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Aharonov-Bohm potential via spin weight
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ABSTItACT. It is ShOWIl that the shifting of the spin wcight of the wave flllldioll of a particlc,
exprcssed in terrns of thc circular, paraoolic 01' clliptic cylindrical coordinates, is equivalent to
illtroducing the interactioll with the ficld of a thin infinite1y long solenoid alollg the z axis. Csing
this equi\.alence, the Schr(jdingcr equation with an Ahawllov-Bohm potential is soln'd in circular
cylindrical coordinates.

HESU:--'IE~. Se muestra que el desplazar el peso d(, ('Spíll de la función de onda d(' 1II1a partícula.
expresada en términos de coordenadas cilíndricas circulan's, parabólicas o elípt.icas. f'S ('qlliyalente
a introducir la interacción c.on ('1campo de un solenoide' dl'ip;aclo infinitament.e Iarp;o colocado sobre
Pi eje z. Usando esta e'quivalcflcia, se res\ldn~ la ('(,llaciúll de Sc}¡r6din~('r ('on 1111 potrllcial de
Allanmov-Bohm ell coonlella(las dlíll(lricas circnlarl's.

I'ACS: 03.65.-w: 03.50.De

l. INTRODUCTION

In a n~cellt papel' [1] it has ¡leen S}¡UWIlthat., 1Ip lo ag;allg(~ transfOl'mati0I1, t.lw illt.eractiOIl
()f a charged particle wit.}¡ tlw fic1el nf a magndic: 1Il()IlOI){)le can he ;U'COllIlt(~d 1'01' by
silllply shifting by " uuits the spin wcight of ti", spherical cOlnpollcnts of the partide\
wave fllUctioll, where r¡ = ey/lic, e is the ciectric ciJarge nI' t.hc part.icl(~ and .'J is t.he
lIIa¡!;IH,ticcharge of tIte 1II0nopole (see also !leC 2).

A dosely rclated procedllrc to reproduce tlu' illtcraction with the f¡del 01' a magnctic
1II0110po1ehas been elllpioy"d in !leC 3 (see also t he rdercnces cited t h('reill). where the
wayc flluct.ion is expressed in terms nI' a tWO-(,OIlIJHJIlCnt. spinor. The t.hn'p cart('sian
('oonlinates Xi can he n~prescllted in thc forlll :l:¡ = ("t (1ie in tenIlS 01' t.he tW() ('omplcx
COIllPOUCllts nf a spinor ~ ami ¡,be Panli matrices (1i; in Ihis 1Il,Ulllcr, the \vav{~ flluctioll and
t.Iw equations govcrnillg it can be writtcll in t(~nIlS (Ir (" itnd, by assll111illg a ¡fPIJendeIl(:c on
t.he plmse of ( throllgh au (~xp()I1elltial f~tctor, t.iJe illt{'radion \vith rt lIlagudic mOllopolc
is reproduced. [Thc spill \,,'(~ight. 01' a q\lrtlltity is ddcl"miw'd by it.s hl'liaviol" lInder the
tra,,,forInation é. >-> r:i"/~é. (SI'e, ,,".'/., !leC 4).1

Sillce the spill \•...pight. is also defillcd in cOlllu,ctiotl with cylilldrical ('oordillaít's (cir-
clIlaL paraholic and pllipt.ic) [S.fi]. OlW can loo k 1'01'111l~iutf'raction prod\llTd 1J~' shiftillg
t1w Spill weight of t.}¡e way(~ fllllct.iollS exprpss('d in t(TIIlS (JI' th('se coordinat('s .. As wc
shall sl1m\' belO\v. thc illl{'ractioll gellcratpd in l,!lis \\o'ay is t.hat COlT('Spondillg t() a t hin
illfillitcly long solPIl()id alol1g l.he z axis (Aharauov-BollllI Jlot.cnt.ial). By ('olltras!. with
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the spherical case, where the shift '1must he integral or half-integral (which is equivalent
to Dirac's quantizatiun condition), in the case considered here, the shin ofthe spin weight
(which is related 1,0 the magnetic flux inside the solenoid) can be any reallllllllher.

In Seel. 2 we hriefly review the rdationship between a magnetic monopole field ami
the spin weight with respeel 1,0 the spherical hasis. Theu we consider the e!fect 01'shift.ing
t.he spin wcight with respect. to a cylindricall"l.,is ami, in Sed. :1, t.he Schrüdinger equation
for a charged particle in an Aharonov-Bohm potcntial is solved.

2. SI'IN WEIGlIT AND ELECTHOMAGNETIC INTERACTlONS

Let {eo, cr.p. cr} he the orthonormal basis ilHillccd by t}¡C spl¡erical coonlillatcs. A quau-
tity '1 In, ,pi n weight " if under t.he rutat.ion ahout e, given hy eo + ie" >-+ elO (eo + ie,,).
transforms as 1} 1---7 Ciut1}. The raisillg and lowcrillg operators ü alld a are defincd by [7]

U'I == -(00 + icscOO" - 8cotll)'I, a'l == -(00 - icscllO" + 8 cot. 11),/, (1)

if '1 1,,", spin weight. 8. Then U,¡ and a'l have spin weight 8 + 1 and -' - 1. respeelively.
Sillce thc intcractioll of a particle of e!ectric chargc e \\'ith an ch~ct.romagnctic ficld

given hy t.he vect.or pot.ential A is oht.ained hy replacing the operat.or -irt\! hy -ih\!-
eA/c, t.he rep1accment 01'the spin weight 8 hy 8 + '1 in JOqs. (1) amounls lo inlroduce an
elect.romagnetic fidd given by

'Irte col OA =---
'P e 7"

Ao = O = A" (2)

in SOllWspecific gaugc. It is easy 1,0 scc t.hat the magnetic fidd B = \7 x A gCIlerat.<~d by
the "celor potenlial (2) is

B = '1'ic e: . (3)
e 7'2'

whieh is thc Inaglletic field prodllccd by a Illaglletic lIlo11opolc at thc origin of charge
9 = '1''':/ e: thus, Ihc spin weighl shift q is related to the charges through

cy
'1=- (4)he

and, according to Dirac's quantization condit.ioll. r¡ can take integral alld half-integral val-
ues uuly. As shuwn in Rcfs. 1 and 2. given lhe solution 01' Ihe Dirac or ,,1' lhe Schriidinger
cquatioll, withollt a magnetic lIlollopolc Held, in tcrms of the spin-wpightcd splH~riral
harmoIlics .~}jm (whicll reduce lo lile usual sphcrical harmollics Wlll~1l s = O), t.IJe ("orre-
spondillg solulioll wIJen a lIlaglwt.ic mOJlOI)(llc field is addpd is obt.aillcd, esscIltially. by
replacing s by s + 'l.

NO\v let {cp. c4J. cz} be thc ort.honormal ha.sis illllll("('d by tlw circular eylilldrical
coordillatcs fJ~ q;, z. A qllant.ity T} has Spill wdght. .'i ir IInder the rot.atioll about c:: givCll
by cp + iC4J 1---7 eio(cp + iC4J), lrallsforms as 1/ M eiml}. lB this case, the raisillg atld
low{'ring operators n <tlld V an~dpfilJ('d b~'[flj

. ( , , s)UI/ == - O + -d" - - 'l.
p fI fJ

- ( , .,)U'I == - ilp - -0<;> + - 'j.
l' l'

(j)
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if T¡ has spin weight 8 ami therefore

(6)

The cylindrical hanllonics of spin weight 8, sZorn (P, cP), satilify tite eigenvaluc equatioIlS (5)

(7)

and (for a i' O) their normalization is ¡;iven by

(8)

whcrc Z", is a Besscl fllIlction [e.g., s.Jmll(p,c/» = .Jm+.'i(nfJ)(~i7ltlP].

The change of 8 by 8 + q in Eqs. (5) is equivalent to introdnce the interadion with
the magnetic field correspondin¡; to the vector potential

q¡u: I
A.p = ---,

e fJ
Ap=O=II,. (9)

From Eq. (9) ()]le finds that B = O for fJ i' O ami that the magnetie flux throu¡;h any
surface crosscd once by the z axis is givcll by

- J 1 qne 1 qheF = B. da = .r A. dI = ---;;-.r d</> = ---;;-. ( 10)

Therefore, Eq. (9) is a vector potential fm the magnetic field of a thin infinitely long
solenoid along the z axis containin¡; a flux F given by Eq. (lO).

In the case of the parabolic cylindrical or elliptic cylindrical coor<1inates, n, v, Z,

a qualltity TI has Spill weight fj ir lindel' thc rotatioll about ez givcll by clt + ie¡¡ H
cln (eu + iev), \\'hefe {eu, el" ez} is tite orthonormal lm."'iis iIHIIH:ed by the coonlinates '/l.

v, z, transforms acconlillg to T} I---t eiml¡. Now

U1J= -* [¡¡" + iiJ" - f,(h,,, + ih",)] TI,

- I[ 8 ]UT¡ = -¡; u" - iiJ" + ¡;(h,,, - ih,,,) '1, ( 11)

whcre h is the (COtllIllOU) scale factor of the coordinates 1l and v [6]. The challge nf the
spin weight s hy 8 + lJ amounts to introduce the interaction \vith the vector pot.ential

A _ qneh,v
11 - e h'2'

\ __ qne~
j l! - 12 'e /.

11, = 0, ( 12)

where e is the d(~dric charge of tll(~partic1e, \vhich agaiu ('orresponds f.o t.lu' fi('ld of a
thill illfillitely 101l¡;solenoid along t.he z axis.
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3. SOLUTION 01' TIIE SCIIRiiolNGER EQUATION WITII AN AIIARONOV-I30IlM

POTENTIAL

The (time-independent) Schriidinger equation for a free particle of mass l'vf, written in
circII1ar cylilldrical coordinatcs is

Comparing with Eq, (G), we ",e Ihal. Eq, (I:l) is equivalenl l.o

- 2 2ME
iJ iJ1I> + a, 11> = - ----¡:;¡- 11>•

( 13)

(14)

l.aking inl.o accounl. l.hal. 11> is a fundion of spin weighl. O. This equal.ion admits separable
solul.ions of l.he fonn

[see Eq. (7)], where m is an inleger, amI a and k;¡ are real mlInbers such l.hat

2 k2 _ 2ME
r> + 3 - ----¡:;¡-,

Acconlillg to the disctlssioIl in t,}¡c prccedillg scctiOIl, tllP wave futldioll

./ 1 ( "') ;k" 1 ( ) ;m,p ,k3',,)= q' 0111 p, '+' e = . m+q np r- e ,

(15)

( 16)

( 17)

is a solution of the Schrodinger cquatioll [01' a particlc of mass !v! awl e1cctric chargc e
wil.h l.he Aharonov-I3ollIn potenl.ial

whefe

F
.4,p =- .

2rrp .4p=O=.4" ( 18)

eF
'1=--.he (ID)

lt musl. be notieed l.hal. in l.he spherieal CiL'" l.hings are not so simple because the
operators iJ and 5 do nol. commul.e amI, by contras! wilh Eq. (7), l.he eigenvalue of ¡ja
involves t.he spill weight, which affcets the vaIlle of t.hc separatioll COIlstants. In thc
present case, a is len unchanged when l.he spin weight of l.he eylindrieal harmonie in Eq.
(15) is shifl.ed amI l.herefore l.he separatioll consl.anl. k.1 needs nol. be ehanged.

The \",ave fUllctiotl (17) is an CigClIfuudioll of the 0l)(~rat.ors -ihü", atld }.,1 z = [r x
(-ih'V -cA/e)], = -ihü,p+nq [see Eqs. (18) and (ID)I. wil.h eigenvalues mn and (m+'l)f¡.
respect ivdy.
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4. FINAL REMARKS

Sincc, a.."i in the ea...'ie of the electromagnetic field, the interaction with a llon-Abelian
gauge ¡¡eld or with the gravitational ¡¡eld is obtained by replac:ing tbe partial derivatives
with rcspcct to the space-tinlc coordinates by thc corresponding "covariant'l dcrivatives,
the results of Refs. 1 and 2 and of this paper suggcst tbat one can easily obtain the
interactioIl with ccrtain ficld configuratioIls by shifting thc spin wcight Ol"anot.hcr wcight
rclated \Vi th rotations in the "interna!': space.
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