctworks, etc. \V}¡cn ollly thc intcraction alJlong first Ileip;hbors
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is considered and the elements have two states, the systems can be studied using the Ising
lIlodcl. Howc\'cr, ¡ftlte illtcraction range is longcr, the sitllatioll bCCOlIlC5more intricatc [1]
as with the adsorption of alkali atoms on metal trausition surfaees [2]. These systems
are importallt rOl' hctcrogcncous catalysis [3] and tcrmoionic cmissioll tcchnologies [4].
From tite t}¡corctical point of view, they are illlportant (t."i two-dimcllsional systenls able
to 1-ihow phase transitiolls [5].

Thcre ha.'"!hccll an illtense discussion abollt thc cxact origill of the intcraction among
the alkali adsorbat.es [6-8] that extends from the t.raditional point of view which c1aims
that t.he valen ce electron is stolen by the metallic substrat.e (creat.ing dipoles aeross the
surfacc) [9, ID]' to él mOfe rccent view point which com;idcrs that thc intcractiOlI is dllC to
t.he alkali intemal polari7,at.ion [6]. In bot.h cases, dipoles perpendiClllar to the surface will
[onu [11, 12] that produce long rauge interactioll alllollg adsorbates. This sitllation makcs
it difficlllt lo obtaill pha.c;¡c diagrmlls al' to calculate millimuIIl cllergy cOllfigllrations.

Monte Cario calculations [13~15J ami Exhaustive Inspection [16-18] are used to look
[or pitase diagrams nr minimulll energy cOllfiguratiOlls. In both procedllrcs, the dipo-
lar potential is approximated by a cut-off followed by a continuous correct.ion beyond
the truncation distance [13,14]. Muller [15] studied the systelll Cs/Rh(100) using a
Monle Carlo silllnlation in which the dipolar intemction was t.runcaled to the second
lattice neighbor. The a,!sorption of Na over W(llO) was also stndied with Monte Carla
procedures, truncating after the t.hird lattice paramet.er [13,14]. Minimum energy con-
figurations have been studied in fcc(100) and fcc(lll) lat.tices with interaction up to
the sixth lattice parameter [16~18]. In the caBe of Na/W(lIO), researchers c1aim that
the part.ic1es beyond tbe cut-off position can be considered t.o be a eont.inuous homoge-
neous distribut.ion on the surface. This allows them to incorporate their contribution
a.o.;an order-indepcndcnt intcgral, rcsulting in thc tcrlll 2n(} / de, w}¡cre O is t}¡c coverage
part.ides array, and de the eutoff distance. Finally, in early works on Exhaustive Inspec-
tion [16-18], an energy shift W;LS done in I/d~ (Fig. 1), rendering a :1O/de correct.ion term,
in addition t.o the eutoff.

The convenience of working with cont.inuous pot.entials in 1D systems is indisputa-
ble [19]. For tbis rcasoll it has bccn applied to 2D systems to elimill<ltc diseontilluities that
appear in the t.runeat.ion distance. It has been suggested thal this type of approximation
coul,1 be userul in ot.her kinds of procedures; i. e., Mont.e Carlo calculations for alkali-metal
systems [17].

As far a.s \'le kIlOW, there is no systernatic discllssion abollt the killd of approximation
tha.t eouId be llscd [or di polar interaction in thesc syst.cms, exceptillg a comrnentary by
Medvedev [1:1]. He analFes O = t orderings in bce(llO) for mnges bet.ween one t.o ten
lat.tiec paramctcrs alld cOIlsidcr that after thrcc latticc paramctcrs thc contriblltioIl to the
cIlcrgy frolIl partidcs heyolld thc cut-off wouId uol depcnd OH tite spccifie arrangement
whic:h alk)ws the approximatioll of their contriblltion hy aH integral. This affirmatioll,
which w(~wilI refer to as Afedvcdev's conjectllre ha.o.;illlportallt dfccts 011 .l\lontc CarIo
caklllat.iolls hcc:al1se the probability of trallsitioll <llllong the diffen~Ilt arrays dcpcllds OIl
tlHl difr(~I'(~IlCP in t.heir encrgics. Thlls, if thc contribulion t.o t.he energy o[ thc particles
beyoud tIte tnmcatiOll <loes Ilot depcnd OH their sppcific distrilJlltioll, it is not neccssary
to calclllat(~ this cOlltrihution since it will be e1iminated when t.he clIergy differcnccs in
the Doltzmall factor are cOllsidere£!.
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FIGURE 1. Display for Dipolar Potential and its approximations. llroken line eorresponds lo full
di polar potC'lItial (DP); hlack line with diamonds is draw to I"('pn's('nt truncat('d approximation
(T); and gray Iiae with squares corresponds lo shift.ed truncatcd approximat.ioll.

\Vhen t.he part.ides are arde red on a periodie array, t.he eonvergen('e of t.he snm of
interaetiolls over OIle particlc depcnds on tite form of tite pot.cIltial flllldion as well as
on tite dimem;ionality of the emhedding space. For installcc, whell the dilnen8ioIl is
greate1' than the intc1'action'8 exponcllt of decay, the lllcnt.ioncd convergence cannot he
gllarantccd and it is Ilccessary to use alternative tcchniqncs sllch a'i Ewald's SUIIlS [20].
Fortunately, this is llot t.he case }¡cre: chelnisorpt.cd systcms are two-dimcnsional alld thc
interaction considered is dipolar (it. de('ays as t.he enbe of t.hc dist.an('c).

In this st.ndy, we show that. t.he shiIted tnm('at.ed approximation [17) performs bett.cr
t.han the t1'l1llCatioll cOlllll1only fOlllld in the litcraturc. In addition, we explore the validity
of lvledvpdnv's cOlljcctllrc whcn hoth types of approximatiolls are cOllsidcrcd. In Sed. 2
\VC descrihe ou1' methods; rcslIlt.s are showll in Sect.:J. S(~ction 4 is devoted f.o the
C0l1c1l1siOlIS.

2. ivIETIIODS

\\T!len WPwork with t.lle fvJonte Cario lllethod. Exhaustive Illspect.ioIl 01' Gelletic algo-
rit.l11Ils.\\'(' Ila\'c to Illak(' (l('cisiOllS t.lta!. (icpCIl(1011t.lle configllration's CIH'1'gy,Tlle lvJonte
Cario lIlet.hod. sta1'ts h.y sc1ectillg a configuratioll with knowll cllergy. Ilsllally frolll a
ppriodic: cdl. Tite cOllfigll1'atioll is thcll lllodified al. randolll, t.lms prodllcillg <tnother COI1-
lil'nratioll wilh its respective c1Ier1'Y;ir Ihis ellerl'Y is lesser Ihall the first.. we IIse the h,t
nmfiguratioll as an illit.ia! OIlC. Ot.h('rwise. we use the BoltzlIlall factor t.u d('cicie whd!t('r
',he cOllfigllratioll is n'j('ct('d 01' BoL These steps are repC;lf,('d IIl:lJlY t illH's 1.0 brillg tlw
S,\'St.ClIlto alld ('xtract informatioll !'rmll thermal ('C}l1ilibriulIl.
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In the proeedure deseribed aboye, it would be eonvenient to have an arde red list of
energy of aU eoufigurations eonsistent with the periodie eeU, in whieh the energy was
ealculated using the fuU range of the interaetion. This list eould be named the ideal list
and would provide the necessary information to select different configurations without
having to perform the energy calculations. However the ideallist is impossible to calculate
because we cannot calculate infinite range interaetions with a computer. It is neeessary
to truneate the range of the interaetion and this, of course, lead to change the order of
energy eonfigurations.

We can have a hasic idea ahout the approxirnation's perforrnancc, counting thc
changes in position in the sorted energy list with respeet to the ideal list and we wiU
say that each of these changes is a mistake. Since the ideal list is impossible, we take
1000 lattice parameters to perform our calculations as compared to interaetion ranges
reported in the cited papers which are only up six lattiee parameters.

To study sets of cases in an orderly way we wiU use those generated by Exhaustive
Inspection [16-18]. This method was originaUy developed to find the ground configura-
tional state for partides that interaet dipolarly on a lattice in specific area and caverage.
This procedure is based on the faet that in a given arca and eoverage the number of
different orderings is finite. If we wish to study eoverage p/q, with p amI q relative
prirllcs, in a tq arca, whcrc the particles can only OCCllPYpositioIlS 011a lattice generated
by the vectors v ami w, we build aU the different ceUs generated by vectors A and B
which correspond to linear combinations of v, w, such as lA x BI = tq. Once aU the
possible ceUs are generated, we place one of the p partides on the vertexes of each ceU,
and construct aU the possible arrangements by putting the remaining p - I partides in
the internal position of the ceUs. If the minimum energy array is periodie, then this
procedure aUows us to obtain the ground configurational state.

In this work this method has heen used to generate sets of arrays that aUow us to
show that the shifted truncated approximation is more effective than the pure truneation
procedure. For t.his purpose, we st.udied square lattiee wit.h eoverages l/q, with q ranging
from 2 to 8 and values of t from 2 to 4.

FinaUy, we analyze t.he validity of Medvedev's conjecture by studying the deviations
of energy increment.s as a function of the truncation distance. If the conjecture were
true, aU the eonfigurations having t.he same coverage would increase their energies in t.he
samc aIllOunt for sorne distance and would therefore cancel thc mcntiollcd dcviation. As
expectcd, thc valuc of thcse deviations are distance-dcpcndcnt and, rnore importantly,
this indicator drops fast.er in the case of the shifted truncated approximation t.han in the
trullcated OIle.

3. RESULTS AND DISCUSSION

Thc sirnplcr reslllts correspond to tlle analysis of rninimurll cnergy configurations fOf cach
caverage obt.ained wit.h aU t.he ranges considered. In Fig. 2a, hoUow cirdes represent
those ca..,;¡cswhcre thcf{~ is coincidence bctween thc asymptotic behavior fol' the shifted
trllncated appl'oximations and tha,t of the l'ange taken into considel'ation. Filled cireles
stand fol' thosc ca.ses wherc thel'e is 110 agreemcnt. In Fig. 2h wc have done thc same
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FIGUHE 2. Hollo\\" circlcs corrcspond to cases whcre therc is coincidence between a.s)'mptotic bc-
havior ami trullcatcd range. Full circlcs rcprcsent thase ('(l.~eswhere the gratine! state reported in
the respective clltoff distance is incorrcct. Squarcs indicate oegeneration among scveral configu-
rations at thc minirnum cnergy. Fig. 2a is dra\vll for shiftcd truncatcd approximation ano Fig. 2b
for thc truIlcatcd QIlC.

report but for the tnmcatcd approximation. As can be SCCll,the ftlllOUllt of failurcs
increases wit.h cut.-off dist.anees for t.he laUer t.ype of approximation.

J n Fig. :J, sorne of t.he graphs t.hat correspond t.o t.he analysis of t.he complete data
have heen displayed; for each coverage alld area we have detccted the amoullt of nlistakcs
t.hat. occm far each range, plott.ing t.he ratio of these to the amount of total cases. In
Fig. 3a we show for the shift.ed trnneated approxirnat.ion (squares) and for the t.runcated
al'l'roximation (diamonds) t.he rate of failmes for eoverage t and area lS. For every
range the rat.e of failme is greater far t.he t.nmeated eiL'e. In Fig. 3], we show t.he rat.e of
failmes for t.he truncat.ed pot.ential with coverage k and arca 15 (diamonds) and arca 20
(t.riangles); in Fig. 3c we draw t.he same caBes for t.he shifted t.runcat.ed potent.ia!. Again,
t.his t.Yl'e of al'Proximat.ion rnarkedly produces less errors and t.hey t.end to dis;lppear for
shortcr rauges. This hehavior is the salIle for every stlldied coveragc alld arca.

FinaUy, in Fig. 4, t.he evolut.ion of t.he energy inerernent. deviat.ions in logarit.hrnic
seales are I'loUed. 'rhe plot. corresponds t.o coverage t wit.h an arca of 12; t.he squares
colTespond t.o t.he shift.ed t.runcat.ed al'Proximat.ion and t.he diarnonds represent. t.he devi-
at.ions of t.he t.runeat.ed pot.ent.ia!. The slope of the !irst. line has a value of -3.77 :l: O.OS,
while in t.lte second one, it. is equal t.o -2.55 :l: 0.02. Even with different. slope values,
t.he deviat.ions in t.he energy incrernent.s of t.he shift.ed t.runeat.ed approxirnat.ion in aU
t.he st.udied cases drop fast.er wit.h t.he ranges t.han t.hose of t.he t.runeat.ed. Medvedev's
conjeet.ure is het.t.er performed by the shifted t.runcat.ed pot.ent.ia!.

After stlldying maIlY ca.-;CSin which mistakes occur in t}¡e arder of coufiguratioll
arrangemcIIts, \""C Iloticc that thc crossing of thc alTays occllr whcll thc potcIItial Clltoff
affeels the density of t.he part.ides wit.hin t.he eutoff radius. \Ve explain this situat.ion
with the cxamplc s}¡mvn in Fig. 5, in which we calculatc thc intcractioll of aH the alTay
part.ides of the array, with t.he central partide shaded in blaek. Of aU the partides, we
llave only drawIl fOllr in gray, which are at distance d from the ccntral particle. \Ve can
disseel the energy interaetion as E = Ei + 41'2 ji' + Ee• where Ei corresponds t.o (he
contriblltioll of the particles which are withill thc radius d1 El' to thc contrihntioll to the
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FIGURE 3. Comparison between shiftcd truIlcated approximation ami tnmcation. In Fig. 3a the
triangles rcpres€nt the truncated approximation ami the diamonds represcnt lile shiftcd truncated
fOI"caverage k and area 18. In Fig. 31>we <lraw data ouly Cor thc trullcatcd approximation with
() = t; trianglcs correspond to arca 15 and diamonds to area 20. Fig. 3c is onl)' Cor shifted
t.rulIcated al e = k; diamonds COI'arca 20 ami squares rOl' area 15.
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FIGURE 5. See texto

partides outside the eutolf radius, aud p is the dipolar moment of the adsorbates. Due
to the coueavit.y of t.he dipolar potential and not dependent upon of the suhstrat.e latt.iee,
we can find a new eoufiguration with greater energy, by bringing half of the partides in
gray f:ld doser and moving t.he other half of t.he particles by f:ld fmm the cent.er partide.
\Ve have plot.ted t.his new situation by representing the partides as hollow cirdes. Now
We have energy E' = Ei + 2p2j(d - f:ld)3 + 2¡/j(d + f:ld')3 + E,. If We do a truneation
of t.he interaetion at a distanee slightly greater than d, We wouId have for some f:ld, an
inverted ardering of the energies. This is due to the faet. that. two partides disappear fmm
the E' ealculation. This situatiou can repeat it.self wit.h dilferent distanees and distinet
configurations. The latt.er elfect shown is softened by shifting the zem of the potential,
because when 1jd

1
is subt.raeted fmm eacl. part.ide within the ent.olf radins, the energy

E sulfers a more Severe subt.raction than E'. Since both approximations lead to t.he same
asympt.otie energy vaIue, it is be preferable to Use the shifted truneated appmximation.

,1. CONCLUSION

\Ve examined t.he elfeet of different. approximations on the behavior of t.he energy of
part.ide configurat.ions on a lattiee that. int.eracted dipolarly. These appmximations are
common when the interaetion among the part.icles is of dipolar ebaraet.er and, ealcula-
t.ions such iL' the Monte Cario alld Exhaustive IlIspeet.ion are performed and would be
ueeessary if t.he Genet.ie algoritlun where used. We devcloped Medvedev and Yakovkin
coujecture (13} by carryiug out. our élllalysis through thousands of C;L-,esgenerated with
t he Exhaustive Impedion method [17J and eonsideriug rauges far t.he pot.eutial of uuit.s
up t.o one thousaud lat.tice paramders. \Ve took into aceount the efleet. ou the value of
tite cOllfigllratiollal encrgy when cithc1' si IIlple tnlllcat.ioll [1:$-15J 01' shift. alld tnlllcatioll
of tIte potclltial [Hi- I!)J is lIladc. \Ve fOll11d that simple tnlllcat.ioIl aCClllllulatcs erron;
that can degrade t)¡e results ohtaincd and, fllrthermorc, titese crro1's persist for grcatcr
raugcs, Since both approximatioJls Iead asymp1,oticaJ1y 1,0 the sallle valucs of 1,hc cnergy
(aIso t.akillg iuto cOllsic!eratiou titar. tlJe errors souree is lattice-indepcudent for tlle t1'ulI-
catiou procedure) we conduele that. it is prefcrablc to llS{~ t}¡e propospd shiftcd trllllcated
approximatioll in any kiwl of spatial arra}'.
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