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Size effect in high-temperature superconductors
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AUSTHACT. The size effecl in a high-Tc SUIH'rconducting plate at unilateral ell'ct.romagIlPtic cx-
citation is theorctically studied. This efft'ct manift'sts itself, for example, in the temperature
dependences of the surfacc impedancc ami absorpt.ivit.y. It is established that the pIate absorp-
tivit)' vcnms temperature has ahvays a mll.ximum independently on tI¡(~diel{'ct.ric permeability
of its substratc. At the same time lhe size ('ffect in the surface resistance is quite sensitive to
the substrat.e properties. Calculatiolls are carried out within the frame of t.he thcory of t.her-
mally assisted flux flow (TAFF) Ilsing only one parameter of the superconductor, nanlf'I~', t.he
temperature-dependent ctfective ronduct.ivity a.

J1.ESUMEN. Se estudia t.eóricamente el efecto (le tamaúo en tIlla placa superconductora de alta Te
bajo excitación c1ectromagnética unilateral. Est.e efpct.o se manifiesta, por ejemplo, en léL"idepen-
dencias de temperatura de la impedancia sUlwrficial ~.la absorción. Se pstablece que la absorción
de la placa contra temperatura siempre tiene \In má.ximo indppelldientelIlcnt.e de la permC'ahilidad
dieléctrica de su substrato. Al mismo tiempo el ef(,cto de tamaflo en la resist.encia superficial cs
bastante sensible a las propiedades del substrato. Los C<Í.lculosse realizan dentro <11'1 marco de la
teoría de transporte de flujo magnótico térmicamente activado. utilizando sólo 1m parálIlptro del
superconductor, es decir, la conductividad efectiva (1 (il'pctHli(,lltc de la temperatura.

PACS: 74.25.:\[; H60 ..Jg; 74.76.-w

l. INTRODUCTION

The size cfred is long-known in t.he electrodynamics 01" lIlt'tals (sep. for example. BeL 1)
and superconductors [2-8}. At. bilat.eral electromagnctic pxcitat.ion of a pIate this effcct
manifests itself as a st.ep-like change in the imaginary part aIle! a,o..; a maximum in tite
real part of the surface impedance as a fllllctioll uf the tplllperat\ln~. frcqlHmcy, pxternal
magnetic fieId and other parameters 01' the problelIl. Th('se pecllliarities in the snrface
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impedance of high-temperature superconductors (HTS) were investigated experimental!y,
for instanee, in the works of Refs. 9 ami 10. Many authors tried to rclat.e t.he hehavior
obscrved in the elcctrolllagnetic response to dynamic charactcristics of the vortcx array
in t.he superconduct.or [11-14]. !lowever, Geshkenhein el al. [16] demonstrated that.
t.1", result.s of t.he aboye ment.ioned experiment.s can be ea.,ily int.erpret.ed as a t.ypical
manifestation of the size effect. In any case it is clear that t.he size effect should be
considered in t.he analysis of any experiment wit.h bilateral excit.ation.

Frequent.ly t.he size effeet is explained in t.he fol!owing way. Let. us eonsider t.he bilat.-
eral, symmetrie in t.he ae-magnet.ie ¡icld (ant.isymmet.rie in t.he eleet.rie field), exeit.at.ion
of a conducting plat.e. Ir t.he penetration dept.h O of the elect.romagnet.ic signal is much
smaller t.han t.he sample t.hickness <1,t.hen t.he surfaee illlpedance Z is smal! as 0/<1 « I
aud ineH,,~,es with O. Ot.herwise, when d « O, t.he eleet.rie ficld of t.he wave is smal! sinee
it has oppositc siglls at the plate bOll1ldaries amI cioes Bot vary, practically, in the interior
of the sample. !lenee, t.he value of the surface resist.anee R = Re Z turns out. to be again
smal! and decreases wit.h augment.ing O. This mean s that. t.he real part of t.he surface
impcdance should have a mH.ximulIl in the vicinity J ""'-'d. Thcreforc1 lo observe the size
effecl. it. is necessary t.o have t.wo waves which irradiate the plate at. bot.h sides. For t.his
re,~son there exist.s a prevalent. idea t.hat. t.he sizc effeet can take place only al. bil,üeral,
symmctric in the aC-Inagnctic field cxcitatioIl.

Reeent.ly, we have demonst.rat.ed [15] t.hat. the size effecl. is manifest. and plays an
importallt. role in tlic elcctromagnetic response of hare\ superconductor Bot ouly at bilat-
eral, hut also at unilateral cxcitatioll. The cause of the app~arancc of the sizc cffect at
unilateral cxcitation is cOllllccted to the faet that even under thcse conditions thc samplc
is, in practiee, irradiated at both sides. I3csidcs the incident wavc, therc is a second w(tve
whieh is refleet.ed from t.he interface snperconduet.or-substrat.e. It is import.ant. t.o emp}¡a-
sizc that IIlany cxpcrimcnts over thc radio-frcqucncy range, tryillg to avoid the sizc effcet,
are carricd out with unilateral cxcitation. I1owcver, the result of our prcvious work [15]
show t.hat. the sizc effeet. must. be considered in experiment.s where t.he penet.ration dept.h
of Ihe alternat.ing signal can be of t.he same order ,~, the sample t.hiekness.

For Ihe Iheord.ieal analysis of the size effecl. one have t.o select a modcl whieh describes
the relatiun betwccn the current dCIlsity alld thc radio-wavc ficld inside the supercon-
ductor. lt. is known (see, for example, Ref. 16), t.hat. the form of the eurrent.-volt.age
charaet.erist.ies of HTS materials <¡ualit.at.ively changes at. cert.ain line T = T'(Ff) on the
plane l/-T. Here T is the t.emperat.nre, l/ is Ihe magnit.ude of t.he ext.ernal const.ant.
magnetie f¡cld. In the region T < T' Ihe vort.ex syst.em is in t.he pinning state, ami t.he
e1eet.rodynamie propert.ies of IITS are well described by Ihe erit.ieal-st.ale modcl [17,18].
The si", effeet. in t.hat. t.emperat.ure range w,~, st.udied in Ref. 15. At. t.emperatures T > T'
when the vortex syst.em passes t.o liquid ph,~,e, Ihe enrrent.-volt.age charaet.erist.ies of t.he
superconduet.or are det.ennined by t.he effeel. of thermally assisted flux f10w (TAFF). The
I}¡eory of t.his effeel. was devcloped by Kes and eo-aut.hors in Ref. 14. They est.ablished
that. in t.he t.emperature int.erml T' < T < Te t.he relat.ion of t.he eurrent. densit.y j wit.h
Ihe clect.rie ficld E is well deseribed by Ohm's law,

j=aE. (1)
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In the present work we study the si"e elfect within the frame of the TAFF mode!
i.e., by employing Eq. (1). In this study the valtle of the conductivity a is considered 'L~

the sale phenomenological parameter which determines the electrodynamics properties
of the superconductor. With varying the temperature and external constant magnetic
field, the coneluctivity can change in a wide interva! of va!ues: I < a(T, H)/a" < 105
(u" is the conductivity of the sample in normal state). The resuIts obtaineel with the
tIlodel (1) are of interest since many experiments in the radio-wave freqnency range are
carried out at temperatures T ~ Te in order to observe such effects as the Berezinskii-
Kosterlitz-Thouless transition, the f!uctuation conductivity, etcetera (see, for example,
Ref. 19).

2. FORMULATION OF THE PROI3LEM

Let us consider an infinite p!ane-paralle! supen:onducting plate with a thickness rl which
overlies a substrate characterized by a diclectric permeability é. Axis x is miented per-
pendicularly to the plate boundaries ami the origin of coordinatel: = O is at the free
boundary of thc superconductor. The interface sllpcrCOlldllctor-substratc coincides with
the plane x = d. The free plate surface :1: = O is irradiated by an clectromagnetic wave
whose magnetic vector Ho(t) is paralle! to axis z amI varies with time as

Ho(t) = Ho cos(wt). (2)

The magnetic induction B(x, t) "nd the e!ec!.rie ficld E(:c, t) in the superconductor depend
on!y on the spatial coordinate x. [n this ease vector B(:c, t) has only a z-component and
vector E(x, t) contains exclusiveIy a y-component

B(x, t) = {O, O, B(x, t)}, E(x, t) = {O, E(x, t), O}. (3)

The system of Maxwell's equations together with boundary conditions fm functions
B(x, t), E(x, t) and the material Eq. (1) are linear. For this reason it is convenient to
search the fields B(x, t) and E(x, t) in the complex fmm

B(:c, t) = B(x) exp( -iwt), E(x,t) = E(:c)exp(-iwf.). (4)

Tlms, Maxwell's equations can be written 'L' follows:
B'(x) = -(,l7r/e)uE(x), E'(x) = (iw/c)B(x), (5)

whefe I>rimcs in<iicatc derivative with respeet to coordinate :r..Thc bOllIHlary COllditions
for system (5) are

B(O) = Ho, (6)

We are intcrestcd in thc lIIanifestatioll (Jf the sizc effect in thc tcmperatllrc depcn-
dences 01' thc real and imaginary parts uf tlw sllrface illllH'dance

.1". E(O)
Z=--II'e o

(7)
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as well as of the absorptivity of the superconductin¡( plate

4 [ IB(d)1
2
]A = Ho Re E(O) - H

o
[I/2 . (8)

The quantity A reprcscnts the ratio of lile mean wavc energy in a period, which is
ahsorbed in the superconductor al. thc time unit, to the flux of the e1ectromagnctic
energy of the wave that irradia tes the system. Let ns emphasize that in the considered
ca.,e of the nnilateral excitation the quantity R = Re Z characterizes the total energy
that pa.'5es t.o the syst.em plate-snbstrat.e, where¡~, the quantity A determines only the
fradion of this energy which is dissipated inside the superconductor.

\Vc introduce dimcllsionless variables:

Here

( = r - iX = Zc2/2rrwd,

u = o/d.
a = Ac/2wd,

f3 = [1/2wd/2c. (9)

( 10)

denot.es the penetration dept.h of t.he wave in the sample, which is well known from
the t.heory of the normal ski n effecl.. Parameter f3 represents, essentially, the ratio of the
surface impedance of a semi-infinite superconductor with O replaced by d t.o the substrate
impedance. This parameter determines the role of the substrat.e in the size effecl..

Omitting simple ca!Culations, we shall present final results for the quantities ( and a:

( ') ch[(1 - i)/u] + (1 - i)f3 u sh[(I - i)/u)
(= 1 - ! U [ ')/] ( [. ] ,sh (1 -! U + 1 - i) f3 u ch (1 - 1.) / u

R {( ') ch[(1 - i)/ul + (I - i)f3 u sh[(I - i)/U]}a = e 1 - z u -------- _
sh[(1 - i)/u] + (1 - i)f3 u ch[(1 - i)/u]

-2
- 2f3u2Ish[(I - i)/u) + (1 - i)f3 u ch[(I - i)/u]1 .

3. HESULTS ANO OISCUSSION

( 11)

( 12)

Let us analyze expressions (11) and (12) as t.he functions of the parameter u for a fixed
vallIe of f3. This mcans that we are illvestigating thc inflllcncc of thc concillctivity a \lpan
the size effect [see definitions of the paramete" u, (i (9) and depth O (10)). In turn, the
conductivity a depends on the sample temperature and the magnitude of the external
constant ma¡(netic field which is not ineluded in the explicit form into the formulation
of t.lw bOllllclary prohlcllI (5) and (fi). H ir-;clcar t.hat thc si?c effcct can lIlanifc.st itself
al so iJl the dcpcndences on thc frequency w and plate thickness d. Neverthcless. herc
we COllcentrate otlr attcntioll 011 the depcndcnce of the size effed OH thc pararnctcr a in
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FIGUIlE 1. Dependence of e(u), a(,,), and X(,,) ",¡lh {3= 0.1.

accordancc with the performance oCthc majority of cxperimcnts witll ¡lBilateral excitation
(see, far example, Ref. 19).

Our analysis is carried out separalely fol' the ca"es of optically soft ({3« 1) aml
optically dense ({3» 1) suhstrates. The ca"e

!3«1 ( 1:3)

is rcali~cd practically at aH rcasollable frcqucncies1 if a dielcctric serves a.o;; the suhstra.te.
At relativcly small values of ",

1£ ~ 1, ( 14)

wheu the penetratiou depth o is either smaller or of the same arder a" the sample thickness
d, Eqs. (11) and (12) are simplified ami in the leading approximatiou iu the parametel'
(3 acquire the form

sh(2/u) + siu(2/u),. = a = Re( = U --------ch(2/u) - cos(2/u)'

Iu the regiou

the following asymptotics are valid:

sh(2/,,) - siu(2jlL)
X = -Im( = ,,--------.

ch(2/,,) - <:os(2/u)

,,»1

(15 )

( 1ú)

2
X=:¡

1+ :1{J,,2 + 3{J2" 1

(1 + {J,,2)2
( 17)

For small values of u the quautities T aml a coincide hecause under coudition o « d the
fraction of energy, pa..."ising into thc substraJe, is cxponentially small. In thc regioll u > 1
(o> d) the size ef!(,ct is manifest: an ahrtipt. enhancement. of fnnct.ion 1'(u) and a(u) as
well a...<; a slowdowll in the inc:rca."'lc of X(u) OCCllr. Thc absorptivity a(u) ha.';;a maXilll11Ill

am = 1/4[3 at u = Um = (J-l/2. In Fig. 1 graphs 1'(u). a(u) and X(u) wit.h [3= 0.1 show
the size e!fec! in the case of an optically sofI. substrate.
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Let us cunsider now the situation when the substrate is an optically dense mediulIl,

fJ»1. (18)

This ca...,cca.n he rcalizcd ir, rOl' cXélmplc, t.he supcrcollductillg plate overlies a rnetallic
substrate (see Ref. 20 and references therein) whose conductivity is considerably larger
thall a.

In region (14) Eqs. (11) ami (12) give

sh(2/u) - sin(2/u)
r = a = 1l --------,

ch(2/u) + eos(2/u) .

and for interval (16) we get

sh(2/u) + sin(2/u)X-u
- <:h(2/u) + <:os(2/u) , ( 19)

, 2a = 4/,lu , X = 2(1- l/fJu2 - l/ul). (20)

The functions ,'(u), a(u) and X(u) have linear behavior at u « 1. In ti", regio n u ~ I
(at J ~ d) r(u) and a(u) exhibit lIlaxima. Note that Eqs. (19) and (20) for ,. and a, w¡th
fJ ---> 00, coincide with the resnlts of Ref. 6, dedicated to the anaIysis of the size cffect
al. thc bilateral cxcitatioIl. This is BOl. surprisillg sincc the case f3 ~ 00 COITCspOllds to
the boundary condition E(d) = n. There exists a similar condition in the problem of the
bilateral excitat.ion, where the electric field vanishes at the plate middle. This means that
the size effect in a plate with thickness 2d at. bilateral cxcitation follows t.he same way
as in a plate wit.h thickness d at unilateral excitation with fJ ---> oo. Graphs of functious
,'(u), a(u), and X(u) with fJ = 10 are shown in Fig. 2.

Let 118compare OUT rcsults for the surfacc impedancc with thosc obtaillcd withill the
critical-state lIlodel [15]. It tums t.bat thc size effeet. is observed iu the depcndenees of
thc surfaee impcdanec aud absorptivit.y on the paramet.cr u = J/d for thc TAFF modcl,
when"L' for the critical-state model it manifest.s in thc dcpendenecs of Z = 11- iX and A
on thc parameter "o = Ho/ Hp (Hp is the ae-amplitude at which t.hc radiowave reaches t.he
substratc). 80th paramct.ers 11and ha charaderizc tll(~ pmwtratioIl dcpth of the ae fide!o
In thc e;L'C of optieally densc substrates thc graphs 11("0)/11(1) ami r(u), X("o)/X(I)
and X(u), A(",,)/A(I) and ,,(u) qualitativcly agre". Iiowc,"cr, when thc substratc is
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optically soft ({3« 1) thet<; are differences between them. Thus, the maximum of a(u)
IS ltl the reglOn u ~ 1/{3 / » I (8 » d), while 11("0)/11(1) reaches its maxiltlum at
ho'" 1 (<5'" ti). Similarly, thc sllrface re.sistallce is satllrated (i.c., it bccolllcs comparable
with the surface resistance of the substrate) at u » 1/ {31/2 » I within TAFF appmach.
and at ho » I within the critical-state model [15]. The differences detected iu the case
of optically soft su1>strates ({3« 1) may be explained as follows. In tbe critical-state
model the condition 8 » d is sullícient in order that the superconducting plate c<"""" to
obstruct the propagation of the wave. On the other hand, in the TAFF model ('"' in the
case ofa metallic plate) that condition is uot enough. Under conditions 1« u« 1/(J1/2,
tbat is,

(21)

the impeclance of the systeltl plate-substrat.e is much higher than the impedance of a semi-
infinite superconduct.or, but remains to be much smaller than t.he substrat.e impedauce.
In other words, the plate with j = aE shields stmngly even uuder conditious 8 »d. To
eliminate the influence of the plat.e it is necessary t.o reduce more it.s t.hickuess. Only in
the regio n u» 1/{31/2, i.e.,

(22)

lhe impcdancc of thc system platc-substratc is comparable with thc sllbstratc impedallcc.
\Ve have demonstrated within the TAFF model that. the size dfect. plays a fundamen-

t.al role in the elect.romagnetic response of high-temperature superconductors not. only
al bilateral cxcitatioll, hut also al unilateral aIle. Tlw maIlifcs1.atioll of the size em~ct is
similar t.o that. obtained withing ot.her models, for cxample. t he critical-st.ate appmach.
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