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ABSTRACT. In this article we describe an approach to obtain the dimensions and anomalies of
SU(N) and SO(N) representations from the Pascal triangle.

RESUMEN. En este articulo se describe un procedimiento para obtener las dimensiones y las
anomalias de las representaciones de los grupos SU(N) y SO(N) a partir del tridngulo de Pascal.

PACS: 02.20.Qs; 02.10.Eb

With the production of the t-quark recently at Fermilab, CDF and D@, the Standard
Model (SM) is the most attractive theory that unifies partially the electrodynamics and
weak forces. For the last two decades, physicists have been trying to unify the non-
gravitational forces with only one constant by using simple groups like SU(N), SO(N),
Eg, etcetera. However, they face problems with the proton decay and the unification
scale. Some new ideas are becoming like supersymmetry, which deals with the unification
models and proton decay consistently.

On the other hand the SM can not explain the hierarchical mass problem but some
new ideas have been worked out to find a solution, being horizontal gauge symmetry a
clear example. Some models that include it are Eg, SU(6)® x Z3, SU(6) x U(1). To build
these models it is necessary to know the dimensions and anomalies of the irreps.

In the Refs. 1-12 it is shown explicitly the dimensions of totally symmetric and
antisymmetric representations by means of binomial coefficients, but they do not establish
the relation with the Pascal triangle, maybe because it is straightforward. However this
correspondence will become a very useful tool from a didactic point of view, because it
should help the reader to calculate these dimensions immediately.

The aim of this article is to show how the reader can find in the Pascal triangle not only
the dimensions of completely symmetric and antisymmetric representations of SU(N),
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but also its anomalies. Moreover we can find the dimension of the adjoint representation
of SU(N) and the dimension of the spinorial representation of SO(N).

For reaching this purpose we shall write the Pascal triangle as a matrix. Then we
shall show that with the elements of it we can get the dimensions and the anomalies of
the representations mentioned above.

It is well known that the Pascal triangle is an arrangement of numbers, where the
n-th row is conformed by the binomial coefficients of (z + y)*. We can construct the
Pascal triangle with the following rule for some three numbers:

; (2)

— e = e
= W b e

where the element in the n-th row and m-th column is given by

n n! .
Tom = (m) “ml(n—m) 3)

We have studied two kinds of representations of SU(N). One of them is composed
by one row with m + 1 boxes and p (< N — 2) rows with one box each one (see Fig. 1).
This is the (m+1,1,...,1,0,...,0) representation. The other one is composed by p + 1
rows with m + 1 boxes each one (see Fig. 2). This is the (m + 1,... ,m + 1,0,...,0)
representation. We have dealt with these representations because we can get the totally
symmetric and antisymmetric representations from them. If we take m = 0 we obtain
the totally antisymmetric representation. On the other hand, with p = 0 the totally
symmetric representation is obtained. Moreover, the adjoint representation of SU(N) is
obtained from the Young tableau shown in Fig. 1, with p =N — 2 and m = 1.

For calculating the dimension of some representation of SU(N), we have gotten the
dimension of the (m +1,1,... ,1,0,... ,0) and (m+1,... ,m +1,0,... ,0) SU(N) rep-
resentations by means of binomial coefficients, i.e., in function of the elements T}, and
obtained the same results as those in Refs. 1-12. The results are

Dimy(m +1,1,... ,1,0,... ,0) = ( N+m ) (m+h)

m+p+1 m

[

= T.’\'+m‘n1+p+l T +p,mn (4)
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FIGUuRE 1. Young tableau for the (m+1,1,...,1,0,...,0) representation of SU(N).

FIGURE 2. Young tableau for the (m + 1,...,m + 1,0,...,0) representation of SU(N).

and

= m+1
v M 31
= m+1

P .
= HJ':U IN+m—jm+1

Dimy(m+1,... ,m+1,0,...,0) =

(5)

B H?:U Tm+j+l‘m+1 -
From Eqgs. (4) or (5) we obtain:

1. m = 0 leads to the totally antisymmetric SU(N) representations. They are easily
obtained from Eq. (4) instead of Eq. (5), which implies a rotation by 45 degrees.
Their dimensions are Ty 41, given by the elements in the N-th row of the matrix
T [see Eq. (2)], except the elements Ty o and Ty y.

2. p = 0 yields to the totally symmetric SU(N) representations. Their dimensions are
TN +m,m+1, Which corresponds to the diagonal elements Tx ;, Tn412, ... . Note
that T, m = Thn-m; in consecuence, TN ymm+1 = TN+m,Nn—1. In other words, the
dimension is given by the elements in the (N — 1)-th column of the T-matrix.

On the other hand, from Eq. (4), the dimension of the adjoint SU(/V) representation
(withm=1landp=N-2)isTntiNnXTn-1) = N?—1. Or equivalently, Tn+11xXTN-11.
Thus the dimension is calculated only with the help of the second column of the T'.
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By the way, from Eqgs. (14) and (16) in Ref. 3, we have re-written those expressions for
anomalies of completely symmetric and antisymmetric representations of SU(N) groups,
respectively, by means of the binomial coefficients. The results are

N+m+1), (N+m
%= ( N+2 ) ! (N + 2) = Tntm1,8+2 + Tvim,N+2 (6)
and
N -3 N -3
Ao (p— 1) ’ (P - 2) v 7

where A; and A, are the anomalies for the totally symmetric and antisymmetric SU(N)
representations, respectively. Here m is the completely symmetric product of m funda-
mental N-dimensional representations and p the completely antisymmetric combination
of p fundamentals. Thus we only need the (N + 2)-th column of the T-matrix if we want
to compute the anomalies for the totally symmetric representations of SU(/V), and only
the (N — 3)-th row of the T-matrix for the completely antisymmetric representations.

In Ref. 12 the authors point out that the anomalies have a similar behavior as the
Pascal triangle. We have proved this with Eqs. (6) and (7).

On the other hand we are going to mention some issues about SO(N) groups. It is
well known that the minimum dimension of the hermitian I'; matrices, 2 = 1, 2,..., N,
which satisfy the Clifford algebra of rank N,

{0 T} =20 (8)

is 2" x 2" with N = 2n(2n + 1) for N even(odd). The number of independent matrices
that arises from of the product of m different matrices I'; is given by Th,  [5]. Moreover,
S Tonm = 2%" gives the total number of independent hermitian matrices of dimension
2" x 2™ whose squares are the identity matrix.

The matrices I';, ;. , where

Tiy..ip = i2™m D [ Iy, (9)

(I

form a basis for the representation of dimension Tay, ,, of SO(2n) group.

Finally, we would like to summarize our results. From the T-matrix (or Pascal trian-
gle) given by Eq. (2), we can obtain the following: (i) the N-th row and the (N — 1)-th
column give the dimensions of the totally antisymmetric and symmetric representations
of SU(N), respectively; (ii) by means of the second column the reader can compute the
dimension of the adjoint representation of SU(N); and (iii) from the (N + 2)-th column
and (N — 3)-th row the reader can obtain the anomalies for the totally symmetric and
antisymmetric representations of SU(N), respectively.

We would like to stress that the tool presented in this work is very useful for N small
because the T-matrix is constructed very quickly and easily.
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