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Evolution and entanglement of Fock states
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ABSTHACT. The c\'olution and cntanglement of qllantllUl sta tes are studied for the particular
case of t\\.o harmonie oscillators coupled throllgh a quadratic Hamiltonian. A general formalism
is present.ed that permits t.o ealclllate thc elcmcnts of tbe unit.ar}' t.ransformation that lcaos from
an initial product st.ate to an cntallgled supcrpositioJl of product states. Two examples are worked
out in details.

RESUMEN. La evolución y el cnredamiento de estados cuánticos se estudia para el Cél."iO particular
de dos osciladores armónicos acoplados por medio de un hamiltoniano cuadrático. Se presenta
11J1 formalismo general que permite calcular los elementos de una transformación unitaria que
conduce 1111 estado inicial tipo producto aUlla SUIH'rposici6n ennedada de productos de estados.
Se estudian dos casos particulares a modo de ilustración.

rACS: O:I.G5.Bz; 03.G5.Ca

l. INTRODUCTION

Shortly after the publicatioll of the [amons Eillsteill, Podolsky and Rosen papel' [1],
Sehriidinger [2] discussed the jlitradox presellted by t.l",se anlhors and reaehed the eon-
clllsion that non-local effects in qllantum mechanics are due to the peculiar plwnomelloll
uf entanglcment. Enta.nglclnent implies that two o nlOrc systems that once \vere in int.er-
actiolI can IIO longer be descrihcd as individual cntities after they separa te. even if t.lleY
are no longer causalIy cOIlnected. In Sehrodillger's \\!ords, €ntanglemcnt is not ..... Ol/e

Il\lt fatlier the characteristic trait of quantuBl lIlechanics" [2].
The cntanglement of statcs in qllant.llm IIlccitanics implies a type of corrdatioIl he-

tween scparate systems that can not he explained in t(~nns of da.ssical physics. This faet
can be '1nalltitalively eslablished wit.h t.he use of t.he n"ll ille'lllalit.ies [:1].

Bell's argulJlcnt in its standard vcrsioIl involvcs a pair of particles wil II spin cmiupc! hy
a eOIlllllOIl SOlIree. However, cntanglemcnt is 1I0t neccssarIy related to tite spin. IJlde(~d.
Yl1rke atld Stoler [4] have showll that nOII classical correlatioIls can also he obtaincd wit.h
a modcl involving four hannonic oscillat.ors in interact.ioIl.

In ordcr to describe the dynamical aspcds of an cntanglcd sysU~m, W(~prcscllt in
t.his pa¡wr a gelH'ral formalislll t.}¡a.t l)('rmits t.o descrihe the pvolut.ioll of t.WO ha.nllollic
oscillat.ors interatillg through a ti lIle <1<')H,tldent 1lamilt ()flian. If t.llCosci ¡latan., are ini t ¡ally
in a prodllct state, a finite tillw int<~rac:tioIl hdween t.lwm ll'ads t.o all cIltangled slatl';
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this final state is a snperposition of product states and is related to the initia! state by a
unitary transformation. As shown in Sect. 2, the cocfficiellts of this trallsformatioll can
be evaluated quite gen~rally for any quadratic Hallli!tonian describinp; the system Ilnder
considcration; this can be done llsing a formalislll dcveloped hy Dodollov 1 i\1alkin and
rvlall1ko [5] in eombinatioll with a tcchnique of gCllcrat.ing fuuctiolls. As an application
of OUT fOflnalisIIl, SOIIlCparticular ca.')csare studicd in Sect. :~, wherc \'.'C considcr the
clltanglclIlcllt of two harmonic oscillator states with two possible t.ypcs of intcractiollS;
the first is the interaction proposed by Yurke ami Stoier [41 in their study of the I3ell's
incqllalities, ami thc sccond corresponds to the case of a particlc in a PClllling trap [6].

2. THEORY

Consider a systelll of two harmonic oscillators described by a I!allli!tonian of the fonu:

(1)

whefe Aij 1 Bi) alld Gij are two-by-two time depcndent matrices. Following the fOrIllalism
of DodoIlOV el al. [51, we notice that the systelll adlllits <:oIlstants of 1ll0tiOIlS P ami X
that are linear combinations of the position and momcntum variables, Ilamely:

P = A1(/)1'+ A2(1.)x,

X = A3(/)1' + A., (I.):r,

(2)

(3)

where]J and x are colmnll vectors w¡th elCIllcnts Pi ami :ri, and Ai are two-I>y-two matriccs.
Defining the fOllr-l>y-[o11r matriccs

(4)

(5)

and the sYlllpletic IIlctric

it follows that the cla."sical cquations of motion can he writt(~lI él.•.'"):

!!:...A=AYB,
dI.

which implies in particular that:

(6)

(7)

(8)
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Considcr now thc Schrüdingcr cquation aHHociated to thc quarlratic lIamiltonian (1).
The Creen function, defined quitc gcncrally by the relation

(9)

can bc calculaterl with the formalism of Ref. 5, valid for any quarlratic Hami!tonian. It
tums out to bc:

( 10)

wherc x anu y are COlUlIl1l vcctors with clCIIlCllts :¡;i alld Yi.
\Ve have now all thc mathematical tools neeessary 1.0 determine thc evolution of a

qUfllltUIIl state. COIlsidcr two non interacting harmonic oscillators, witlt ma .."'ises 1T!¡ alld
frequencies Wi, that are initially in the product state

(11 )

al. time t. = O. Hcrc '!fJa are tite 11sual Fock statcs in coordillatc rcprescntatiOIl,

( 12)

where ~i = (miw'¡ñ)I(2:Ei. If 'In interaction is switehed on at time t = 0, the system will
evolve afterwards to the nc\v statc

\Vab(XI,J:2, t) = L Ued,ab(t) 7/Je(x¡) 7/Jd(X2),
ed

( 13)

witere Ucd,ab(t) are clcmcnts of a unitary transfOfmatioll.
Quite generalIy, Eq. (13) describes aH cntallgled ¡-¡tate;OUf aim now is to ealculate

the cocUicicnts Uab,cd. This can he done by Iloticing first that, due lo t,hc Ilortnalization
of the rock states,

More explicitely:

x J exp { - 2
1
ñ (xT¡,2:c + !/¡1.2y)G(XI, '"2, YI, Y2, l.)}

x lIa(~1 )}h(~2)He('11 )1I"('/2) <1:1:1 <1:1:2 dYl <11/2,

w}¡cre x and 11 are COlUlllll vectors alld /1 is the matrix

( 15)

( 1ti)



522 SIIAIIEN HACYAN

In order to proeeed further, we use the teehnique of generating funtions.
the Hennite polynomials follow from the standard formula:

(
2 • ) 00 ,,"

exp -" + 2(u = L -, [1,,(2:).
n=O n.

and this SllggCStS to define the gencrating fllllctioJl

Loo (./{ n~(-Jí f3J U
[("I,"2.fJ,.{i2) = b 1V 'l' '1' a. ,('('fl,b,r,d=O (L. J. C. (,.

or more explicitely

In particular.

(l7)

(l8)

J [IT lT f2T f2T I(T2 T2)
X exp - 2" ,,- 2fJ {i+ V,," IU: + V,,{i IIY - 2ft :r /1 x + y /1 Y

( 19)

Using now the relatioll

(20)

valid fol' any n X n matrix !vI ami n-vedor N 1 \Ve find w¡th somü Icnghty hut straighfor-
ward algebra that

where we have defined the rom-vector 1"['= ("1, "2Ji" fJ2) and the 4 x 4 matrix

(21 )

s = (A.,/1-1 -. iA:¡/1
_/1-' (22)

given in terms of the matrices A,. E<¡nal ions (21) and (22) are our basic result.

:¡. T\Vo EXAMPLES

Eqllat.iolls (21) and (22) pcrlllit. !.o calclllat(~ tlH~ pvoilltioll coefficicllts Uab,cd through a
series expansioll. Alt.hollgh a gCIlPral formula call })(' oi>t.aiJl('d. thc rcsll1t is too Ctllll-
bersolllc to be of an)' use. and il. is ilion' illllst.l'ating to consider olll~' some particular
(~xaIllplf's. This \vill l)(~ dOlw in tite followillg.
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3.1. YUHKE-STOLER '~TERACTIO~

Let ns consider the lIamiltonian nsed by Yurke aud Stoler [4] for an iuteracting pair of
harmouic oscillators; it has the form:

(23)

where it is a.."'isllIllcd for simplicity that the two oscillators hav(~the salllc mas.scs and
freqneucies, both takeu t.o be nnity (also ti = 1 iu the followiug).

Tbe solntiou of Eq. (7) is

where

A, = A.j = eos ílt, A2 = -A:l = siu 1!l., (24)

íl = (
1

"),
" 1

as can be ehecked easily.
Thus, the matrix S defined by Ec¡. (22) tnms ont. to be in this particnlar case:

S = (eXP(iílt) -/)
-[ exp(i!!t)'

whcrc

('11 ) _ ü (cos O i sin 0)exp' t - e .. O ('"
Z Sltl COS f

with O = "t.
It follows frOlu t.hese last. relations that the geuerat.iug fnJl(:t.iou t.akes the fonn

(25)

(26)

(27)

A simple aualysis of this formula reveals that the only uon-vauishing eoeflicients Uab.cd

are those ",ith a + b = e + d. Furthermore, this same relat.iou (28) eau be simplified by
Iloticing t}¡at it admits él straightforward Taylor series expallsioll in t.hc coefficicnts fij.
The r('sult. is

(29)

wherc En = (~+n) is the cllcrgy of a single oscillator alld \~Lb,('d follO\\' frolll the gCllcratillg
fu Ilet iOl I

ce (l f.¡ 1

L ","2 \1 - ( .. (" . " (")"( .. ('" .' (,,)<1 ('JO)~ (lb ('(/ - íIIí (YI tOS J - Z()':2 SlII J 0':2(o:-¡ 1- Ul'¡ Sltl 1 . ,

va'f¡' ' vdd!tt,I,==.il n. J. L ("
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Sorne of the /irst few eoeffieients are:

Voo,oo = 1;

VOI,OI = VlO,IO = cosO,

VIO,OI = VOl,IO= -isinO;

V02,02 = V20,20 = eos20,

VII,02= VII,20= -V2i sinO eos O,
2V20,02 = V02,20 = - sin O;

anci

VIl,l1 = cos 20,

V02 II = V20 II = -V2i sinO cos O., ,

3.2. PENNINGTRAP

As a second examplc, we considcr an H:uIli1tonian of the [onu:
I 2 2 I 2 2H = 2(1'1 + 1'2) + 2(XI + X2) + W(XI1'2 - "'21'1)'

(31 )

(32)

(33)

(:34)

(35)

This eorrespond to apartide (with Hnit mass) in a Penning trap, sueh that the eyclotron
freqllcncy is 2w and thc frcqllcncy of oscilation in the z direction [uot considered in
Eq. (35)] is Wz = J2(w2 - 1), (scc, e.y., I3rown and Gabrielse [6]).

The equations of motion [ol' this Harniltonian admit the solutions

Al = A4 = R(wt)cost,

where R is the rotation matrix de/ined as

A2 = -A,1 = R(wt) sin t,

(:39)

R(q,) = ( eos q, sin q,) (:37)
- sm q, eos q, .

The algebraie proeedure to follow is the sallle as in thc case of thc Yurke-Stoler
Hamiltonian. It follows that the generating funetion is:

I = e-ilexp{ e-il[ (rq,6l + "2,62) cosO + (-,,¡(32 + "2,6¡J] sinO}, (:38)

\vhere now e = wt.
Following exactly the salIlc steps as in thc previous subscctioIl, it can be seen that

again Ua/Jpl = O lluless a + 1)= e + d; furthermorc, Eq. (38) can al so be silnplificd usillg
a Taylor series expansioll in the cocfficients (Ji- It follows that an eql1atioll of the fono
(20) rClnains valid, but with tite coeificietlts l~lb,cd givell 1I0Wby t}¡e gClIcratillg fUllctioll

00 a b I
~ O' 1 0'2 . e . d
L rT»V"I,,'d = r¡-¡o("l cosO + "2 SlIlO) ("2 cosO - "1 SlIlO) .

Il,bdl va!b! ,- vc!d!
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Some of the first few coeflicients are:

VOO,OO = 1:

VOI,OI = VIO,IO = <:osO,

VIO,OI = VOl, 10 = sinO;

V02,02 = V20,20 = C05
2 O,

VIl,02 = VI 1,20 = -V2sinOcosO,

V20,02 = V02,20 = sin2 O,

ane!

VII,II = <:os211,

V02,11 = V2U,11 = V2sinOcosO.

,1. DISCUSSION

(40)

(41)

(42)

(43)

Tite formalisIIl dcveloped in this paper permits to analize thc evoll1tioll of t\VOharmonic
osci\lators in entaugled states. The elements of the unitary operator defined Ly Ec¡. (13)
were ealculated in the preceding sectioll [01' two particular ca..o.;cs, and somc of thcse
elements given explicitely. In particular, it is easy to check that these elmnents do satisfy
tite IInitarity condition:

00

"\' 2L.. IUab,nil = 1,
a,b:=:O

(44)

for a\l integers a aud b. Some of the <:oeflicients given in Ec¡s, (:31) to (:l3) were oLtained
by Yurke and Stoler with a diflerent method and for a particular value of the interaction
time: we stress that our result is entire1y general.

[t is also worth mentioning that the fonualism of Ref. 5 is not restricted to the two
dimensional case cOIlsidered in thc prcscnt papero In fact, it is rathcr straightforward to
generalize fOrIlmlas such as Ec¡s. (21) and (22) to any number of dimensions: however,
t.he result is too cumbersolIlc and <loes Ilol add <lllyhillg fundamenta'! t.o lhe disCllssioll
presclltcd here.

Qlliulratic HaIlliltonians with tilIlC <lepcIHhmt codficicnts Itavc att.ract.c(i IllUdl attcll-
!.ion in rcccnt years in COIlIlcctioll with several prohlcms, sllch as tite hehavior of partides
in ion traps (see, e.g., Refs. 7 ami 8). lt, is eX]lect.ed that the present. j()rlllalislll !llay be
llseflll in studying the important cffed of clltanglcment in these systclllS.

As showlI in a scparatc puhlicatiOll [9]. ollr formalislll is lIseful in tlw stlldy of Illodcl
sitllatiulls ill v.'hich qualltllIll corre1atiolls are involved. A llew applicat.ioIl of tlw Bell's
iut'qllalities for the elltangled states of harlllollic oscillators is analizt'd in Hef. 9.
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