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We show that the 7l-th order lcrms in (he multipoJe expansions of lhe sea lar potcnti<ll. clcclroslatic lield, vector potcnlial. and magnetostatic
field dcpend on lime indepcndent electric charge aod curren! dcnsitics, p (r) and j (r). only through suilably constructed electric aod magnelic
mullipole moment veclors, p(JI) (f) aod M(n) (f), according to

(n) 1 ¡.p{n)

r.p =411"t:o~'

(21/ + l)i- [i- . l'vl1n)] - nM{n)
n(n) = Jlo . .

411" 1""+:.1

(n) _ 1 ¡.p(n)
r.p -411"(O~'

We calculate the explicit forms of M(n) , A(n). and B(n) for the example of a circular loop carrying a current l.

Ke)words: Sphcricaltensors, multipole expansiono magnetostatic tleld. elc(trostatic licld

~1ostramos que los términos de orden n en las expansiones multipolarcs del po[cll(ial escalar. campo electrostático. potencial vectorial y
campo magnetostático dependen de las densidades de carga eléctrica y corriente. illiJcpcndicntcs del tiempo. p (r) and j (r). sólo a través de
los vectores de los momentos multipolares eléctrico y magnético apropiados p(u) (r) y 1\1(n) (r) de acuerdo a

1 (2/1 + l)¡ [r. (J{U)] - "p(u)
E(n) = _

41T(O ,_,,+2

Calculamos como ejemplo las formas explícitas de M(n), A (n) y n(ll) para una (orricnle 1 en un rizo circular.

Descriptores: Tensores esféricos, expansión multipolar, campo magnetostático. campo electrostático

PACS: 03.50.De; 41.20.Cv; 41.20.Gz

I. Introduction

In classical electrodynamics. the electrostatic and magneto-
static fields due to time independent electric charge and cur-
renl densilies, p (r) and j (r), ate ftequently expanded in in-
verse powcrs uf the distance bctwcen the observation point
and lhe otigin of lhe soutees [1):

00
E(n)(r) __ 1_E(r) = L E(n)(r). (1)rn+2'

tl=O

00 1
n(r) = L n(n)(r), n1n)(r) ~-. (2)rn+2

tl=O

MoslleXlbooks give explieil formulas for lhe eleeltie multi-
pole Iíelds E(n) (r) and Iheit eortesponding eleelrie multipolc

scalar potentials <p(71)(r) and electric multipole moments lo
aH orders 11 ami for Ihe magnelie multipole Iíelds n1n)(r)
and their corresponding magnetic multipole vector pOlentials
A(n)(r) and magnelic mullipole moments only lo the low-
est non-zero order H = 1 (rnagnetic dipole). In this paper
we rnake use of tensor methods 10 obtain formulas for the
rnagnetic l11ullipole t1clds and their corresponding magnctic
rnultipolc veclor potcntials. magnetic multipole moment vec-
lors. and magnctic multipole moment tensors lo all ordcrs n.
\Ve apply the rcsulling formulas to the examplc of a circular
loop carrying a current l.

Scction 2 inlroduces tensor methods. including basic dcf-
inilions ami thcorcllls [2]. Scction 3 contains properties 01'
sphcrical tcnsors. Section 4 contains a discussion for the
clcclrostatic lield. Scction 5 contains the discussion for ¡he
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A traceless symmetric tensor T¡sl~.. i••is a syrnmetric tensor
whose trace is zera. A traceless symmetric tensor has 2n + 1
independent components. A traceless partially syrnmetric
tensor Tl:~2...i •• has (n + 1)2 - 1 ¡ndependent components.

Tensors that haye the same form in all coordinate systems
are called invariant tensors. Two important inyariant tensors
are the Kronccker delta tensor

and. surnming ayer one pair of indices,

These two tensars fulfill the determinant relation

and Ihe totally antisymmetric Lcvi-Ciyita tensor

(7)

(6)

(8)

if; = j,
if i ""j,

Oi; = {I,
0,

if ijk is an even perrnutation of 1,2,3,
if ijk is an odd perrnutation of 1,2,3,
atherwise.

Óii' ói)' Óik'

[ijk€i'j'k' Óji' o))' o;»
Óki' o." o••'

{

1,
€ijk = -1,

0,

This Seetion presenlS properties of lensors that will be used
in subscquent sections. We consider only the cartesian co-
ordinales Xl = X, X2 :::: y. X3 = Z of tensors in a flato 3-
dimensional spaee [3J. Throughout lhis paper we will use
the surnmation conventioo which statcs that if ao index is re-
pcalcd twice in a formula, then a summation [rom 1 lo 3 is
bcing pcrformed ayer this indexo

An objcct Til ...in that transforms undeT coordinate trans-
formations as the product of the coordinates Xi •... Xi •.• is
called a (contravariant) tensor o/ rank n. A trace of a ten-
sor T.,...••of rank n 2': 2 is defined by the sum (eontraetion)
ayer two of its ¡ndices; e. g., Tiii3 ... i ••• and is a tensor of rank
n - 2t. A tensor of rank n has in general ~n(n - 1) traces.

Tcnsors that satisfy the properties

2. Tensor methods

magnetostatic field. A discussion of the consequences of
gaugc ¡nvarianN 00 the final form of the vector potential is
eonlained in the Appendix. Seetion 6 applies lhe results of
Sect. 5 lo the cxample of a circular loop carrying a currenl l.
Seclion 7 contains conclusions.

(9)

(10)

tensor T¡SI .. i.. one
syrnmetric tensors

T' .. and themm11 ... I•.•_2'

n symmetric
rank n 2

rank
lhe

I
o,.'

€ljkEi'j'k = \':
UJi'

and. summing ayer two pairs of indices,

One can show that when a tensor is contracted with a trace-
less andJor syrnrnelric tensor only its traceless ami/or syrn-
metric pan contribules. Similarly, when a tensor is contracted
wilh an antisymmetric tensor only its antisyrnmetric part con-
tributes.

Given a
can obtain

T' ..¡tI =Tt ') (symmetry), (3 )
" tI ... In

T~) -TP (partial symmetry), (4)
"1,, - . ( ..in)'112 11 12

T~i3 ..i" =0 (vanishing lraee), (5)

are ealled symmetric tensors. partialIy symmetric teflsors,
and trace/ess tensors. respectively. Indices within brackets
(i 1 ... in) denote ¡ndices with respcct lo which a tensor is
syrnmctric; tensor components related by any permutation
of such ¡ndices have the same valuc. Thc partially symmcl-
Tic tensor T,P,' . is syrnmctric with respcct lo the ¡ndices

I 2... 1"

(i2 ... in) with no syrnmetry assurncd [or the index il. A
symmetrie tensor has ~(n + I)(n + 2) independent compo-
nenls and unly one trace. which is al50 a syrnmetric tensor.

I

n-l n

T'o. =T' . __ 1_", '" oT' .
11..• 1.. 11... 1•.• 2n_ 1 L L 11<1/ mmll •._II<_III<+I ll_lll+I .. l ••

k=ll=k+1

+ (2n-1)\2n -3) L Óil<i,Óipiq T;~¡mjjil...11<_1i/,-+l .. _il_1 il+1 ... ip_1 i,,+ I ... iq_1 iq+1 ... i •• + ....
I<>'.p>q,
(1<.1)~(p,q)

(1 1)

The rank n symmetric tensor T,¡sl ... ¡ •• may then be expressed as

TS
_ =TsO

11... 1.. 11... 1••

n-I n

+ 2n ~ 1 L L Óil<iIT~mil ... il<_lil<+I' i,_1i,+I ... I .•
k=II=,I;;+l
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26 PlaTR KIELANOWSKI AND MAR K LOEWE

Furthennore. the following theorem follows using mathemat-
ical induction:

Theorern 1 A symmetric tensor TiSt i2"'1.", of even (odd) rank
n can be expressed in tenns oftraceless symmetric tensors o/
even (odd) rQTzksmaller or equal fa n, a scalar(vec/or), and
rhe invariant tensor dijo

A rank 2 syrnmetric tensor Ttj can be expressed in lerms
of the scalar T = Tkk and the rank 2 traceless symmetric
tensor Tt.? = Ti} - kc5ijTkk according to

and express T~~..in according to

( 17)

(13)

Furlherrnore, since lheorern 1 applies 10 Tt..i
n
' lhe follow-

ing theorern follows using rnalhematical induclion:

Theorem 2 A traceless par/jaU)' symmetric tensor Tf>~ .
ti 12 ... 1•.•

can be expressed in terms o/ traceless symmetric tensors o/
rank n or smaller, a vector, and the invariam tensors Oij

and Eijk.

A rank 2 tracclcss partially syrnmetric tensor TIja can be ex-
pressed in tcrms ofthe vector Tk = ~EkijTr/ and the rank 2
lracelcss syrnrnclric lensor Ti':Y = ~(TijO+ T~o) according to

s sO 16Ti} = Ti} +:3 ijT.

A rank 3 syrnmetric tensor rtjk can be expressed in terms
of the vector Ti = Tiskk and the rank 3 traceless syrnmctric
tensor TisjOk= Tijk - iC&ijTkll + ÓikTJU + ÓjkTill) accord-
ing lo

Trjk = TijOk+ ~(ÓijTk +ÓikTj +ÓjkTi). (14)

Given a rank n traceless partialIy syrnmetric tensor Tl:~..in
ane can obtain the rank n syrnrnetric tensor TPo - I (I'PO TPO) 1 (TPo TPo) - T'o Tij - 2" ij + Ji + 2" ij -]i - ij +Ei]k k. (18)

and the rank n - 1 traceless partially syrnmetric tensor

A rank 3 traceless partially symrnetric tensor Tlj~ can be
exprcssed in terms of the vector Tk = T:i~and the trace-
Icss syrnrnetric tensors T~9 = 1. (T-p.o + TPo + TP?,) -t]k 3 I]k )Ik k1]
1 ('TPO 'TPo ó' TPo) d T'o TPo15 VI] kll + Vik jll + JI. ill an Ik = Eiji ijk +
~ClkiTi~~m according to

TPo _ [1 (TPO TPo TPO) 1 ('TPO 'TPo 'TPO)]
.ijk - '3 ijk + jik + kij - 15 VI] kll + Vik jll + Vjk ill

1 (TPO PO) 1 (PO po) 1 ( pO .• , pO - _ PO)+ '3 ijk - Tjik + '3 Ti]k - Tkij + 15 OijTk/l + V1kTjll + OJkTW

'0 1 T'o 1 'o 1, 1, T 2,= Tijk + '3ciji lk + '3Ciki71j - lOvijTk - 10Vik j + +5VjkT¡. (19)

The cartesian coordinates of a spherical tensor of rank n are
defined by

Q(n) . (f) = rn+1 (_I)n Bn ~ (20)
t} ... ln - n! éJXi} ... OXí

n
r.

Spherical lensors depend on only the direction f := r / r and,
for n 2: 2, are traceless symmetric tensors. That Q~~?in(f)
is a symrnetric tensor follows from syrnrnetry under inter-
change of the order of Ihe panial derivatives. Thal Qj~).i. (f)
is Iraceless follows from Ihe facI lhal Ihe Irace involves Ihe
Laplacian of I/r:

Q(n) . (f) = r,,+1 (_I)n Bn
jji1. t 2 I B B B B• n_ n. Xii." Iin_2 Xj Xj T

(22)

(-1)" Bn-2 1
= r1l+1 --- .------0-

nI OXil ... OXin_2 r

= O, lo,," '1 O. (21)

The spherical tensor Q~~.~.1n(f) has 2n + 1 independent com-
ponents which, ror n = 1, are linear combinations 01' the
sphericalharrnonicsY,m(O,q,),mE {l,l-I, ... ,-/1.

SphericaI tensors satisfy the recurrence relations

,,+1 B [QI"-11 (f)]Q(nl(f) = --'._- ', ..'.-,
11 ... ln_11 1l DXj rll

1

Ir - ~I
3. Spherical tensors and expansions of

Rev. Mex. Frs. 44 (1) (1998) 24-35



EXACT FIELDS DF ELECTROSTATIC AND MAGNETOSTATIC MULTlPOLES 27

and

- Q(ni (-) _ Q(n-I) (-)
Xi.. i¡.,.i .• r - i¡ ...i.•_t r . (23)

where ¿ is lhe direelion of a veelor ~ and B is lhe angle be-
lween Ihe veelms ~ and r. Equalion (26) may be used in
Eqs. (24) and (25) lo oblain

Explicit formulas for lhe lowest rank spherical lensors are
given by

Q(O)(f) = 1,

Q~I)(f) = _r2~ [Q(O)(f)]
Dx¡ T

Xi A

= - =X.¡,
r

1 lOO(~)n __-- = - L - Pn(~r)
1r - ~ 1 r n=O r

1 = (~) n= :;:~;: Rl(COSO),

and

for r >~, (27)

1 lOO(r)"_-- = - L - P,,(cr)
Ir - ~ 1 ~ n=O ~

1 00 ( )n= - L ~ Pn(eosB),
~ n=O ~

4. The electrostatic field

for r <~. (28)

In lhis Seelion we assume lhallhe eleelrie eharge densily p(r)
is zero beyond a distance R fmm lhe origino For r > R. we
ohlain exacto closed formulas that express how the clectric
sealar pOlenlial ,pn) ami eleelrie field E(n) of lhe n-lh or-
der eleelrie mollipole depend on lhe eharge densily p only
through an electric multipole moment vector p(n).

The sealar pOlenlial fm lhe eleelroslalie field of a lime
independen! eharge densily p(r) is given by

Mullipolc cxpansions fm which lhe observation point r is
farthcr from lhe origin than lhe positions ~ of all sourccs
are based on lhe following expansion of l/Ir - ~ 1 valid for
r >~:

1 ;¡:.. 1 (n) (_)
-Ir_ ~ 1 = L rn+1 ~i, ... ~i. Qi, ...i. r

n=O

QO ~n

=L r2n+1 Xi •... Xi. Ql~li.(¿) (24)
n=O

= ~ ;¡:.. (i) n 2
n
(n')2 Q(n) . (f)Q(n) . (¿).

r L- r (2n)! ti ...• " 11 ... 1••

n=O

",(r) = _1_¡d3~~.
4"'0 Ir - ~ I

Using Eqs. (24), we immedialely oblain

(29)

00

( ) 1 '" x •.... x •• ¡ 3 () nQ(") ( • )
'" r = -4- L 2,,+, d ~p ~ ~ i•...i. ~

7[fo n=O r

Multipolc cxpansions for which lhe observation poiot r is
closer lo lhe origin lhan lhe positions ~ 01'all sourccs are
hased on lhe following expansion of l/Ir - ~ 1 valid fm
,. < ~:

00

1 '" r
n

(••)_Ir _ ~ I = L en+! ~i,... ~i.Qi,..iJr)
n=O

(25)

1 ;¡:.. (r) n 2n(n!)2 (n) • (ni _
= ~ ~ ~ (2n)' Qi'H" (r)Qi". (~).

where

00

1 L 1 Xii'" Xin s.O=-- -----p
47[(0 n! r2n+1 11 .. in

n=O

,o . = nl¡ ,¡3e (e )enQ(ni . (i)
P11 ... 1•.• _. ••• P,... ll ... 1n'

(30)

(31 )

Muhipolc cxpansions for which lhe obscrvation point r is far.
thcr from lhe origin than some sources and closer lo lhe origin
than othcr sourccs are based on a cornbination uf Ihe ex pan-
sions valid for r > ~and val id for r < ~.

Legendre polynomials p,(eos B) are given in lenns of
sphcrical lcnsors by

Pn(cosB) = Pn(¿ .f) = Q¡~)i. (¿ )Xi, ... Xi.
(n) _ - -

= Qi, .. ;.<r)~" .. '~i. (26)

is the tensor for the n.th order electric multipole moments of
the charge densily and whcrc

(ni() __ 1_:<., ... Xi. ~ 'o (32)
"p r - 471"(0 r2n+1 n! Pit ... in

is lhe eonlribulion of lhe of Ihe n-lh order eleetrie mollipole
to the scalar potential. The tensor P~?..in is traceless and
symmetric and thercforc has 2n + 1 independent components.
The electric field of the n-th order electric multipole is given
as Ihe negalive gradienl of cp( n) (r):

Rev. Mex. Fú. 44 (1) (1998) 24-35
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[(2n + I)~P'O ",.XjX" ... X,.n! 11
(33)

where the last equality rcHes on the faet that the tensor P~?..i ••

is syrnmetric. For n = O,the second tcrm does 001 appcar and
the first tenn reduces lo

I an Tl-lhordcr electric multipole may be calculated using lhe

formulas

E(O) ( ) 1 1". 'or = --zejxjp
41fto T

1 "/ 1 "(O)= _~ d3~ p(~) = _:.E-
47l"fo r2 41Tto r2

(34)

"i, ..'. = / d
3

~ p(~ )~., ... ~."'

"

,O (2n)'
tI .. t •• = traceless symmetric pan of -2n ,Pi} .. t ••

n.

(40)

(41)

where p(O) = f d3~ p(~) isjust the lotal eharge. For n ~ 1,
the second term is proportional 10 the vector ficld

= n' / d3~ p(~ )CQ~~)i. (¿), (42)

P(n) = ep(n) = e~p'O X X}} - 1n! JII ..I'••-I i¡ ... n-l

and 'I'(n)(r) and E(n)(r) may be expressed as

(35)

(u)( ) _ 1 f. pln)(f)'1' r_--
411"fo ro+l

(43)

(44)

1 - (n)(")
'I'(n)(r) = r. p r (36)

41T'fo rn+1

( ) 1 (2n + I)f [f. p(n)(f)j - np(n)(f)
En (r) = -----~--~---- (37)

4rrto rn+2

whcre pi? ..i•• may be calculated using either Eqs. (40)
and (41) or Eq. (42). For an elce trie dipole these formuJas
reduce to

The veelor p(n)(f) is the n-th order eleetrie mullipole mo-
ment vector. The n-th arder clectric scalar potcnlial vin) (r)
and eJeelrie field E(n)(r) depend on lhe eleetrie eharge den-
sily p(r) only lhrough the vector p(n) (f) or only through the
r-indepcndent tensor Pj~l ...in_l'

pll) = 1':0 = / d3~ p(~ )~i,

'I'(I)(r) = _1_ f. p(l)(r),
41Tfo r2

(46)

(47)

Using Eqs. (24), 'I'(n)(r) may aJso be written as

(n)(r) = _1__ I_Q(n) . (f)
<p 4iTfo rn+ 1 1¡ ... 1" Pi¡ ... i••

__ 1 I_Q(n) . (f) 2nn' ,o
- 4''1'(:0 rn+1 1¡.,.I.. (2n)!P11 .. I••

where

(38)

(48)

ami for an clcctric quadrupole these formulas reduce to

P., ...•• ;: / d3~ p(~ )~., ... ~.. (39)

is the tensor fOf the n-th arder morncnts af the chargc dcnsity.
The tensor Pi} ... i •• is syrnrnetric and the tensor pi? .. i •• is lhe

J . f (2n)'trace ess symmetnc part o 2"0' Pi¡ ... i •• '

The eJectric multipole moment tensor, electric multipolc
moment vector, eJectric scalar potential, and clectric field of

,,(2)(r) = _I_f. p(2)(r), (51)
411"fo r3

. 1 5f [f. p(2)(r)] - 2p(2)(r)
E(2)(r) = --~--~----. (52)

471"to r4

For lhe case that all of the eharges are Joealed outside a
sphere of radius R, one can use Eq. (25) in Eq. (29) lo ob-

Rev. Mex. Frs. 44 ( I ) (1998) 24-35



EXACT FIELDS OF ELECTROSTATlC AND MAGNETOSTATlC MULTlPOLES 29

5. The magnetostatic field

tain the foIlowing formulas for the multipole expansion in-
side the sphcrc:

A(U) (r) = 1'0 _1_Q(n) . (f)M"
1 47f rn+1 I}...... I ..i"

0= fda Il.[j(~ )~i~i, ~,.l

= 1(¡1~v.[j(~)~i~i'~i.l

=1d'0(~ ).V(~i~" ~••)+1d'~~i~',...~i.vj(~)

= 1d
3

~ j.(~ )8~k (~i~i•... ~••) -1d
3

~ ~i~',...~'.:

where

0= 1da 1l.[j(O~.~,•... ~,.J (63)

M'i,i. '" n'l d'~ ji(~)('Q~~>...«(). (62)

is the contribution 01'the n-th order magnetic multipole to me
i-th coordinate 01'the vector potcntial. where

M••,...••'" 1d'~ ji(~ )~i•... k (61)

is the tensor for the n-th order moments of the i-th compo-
nent of the current density. and where

lloth 01'the tensors .\fii¡ ...ln and Afil¡ ...i
n
are partially syrn-

metric. With respect lo the indices (i, ... in), but not lhe
index i. the tensor .lIlil ...in is symmetric and the tensor
\f h I . f~"•. Íl¡ In IS t e trace ess symmetnc pan o 2nn! ~iit in'

The cornponents 01' the tensor Afiil ...i", or Mlil i
n

, are
not independent but fulfill additional constra;nts that follow
from elcctric current conservation [5]. For any surface over
which the curren! density is 7.ero, j(r) = O, the following
surface integral is zero:

wherc n is a unit normal to the surface and da is the arca el-
cment. The constraint equations are obtained by considering
a c10sed surfacc that contains all al' the currents. For 5uch a
c10scd surfacc, Eq. (63), together with Gau5s' theorem and
charge conservation. leads to the following identity involving
the tensors .l/iit ...in and Pii¡ ...in:

(58)

(55)

(56)

(57)

(53 )

(54 )

A(r) = 1'0 1d3~ JKL.
4rr Ir - ~ I

{)(n) _ 1 pso X.
j - n! jil ..i••_1 11

Q(n) (i)
'o '= 'ld3' (e) i, ...i.'Pilo .ln n. ...•P ¡", ~tt+l 1

",(n)(r) = _I_rnf. ptn)(f),
47TEo

E(n)(r) = __ I_rn-'"ptn)(f).
41Tto

The only (crm that contri butes lo the clcctric field al lhe origin
is the dipolc lcrm:

Ei(r = O) = E)I)(r = O) = __ l_piO
47H'0

In this section we assume that the electric current density j(r)
is zero beyond a distan ce R from the origino For r > R, we
ohtain exact, closed formulas that express how the magnetic
vector potcntial A(o) and magnetic field B(o) 01'the n-th or-
der rnagnetic multipole depcnd on the current density j only
through a magnetic multipole Illoment vector M(o).

Thc vector potential for the magnetostatic field 01'a time
¡ndependent current density j(r) is given by

The tensor P:~.. i. of Eq. (53) is the ll-th order tensor of the
¡memal clcctric multipole momcnts. Likc the correspond-
ing tensor for the extemal electric mullipolc cxpansion givcn
io Eq. (31), it is traceless and symmetric and therefore has
211 + I iodepeodent components. The tensors of Eq. (53) and
Eq. (31) are not equal aod have different dimensions.

External and internal multipole cxpansions have becn dis-
cusscd in Rcf. 4. Reference 4 uses spherical harmonics lo

simplify part of the discussion but the derivation of the field
is complicatcd because it requircs dctailcd knowledge of {he
spherical harmonics. Moreover, unlike Eqs. (37) and (56),
(he exprcssions foc the external and internal clectric fields in-
volvc products of sphcrical polar basis vectors with spherical
harmonics and their derivatives. Thanks to our use of carte-
sian tensors, Eqs. (37) and (56) give the explicit forms of the
n-th multipole fields without any special functions or their
derivatives.

For each component 01'j and A, this relation is similar lO

the rclation bctwcen p and 'P. Using the same procedure as
thal used for '{J. we may write

= =
A(r) = L Atn)(r) = e.L A',n)(r) (64)

n

=.l1ii¡ .. i" + ¿.lfiL-i¡ ..i~'_lik+¡ ..l"1

k=l

(59)
n=O11=0

Rev. Mex. Fis. 44 (1) t199R) 24-35



30 PlafR KIELANOWSKI AND MARK LOEWE

The identity (67) is valid for time dependent charge and cur,
renl dcnsitics.

For the case that the charge density is time ¡ndependent.
Eq. (67) reduces lo

For n ~ 1, we define from the rank n + 1 tensor Mií¡ •. in a
rank n tensor

MPO = (2n)' _n_E,.).,. M,." (65)
)1\. ,1•.•_1 - 2nn! n+ 1 n ¡ ... n'

After a slraighlforward calculalion using Eqs. (65)
and (9). we oblain

api
M,= &l' (68)

and Ihen, using Eq. (64).

M 1 8Piil ..in
iil .. ,ln = n + 1 at (70)

(69)

A(n) r _"0 _1_ (n). f
i ( ) - 4" rn+' Q" .. " ( )

wilh Mi = Ofor n = O. Using Eq. (69) in Eq. (60) gives

(67)

(2n)! n-----
2nn! n + 1

n

LfijikMt~ ..¡k_liJo+)_ .in
k=l

n

X (nMii1 ... i •.• - ¿M¡kil "¡"'_lik+1"'i •.•i) (66)
k=l

For n = O. the sums over k in Eqs. (64) and (67) do not
appear and Mi is given simply by with A\O)(r) = O for n = O, The magnetic field of the rHh

order magnelic multipole is given as the cml of A\n) (r):

aA(n)(n) iB, (r) = E'b-a--Xk
2n , D [Q(n). (')]_ J-Lo ---.!::. .... ~1pO __ 11 ... ln r- - ElhC')l J~'" ----

411"(2n)! n )1} ... 1,,_1 VXI; rn+1

_ 1'0 1 2
n
n! ( 1) [MPO. Q(n+l) (') _ ~1po

- 4rr rn+2 (2n)! n + }il ... ln_1 Ij1l ...in_1 r J li1'

= 1'0_1_ 2
n
n! (n + I)MPo. Q(n+1) (f)

41T rn+2 (2n)! )11...1,,_1 lJI¡ ... ln_! .
(71 )

(74)

(73)

(n) _ Ito 1 2nn! (n) ~, ' sO
Ai (r) - 47Trn+1 (2n)!Qi¡ ... in (r)Elji" A/ji1 ..1"_1

}to lIso= 47T rn+1 ;TEijin A-ljil .. i••._1 :t'i¡ ... ;t'i"

= 1'0 [M(n)(f) x f],
47T rTl+1

where the components of the vector l\tl(Il)(f) are given by

\f(nl(i') = .2-\1'0i J n!" JI1 .. i,,_¡ :fil ... :fi••_l

where Alj?I ...i
n
_¡ is constructed from M;:~...in_¡ according

to Eqs, (15) and (11),

Since Af]?¡...in_l is the only part of M;:~...in that con-
tributes to the magnetic field, it is also the only part that needs
to be included in the vector potential. The vector potential
may therefore be changed to

Now, since Q}~;.~~in_l(f) is a traceless syrnmetric tensor,
the only part of the tensor MJ:~...in_l that contri butes to the
magnetic field is its traceless symmetric part AIJ?¡ ...i

n
_¡ [6]:

(n)( )_"o_I_2
n
n'( \, 'o . Q(n+1) (") 72

Bl r - 4íTrn+2 (2n)! n+ l}tW)ll ... ln_¡ lji¡ ... in_l r, ( )
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x I~x j(~ )J, ~" ... ~'._" (78)

Thc magnelic vector poten ti al of the n-lh arder magnctic
mullipole is then given hy

and, laking the curl of this, the magnelic tield of lhe n-th or-
der magnelic mullipole may he expressed as

(92)

(93)

(94)

o :s Q :s 21T (95)

j(r) = I id1J'(r -1)

x{l~ xj(OH.r+[~ xj(OI.r~j}, (91)

A(2)(r) = !:.". M(2)(r) x r,
.Irr ,.,l

(2) _ 1'0 5r [r. M(2)(r)] - 2M(2)(r)a (r) - - , .
.liT r

and for a magnctic quadrupolc thesc formulas reduce 10

M ••", = J d:l~ ji(~ )~,,~,,' (88)

MJ.~=2["",\/ ••", =2 Id3~[~ xj(Olj~i" (89)

M}?, = Id'~{I~x j(Olj ~i,+[~ x j(OJ" ~j}, (90)

M(2
) = ~M'o f" = 2. I d3~) 2 JIl r 21'

6, Circular loop carrying current 1

In this section wc consider the circular loop carrying a con~
stant currcnt J as an cxample and obtain explicit formu-
lao;; for (he n-th on..lcr magnetic multipole moment vector
Mln)(rl and ilS corresponding veelor potential Aln)(r) and
magnetie field al") (r) in terms of lhe Legendre polynomials
Pn-1(ñ. r). P,,(iJ. r), and P"+l(il. r).

We aSSlIl1lC thal ¡he currenl loop e has radius R. is cen.
lcrcd al ¡he origino anJ hes in a planc perpendicular to the di.
rcetion ñ. Thc currcnl density of the current loop is given by

whcrc the poínls along the current loop e are parameterized
according lo

where tl. t2. ft conslitute a right-handed orthononnal basis.
Thc tensor Afl'o. is given. using Eqs. (94) and (95) in

III ._.'" _ 1

Eq. (78), hy

(75)

(77)

(79)

(80)

(81 )

(82)

Mln)ó") "Aln)(r) = 1'0 r x r
4rr rn+ 1

- (2n)' 11 I d3--- ~2"n! n + 1

\1ln) _ 1 \1'0 ' ,
.1. j - -,,'"ji] ..,i••_¡Xil"'Xin_¡', .

Mln)(') "Alnl(r) = /lo r x r
-hr 1'11+1 •

In) 1'0 (211+1)r [r'Mln)(r)]-nMln)(r)
a (r) 41T rn+2 .

Al]?] ..i••_1 = lraceless symmclric part of AfYí~ ..i••_
1
'

Afi".,. = I (p~j,(~ )~i,...~,.,

\11'0 _ (211)'_'_'_[ Af.
j J11 .. i••_1 - 2nn! n + 1 1)1.. ttl ... I,..

The traceless syrnmetric tensor Aljt ..i••_1 has 211 + 1
¡ndependent componenls and is the n.th order magnetic mu)-
tipole moment tensor. The vector Mln)(r) is the n-lh or-
uer magnctic multipolc morncnt vector. Thc n-th order mag-
netie vector potential Aln)(r) and magnetie lield Bln)(r) de-
pend on the eleetrie curren! density j(rl unly through the
vector Mln) (r) or only through the r independen! tensor
,AfsO . •

)11 ... 1••_1

Thc magnetic multipole momenl tensor, magnetic multi-
pole moment vector, magnctic vector potcntial, and magnetic
lield of an n-th order magnetie mullipole may he ea!culated
using the formulas

In) _ llo (2n + l)r [r' Mln)(r)] - nMln)(r)a (r) - - +2 . (76)
471" rn

For ¿j magnetic dipolc lhcse formulas reduce lo

M ••, = Id3
~ j, (~ )~"'

po _ 1.. . _ 1I 3 I '( IMj - 2["" Mi., - 2 d ~ ~ x J ~ ) j ,

M?) = .I1}O= ~I d3~ I~ x j(~ )1"

Atl)(r) = /lo MIl)(f) x f
41r ,.2 '

(83)

(84 )

(85)

(~6)

A[,p,O, - (21l)! _,_, _ fd3c 1< x '«)J .
..i"-1-2111l!n+1 •...••.• J"" i~ll.'.~i ••_1

(211)' II le=----1 Ixdll ... 1
2'" + 1 ( )1 I1 in_1n. n e('))' 12

•=...:'..'...:-'-'-1 (JiR2do)1 ... 12T11l~H+l o 1'11 ••-1

('))' 12
•- ~_n_IR2.. d 1 1- ni o i¡.'. in_1

'21l1l! 11 + 1 o

n(1)(r) = 110 3r [r' M(i)(rl] - M(i)(r)
4n 1'3

(87) = (2n)'_"_IR2,i.W
211n! 11.+ 1 1 11 .. in_1, (96)
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where

(97)
4,,1 Ro+1 (2n)' n _= ------ --- ---n.

[(11 - 1)/2)'20 2°n' n + 1 '

Thc tensor lV¡¡ .. jI. is syrnmetric and orthogonal lo ti:

(98)

Also. due lo lhe cylindrical syrnrnetry of lhe the prob-
lem, thc only direClion upan which lVil íl< depends is
n. From these facts ji follows thal lVil í... is propor-
lional lO the tensor ohtained by symmeterizing the tensor
(Ó11i2 -ni1ni2) (Ói3i-t -rii3ni-t) o •• (Ó¡"_I1" -n¡,,_lnik)'

Note thal lt'¡l ...í••= Ofor odd k. Wi¡ ... i" may be expressed as

(\04)

Note that AJllO. = O for even n.U¡ ...I••_l

To ohtain the lraceless symmelfic pan AJii~...i,,_¡ of lhe
tensor All:~...i"_l we use the faet thal any rank n traceless
symmetric tensor thal depends 011/)' on a direction ti is pro-
porlional lo lhe spherical lensor Q~~).'n(iJ). Evaluation of
the constant 01'proportionality gives

(10 1)

(106)

fOf neven.

XQ~~)in_' (iJ), for n odd.

(-1)(~)4"IRo+l nn' (n -1)
20(11 + 1) "21

(105)

o.

l
i'.Mi") r iJl
fI.!\J(n) Ü Ü _

=------r+I~~~~I

Ar~Hl ... t,,_l

MI") _ ( ) ,,-, 4" 1Ro+1 (n - 1) F (--)ü . - -1 ---r- 0-.

2
1 n n-l n. r .

(n+ 1)2"
( 108)

Using Eqs. (107) and (108) in Eq. (106) and lhen using
Eqs. (81) and (82) gives lhe following explícit formulas for
the Tl-lh order magnetic muhipole moment vector, vector po-
tenlial, and magnctic t1eld ofthe circular currcnt loop in tcrms
of lhe Legendre polynomials Po-l (iJ . r). Fo(iJ . r). and
R¡+I (fI. f):

lo) ,,-, 4,,1Ro+1 (n - 1) _r.M =(-1)--'-- --- 0-

2
1 nF,,(n.r),

(Il + 1)2"
(107)

Using Eqs. (74), (105), (23). and (26), lhe scalar producls
f.M(n) and ti.1'1(n) are given, for n add. by

The magnelic muhipole moment vector M(n) oblained from
Eqs. (105) and (74) is a linear combinalion of r and iJ:

(100)

(103)

(102)

for even k,

for odd k,

for even k,

for odd k.{

2"Rk ( k )
= 2' k/2 '

O,

2"Rk Dk
,'-(,ñ)' I

(k/2)'2k Dx" ... aXi, e '=0.

Using Eq. (103) in Eq. (96) then gives

Rlk) __ 2,,_R_k ( k ) _(k_/_2_)'__ 2_,,_R_k_
- 2k k/2 k! - (k/2)!2k

and [8]

H';, ..i, = Rlk) Dx" ~k. aXi, F (r2 - (r . iJ)2) 1,=0' (99)

so that

where F is any function whose derivatives are non-zera and
where R(k) is a conslant of proportionality lhat depcnds on
lhe particular choice for F. The conslanl R(k) can be deler-
mined from lhe value of ane componentofthe tensor lV¡1 ..110'
e. g., thal component for which i1 = i2 = ... = ik = 1:

l\'j ..1 = Rk 12
'dOcosk o

Choosing F lo be the exponential function, we then obtain

n_' 4"IRo+1 (n -1) 11 _ _ _ _
(-1)--'-- (11+ 1)20 021 1- (iJ. r)2 {n[n_¡(II. e) - (11. T)P"(iJ. T)]

+r (Po(iJ. r) - (iJ . r)n,-1 (iJ . T)I} , for odd n.
( 109)

o, for evcn n.
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{

"_, Rn+1 (n - 1) n x f n "'"
A1nl(r) = (-1)'--1'01 rn+1 n;l (n + 1)2n 1- (j,. e)' [pn-dn. r) - (n. r)p,,(n. e)],

o,

for odd n,

for evcn n,
(1101

¡ "-,Rn+l(n-l) 1 n {'( ){p.(' ') (' ')P. (' ')J(-l}---r¡Iol rn+2 n21 (n+l)2nl-(fl.f)2 rn+l TI n.r - Il.r n+1 n.r

B1n)(r) = , [P. (' ') (' ')l'. (' ')I) 'oroddn, (111)-nn n-l n. r - n. r n n. r , l'

O. for even n.

7. Conc!usions

For n = 1, Eqs. (109), (110), and (111) reduce to the
standard dipole rcsulls:

Equalions (36) and (37) give exael, elosed formulas that show
how Ihe electric scalar pOlcnlial <p{n) and clcctric fteld E(ll)

of an 7I-1h onJer elcClric multipo1c dcpcnd on the charge den.
sily fl only through the electric multipolc momenl vcclor
,,(11). Equalions (75) and (76) give exacl, closed formulas
Ihat show how the magnelic veclor potential A(n) and mag-

( 115)

( 116)[
1 In)(') ']E(Il)(r) = \7 x p r x r ,

47rfo 1'11+1

and that, in analogy 10 Eq. (75), lhe eleetrie fíeld E1n)(r) is
also given as lhe cUfI 01' an electric vector poten ti al.

except, of course. for 1I = O, in which case an electrie
monopole vector pOlential does nol cxisl.

The faets that ",(ni and Elnl depend on p only through
a veclor p (11) and lhe facls that A(n) and B(n) depend on j
only through a veclor M(Il) follow fmm the facls that pi? ..i"
and Jf;~IO._,l" are traeeless symmctric lensors togelher wilh lhe
facl thal Maxwell's cquations are linear. The only scalars and
vectors thal can be constructed fmm the traeeless syrnrnetric
tcnsors (,so _ and ,Uso _ and the unil vector f and Ihal are

/1 ... 1" 11.. 1"

linear in (he sourccs are

I
nctie flcld n(n) of an rz.lh order magnclie multipolc dcpcnd
on the eurrenl dcnsity j only Ihrough thc magnelie mulli.
pole moment vector lVt\"1. The derivation 01' Eq, (76) for
the magnclic neld was complicaled heeause of Ihe necd 10
use addilional eonstraints imposed by electric current con-
servation. Equalions (36), (37), (75). and (76) are valid for
time-independenl sources fJ and j and for observation points
Ihat are farther away from Ihe origin than are the sourees.

For (he example o" the circular loop carrying the constant
eurrent 1, Eqs. (109), (110), and (111), respeetively, give ex-
plicil formulas for (he Il-th order magnetic multipole momenl
vector MI"I(e), vector potential A1nl(r), and magnetie tield
B1nl( •.) in lenns 01' the Legendre polynomials P..-l (i!. e),
Pn(i!. f), and P,,+I(i!. e).

Our Icnsor methods used rOlalional covariance to its full
ex te nI. \Ve also used lhe cartesian coordinates ol' spherical
tensors rather than spherical harmonics.

Equatio"s (76) and (74) whieh relate lhe magnetie fíeld
B(n)(r) to Ihe r-independenl magnetie multipole momenl
tensor .\/J:)\ ... I"-I are. apart frorn the ttctor POfO = l/c2.
identieal to Eqs. (37) and (35) whieh relate the eleetrie fíeld
E(n)(r) (o lhe I'-independenl electric multipole moment ten-
sor (Jj~l ... i"_l. It fo!lows tha1. in analogy to Eq. (36). Ihe
magnetie ¡ield B(nl(r) is also given as lhe negative gradienl
of a magnctic scalar po{ential [9],

(113 )

( 114)

( 112)M'll(r) = [¡,R2ú,

III( ) _ JiolR2 n x fA r - ------,
<1 r2

B(I)(r) = 1101R2 _3(~n_._e~)f_-_ú
4 r3

An analysis of ,he circular loop using toroidal coordinatcs
was carried out in Ref. 7. Thc cxact form 01' the vector po.
teolial A wa'i found lo involvc a Legendrc function of the
seeond kind with fraelional index Q! and the magnetie fíeld
I3 involves Q 1 and its dcrivativc. The study of Ihe field oear,
the current loop was espccially inlcresting. Two componcnts
uf I3 were found lo diverge as the distance d [mm the currcnt
loop approaches zero. The component of B Ihat curls around
the currenl divergcs as l/d. This divergence is al so present
in the case of an infinite straighl wirc. The component 01' I3
normal to the eurrent diverges as sin(e)1 R x In(dl R), where
R is a toroidal coordinate. This logarilhmic divergence van.
ishes ir one first takes the limil R ---t 00 lo ohlain an infinile
slraight wire. h also vanishes in lhe pIane of lhe curreOl loop.
where e = o eorresponds lo the disk bounded hy the eurrent
loop and e = 7r corresponds to that part of lhe plane which is
exterior lo lhe currenl loop.

The behavior of lhe lcrms in Ihe multipole expansion can
al so be analyzed near lhe curren!. Using Stirling's expansion
we can show that both types 01' divergence. 1/d and In d, are
present hui our prcdiclions are not as precise as in Ref. 7
oecause the divergenl terms musl he summed to obtain lhe
hehavior of the complete fíeld. The multipole expansion is
not the best tool wilh whieh to analyze the properlies of the
lIelds c10se lO the sourccs. The lack of precise predictions
c10se lo lhe sources is a general propcrty 01" all multipole ex-
pansions rathcr Ihan a deficiency of our mClhod.
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p~n) = ~!P:?, .. i •• _1 XiI' .. 11••_1,

P(n).. = ~p'O x Xn! 11 .. i,,' il ••. i,,'

M(n) .r" = ~M'O" "
, I .i_ Xi, . -. XI",n. l.".

[M(n) "] - ~ ... Al'o "" "xr i - n("l1 il ... i"X}Xt'l",Xín_l'

vector.

scalar,

axial vector,

axial vector,

pseudoscalar,

vector.

( 117)

(118)

( 119)

(120)

( 121)

( 122)

From the linearity of Maxwell equations and lhe faels lhat
<,0(") is a scalar, E(n) and A(n) are vectors, and n(n) is a
pseudo-vector itthen follows thatlhe potentials and fields are
given as linear funelions of p(n) and M(n) of Ihe following
farOl:

<p(n)= [p(n) .• ] f(r), (123)

E(n) =. [p(n) .• ] el(r) + p(n)e2(r), (124)

A(n) = [Mn) x.] a(r), (125)

B(n) =. [Mn) .• ] b1(r) + ¡y¡{n)b,(r). (126)

The funetions f(r) and a(r) are determined from Maxwell
equations and the funetions el (r). e2(r). b¡(r). and b2(r).
are ohlained by differentiation.

Acknowledgmenl~

I
Eq. (70) contri butes lo the magnclic field. Gauge invariance
sta tes that any tcrIn in the vector potential A that is the gra-
dient of a scalar fuoction docs not contribute to the magnetic
lield.

According to Theorem 2. the tracelcss partially symmet-
ric tensor .AIJ¡~ .. i,,_1 may be expressed in terms ofthe sym~
metric tensor
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Appendix

We will now use gauge invariance lo show that only the tracc-
less symmctric part of the tensor AtfJ¡~... & •• _1 that appcars in

I

according to

n-1
+L éji¡,.oV1t:~.. i¡"_li.+I ... i••_t'

k=l

(A.3)

[

n-I
(n) _ 1'0 _1_Znn! Q(n) (-) .. VI' '(6 6
A¡ - 4rr rn+1 (Zn)! i¡ ...i •• r (1)1•• j )il .. i••_l + L ii i.i ••

k=1

- 6 6) \lpo ]
111, 11••• "1 ... ik_11k+I .. 1"_1

== ~l~ rn~l (22n~;!!Q~;?¡.. (f) [éiji ••Mji¡ .. i••_l - ~ Óii",ÓIi ••All~~ .. ik_1ik+I ... i••_t]
k=l

where. for the last cquality. the tcrm

1 Zn, n-1
1'0 n. Q(") (-)' 6 6 . MPo
4rr rn+1 (2n)! 11... i •• r L- ti l"t.. ltl .. 1,,_¡i"'+I ... in_1

k=l
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vanishes because Q~~)..i. is traceJess. Using Eq. (22), lhe term

3S

1 211' n-l a
_1'0 __ ~Q(n) . (f)" 6" 6" MPO. . . = _

411'" rn+1 (2,,)! '1 ... 1•• ~ lo •• 11, ...• 1,,_1110+1 ... 1•• _1 !Jx
.4:=1 1

(A.6)

is secn lo be the gradient of a scalar. Gauge invariance states
lhat this lerm does not contribule lo the magnetic field B.
Omitting this lerro from the vector potential givcs

In) 1'0 1 2n,,! Q(n) (") ,
A¡ = 41r rn+1 (2n)! 11 ... i••r éiji" Mji¡ ...i••_i' (A.?)

Now, according 10 Theorem 1, the syrnmctric tensor
.\IJil ...i••_i can be expressed in tcnns of its traceless syrnmet-
Ticpart ~\J;?I...i••_l plus terms containing syrnmctric tensors
of lower rank and (products (1) the 6 tensor:

J\1~. . = Afsf! .
JI¡ ... I" .. ) JII ... I••_1
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