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Inspircd in recent works of Bicdcnharn [1, 2] on the rcalization oflhe q-algebra 811'1(2), we show in Ihis note thal the condition [2j + l]q =
Nq(j) = integer. implies the discretization of the dcformation parameter ü, whcrc q := e<>. This discretization replaces the continuum
associaled lOo by an infinite sequence al. 0'2. "'3..... obtained for Ihe values of j. which labellhe irrcps of suq(2). The algebraic properties
of Nq(j) are discussed in sorne detail. including ils role as a trace. which conduciS lo the C1ebsch.Gordan series for the direct product
01' irreps. The con~equences of this process of discretization are diseussed and its possible applications are pointed out Although not a
necessary one, the present prescription is valuable due to its algchraic simplicity espccially in the regime of appreciable values of o.

Kl'y",ords: suq(2), quantum algebras. parameter discretization

Inspirados por trabajos recientes de Biedenham [1,2] sobre la realizacion de la q-algebra suq(2). mostramos en esta nota que la condición
12j + l)q = Nq(j) = eOlero, implica la discretización del parámetro de deformación o. donde q = eO• Esta discretización substituye el
continuo asociado a o por una sucesión o}, 02. U3•... obtenida para valores de j que rotulan las irreps de sUq(2). Las propriedades algebráicas
de Nq (j) son discutidas con algún detalle. incluso su papel como un trazo, que conduce a la serie de Clebsh.Gordan para el producto directo
de irreps. Las consecuencias de este processo de discrctización son discutidas y sus posibles aplicaciones son indicadas. Aunque no necesaria.
la presente prescripción es de interés debido a su sencillez aIgebráica. especialmente en el régimen de valores apreciables de o.

Descriptores: sUq (2). algebras cuánticas. discrelil<lci6n de parámetros

PACS: 12.15Ff, IUON.

J. Introduction

The braekel in the lefl-hand side of Eq. (3) is Ihe q-number
dcfined by

Quanlum algebras are by now known to playa dislinguisbed
role in several fields oftheorelieal physies [1, 2J. Sorne years
ago Biedenharn [1) extended Ihe Jordan-Sehwinger proee-
dure lo the 5uq(2) quantum algebra by means of a pair of mu-
tually commuling q.harmonic oscillators aiq and aiq (i = 1,
2). He eonstrueled a basis Ij,m)q for (2j + 1) dimensional
irreps of 5uq(2), D~j), for every j = 0, 1/2, 1, ... wilh m
running in the range - j ~m ::; j by integer steps.

The aetion of lhe generalors of 5uq(2) on Ij,m)q obey, as
is well known. the following relations:

hlj,m)q = ([j:¡:m)q[j:l:m+IJq)I/2Ij,m:l:1)q, (1)

J,lj, m)q = mlj, rn)q. (2)

It Is remarkable lhat Eqs. (1) and (2) are similar to Ihose
of 811(2). except for the appearcnce of the q.number brackels,
characteristic 01"the q-deformed case. In this note we wish lo
sludy a problem in the framework of the above 5"q(2) alge-
bra. namely, we wish lo discuss the meaning and algebraic
consequenccs of the condition

[2j + IJo = N,,(j) = inleger.
(5)

(6)

(7)

j

ii) No(j) = ¿ emo,

m=-j

i) N,,(j) = [2j + IJo,

ii i) No (j) = s_il_Il_l(_(J_' _+_1_/_2_),,_)
si!lh (0/2)

Firslly, we reeall that No(j) can be wrinen in the following
equivalent forros:

whcre the parametcr Q is defined by q = ea, with q a real
posilive number. The eondilion (3) says Ihat in the right-hand
side Nn(j) is an integcr number. Thus, it implies a discretiza.
lioll of o, oblained for Ihe values of j defining irreps of the
suq(2) algcbra. Instead of a continuous Q we have now a dis-
crete set 01'values ol' Q: 0'1,0'2,0'3, .... In the next Sections
we show the consequences of this discrctization and sorne oC
its useful aspects in possible applications. This paper is or-
ganized as follows: In See!. 2 we diseuss !he properties of
N,,(j) and the eonsequenees of lhe o diseretization. See-
lion 3 diseusses No (j) as a trace (or eharacter), see Eq. (30),
and develops its eonsequenees [see Eq. (32)], and the use-
fui relations, given by Eqs. (32)-(37), with No(j) integer.
Finally, See!. 4 eontains our eoncluding remarks.

2. Properties oC No (j)

(4)

(3)

sinh (xo/2)
si!lh (0/2) ,

exo/2 _ e-xn/2

(x]n = eo/2 _ e-0/2
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and so on.
Several relalions involving Na(j) arise from Eqs. (9)-

(14). For inslanee. one has

The expression for Na(j) given in Eq. (7) will he useful to
oblain !he equaIions whieh follow. wilh a dependenee on hy-
perbolie funetions. From Eqs. (5) and (6) one gels

Equation (5) is !he defining equaIion for Na(j) and
shows Ihal lhe defined posilive inleger number Na eor-
responds to what is called q-dimension of reprcscntation,
namely [2j + 1J,. Equalions (6) and (7) follow readily from
Eq. (3) in lenos of o. EquaIion (6) follows from lhe finile-
series sum for the q-numbers of an intcger n:

Wc will consider here the positive values of O. From
Eqs. (17) and (18) one uhlains lhe resulIs displayed in Ta-
ble l.

Thc first 25 solutions or "roots" Oí which satisfy (he con-
dilion of Eq. (3) are lisled in Table l. From lhat lisl one
can note that sorne values of Oí are of the form 2o). like
0'6 = 202,013 = 2Q3. 0'22 = 204 •.... Besides. these val.
ues uf Q eorrespond lo those in whieh N(I/2) is of the fono
vmtegcr = intcgcr. Thc same raet will occur for j = 3/2.
5/2, ... al (he same "roots" D. Instead, for j = ¡nteger.
one has N(j) = inleger too. In general. for Na(1/2). wilh
o of lhe fonn 20), one has Na;=2aj (1/2) = JlOteger =
J(j + 1)2 = j + 1. For instanee. 06 = 202, eorrespond-
ingly. Na, (1/2) = J9 = 3.

As anolher example: when dealing wilh lriplels (j = 1).
we found

}' = ~ - [3J2 - 1 - V2 (1) - 1 (20)
n - {1/21~ - 0'=0./2 - 1 0.'=0./2 .

This quantity. Yc•• is related 10 the trace of mass matrices for
lhe j = 1 representations (see ReL 3). NOliee thal for any o
of the fmm 20:j one (hen has }:l" as an intcgcr number, loo.
Somc rcsults fUf Qi = 20j are givcn in Table n.

In Tahle 1Il we show lhe values of[2j + 11a = Na(j) for
the firsl 6 "roOIS" o. NOliee ¡hat when [2]a = inleger. then
[41a and [61a are inIegers 100. as we already menlioned.

Wc note that ir we cnumcrale the discrcle va)ues of Q in
OUT Tahlcs hy mean S of an indcx i (writing o.¡), wc have

[2J". = N". (1/2) = JNa.(1) + 1 = Ji+3, (21)

(9)

(8)
n-1

[nJ, = I: q'/2
l=-(n-I)

[I]a = Na(O) = l. 'lo.

And using Eqs. (6) and (7). one has. for Na(j).

[2)a = Na(1/2) = 2 eosh (0/2). (10)

[3)a = Na(l) = 2eosho + l. (11)

[41a = Na(3/2) = 2 eosh (30/2) + 2 cosh (0/2). (12)

[5]a = Na(2) =2cosh(20) +2eosh(0) + l. (13)

[6]a = Na(5/2) = 2eosh(50/2) + 2eosh(30/2)

+ 2 eosh(0/2), (14)

( 15)

Furthenoore. by laking j = l. one gets. from Eq. (1\).

as

[3]a. = Na,(l) = i + 2 (22)

1
eosh 0= :¡[Na(1) - 1]. ( 16) If one wishes lo eXlend Table 1Il for higher values of j and

Oí. the following relations will al50 be useru!:

Inspection of the aboye equations irivolving cosh shows that,
if [3]a = Na(1) = integer number.lhen for all inleger val-
ues of j one has [odd number] = inleger number. while if
[2Ja = Na(1/2) = inleger number. lhen one also has [even
number] = inleger number. corresponding lOhalf-inleger val-
uesofj.

Thus, wc can Iist the values of O' which satisfy condition
(3) by inverting Eq. (16). whieh reads

0= eosh-1 [~(Na(1) - 1)] , (17)

and by jusllaking lhe values of Na (1) which are inleger num-
bers 2: 3.

Equalion (17) gives. for real o.

0= :tln (x + ~), (18)

with x '" (1/2)[Na(1) - 1] an inleger or half-integer numher
2:: l. Notice that. as Q = ea ane has

f'rom these relations aIle secs that evcry lime thc number
(i + 3) is a perfeet square.lhen [2Ja. [4)a. [6Ja, ... = inleger
numbers. Furlhermore. the numher Yo. defined in (20). can
be writtcn as

[4Ja; = Na. (3/2) = (i + 1)Ji+3, (23)

[5Ja; = Na. (2) = (i2 + 3i + 1), (24)

[6]a; = Na. (5/2) = (i + 2)iJi+3 (25)

}'a, = Ji+3 ( Ji+3 + 2) , (26)

and then, in the case Ji+3 = intcger. Yo; is an integer 100,
whieh explains lhe resulIs for Ya in Table n. Sesides, we
shoulJ mention that for the 0i = 20:i Dne has i = (j+ 1)2 - 3,
wilh lhe index j = 1, 2. 3.... (as can be eheeked from the
values in the firsl column of Table I1) and then onc finds, for
instance

(27)Ya.~2", = (j + I)(J + 3),

Wilh j = \.2.3 ...(19)q=x+~ or (x+~)-1
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TABLE 1. LiSl of solutions of condition (3) for real o with N until 25. These solutions werc obtained for integer j. from (he case of j = 1.
For half.inleger j. they satisfy No. = (integer)1/2.

N(I) x = ~(N(I) - 1) ni Na(~) = JN(I) + 1

3 1 01 =0 14

4 3/2 o, =0.9624236 V5

5 2 "3 = 1.3169579 /6

6 5/2 '" = 1.5667992 ../7
7 3 05 = 1.7627472 v'8

8 7/2 06 = 1.9248473 V9

9 4 ." = 2.0634371 vTO

10 9/2 o, = 2.1846438 Vil

II 5 09 = 2.2924317 V12

12 11/2 010 = 2.3895264 vTI

13 6 o" = 2.4778887 JI4

14 13/2 o" = 2.5589790 Vf5

15 7 013 = 2.6339158 v'i6

16 15/2 "14 = 2.7035758 vT7

17 8 "15 = 2.7686593 VT8
18 1712 "16 = 2.8297350 v'I9

19 9 017= 2.8872709 v'2O

20 19/2 0'8=2.9416573 v'2l

21 10 0.9 = 2.9932228 -m
22 21/2 0'0 = 3.0422471 J23

23 11 o" = 3.0889699 v'24

24 23/2 "" = 3.1335985 V25

25 12 o" =3.1763131 J26

TABLE JI. List of Solulions of Eq. (3) for half-integer j. They satisfy Q = 20/ and are al 50 solUlions for integer j. Numerical resulls for the
firs( 10 o's of (he form O:i = 20j are displayed.

Oi = 20)

al = 20"1 =0
"6 = 20, = 1.9248473
013 = 203 = 2.6339158
0,,= 20. =3.1335985
033 = 205 = 3.5254943

0'6 = 208 = 3.8496946

"61 = 2"7 = 4.1268741
U78 = 208 = 4.3692876

097 = 2"9 = 4.5848633
Oll8 = 2010 = 4.7790528

[3Ja = Na(l)
3

8
15
24
35
48

63

80
99
120

[2Ja = Na(I/2)
14=2
V9=3
v'i6 = 4

V25=5
v'36 = 6
149=7

/64=8

v'8l =9
VIOo=1O
Vi2f = 11

Ya
8

15
24
35
48
63
80
99
120
143

On the other side. we can take j = 1 and one generalor, say
J" of Ihe 5U(2) group, which is represenled by the 3 x 3
matrix

3. N,,(j) as a trace

Afler aH lhese numerical remarks we wish lo discuss Ihe
meaning of Na(j) from anolher poinl of view. As descrihed
by Biedenharn [2), lhe q-dimension is defined by L"p qJ,.
and for irreps labeHed by j il is given by [2j + 1),. Thus,
according lo (3). Na(j) was idenlitied with Ihe q-dimension.

1
7i
O
1
7i

(28)
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TABLE 111. Yalucs of [2j + ljo for the fir5t 6 "roots" ni.

o. [2]0 = No(I/2) [3]0 = No(l) [4]" = N" (3/2) [5)0 = N,,(2)

01 =0 V4 3 2V4 5

02 = 0.9624236 15 4 315 11

03 = 1.3169579 J6 5 4J6 19

a' = 1.5667992 -./7 6 5-./7 29

Os = 1.7627472 v's 7 6v's 41
06 = 1.9248473 V9 8 7V9 55

[6]" = ,\',,(5/2)
3V4
815
15J6
24-./7
35v's
48V9

We wish lO exponentiate eoJr. To this cod. wc diago-
nalize Jz and apply lhe Cayley-Hamillon lheorem [4J. One
obtains

eol• = 1+ (.iuho)Jz + (cosha - 1)J;.

As Tr Jz = O, Tr J; = 2, we oblain lhe lrace

Tren).., = 1 + 2 cOl'1h 0',

(29)

(30)

displayed in lhe lasl row. Then. in Eqs. (33)-(35). one gels

No.(I/2)N,,¡;(1/2) = 3 x 3 = 9 = 1 + 8, (36)

N",(1/2)N",,(1) =:1 x 8 = 24 = 3 + 21. (37)

N06(1),\',,6(1) = 8 x 8 = 64 = 1 + 8 + 55. (38)

and so on.
011 the other hand, by laking JI = h = j, one obtains

No(j)' = [No(O) + N,,(l) + ... + N,,(2j)]. (39)

a resull which coincides wilh No(l). A similar resull is valid
for j = 1/2. Of course, lhe same holds fm lhe olber lwo
generators Jy and Jz• as their traces are the same. Then,
[rom a similarity transformation ane can rewrite Lrep eoJz

as Tr eol, which is equal lo No (j), as we have seen for lhe
case j = 1. The same has 10 be val id fm lhe olher generalms
and the result, of course, can be gencralized. Thus, we writc

And Eq. (39) can be rewritten, by lIleans of E4. (3), as

[2j + 1]~,= (1 + [3]" + ... + [4j + 1],,), (40)

which givc rise lo a number 01' inleresting relations. We call
altention to the raet that mosl ofthc q-numbcr idcntities found
in Ref. 2 can he vcrified [rom Ihe aboye cquations, whcre the
discretization plays its role for intcgcr numhcrs No.

(31 )
4. Concluding remarks

The main poinl is lhal here No(j) is a trace (nol a di-
mension) and is expressed in function of the generators of the
usual SU(2) lhrough analogous relations of lhose of Eqs. (29)
and (30).

The aboye remark has obvious consequenccs. For cxam-
pie, if we mulliply lwo No (j)'s, corresponding lo values j¡
and izo we reobtain, for this spccific case. the well known
Clehsch-Gordan summation for the direct product

il+h
No(j,)N,,(j,) = L No(j). (32)

]=Ij¡-hl

a resull lhal can be easily verified by using Eqs. (9)-( 14). Fm
instance, one has

No(1/2)No(1/2) = No(O) + No(l), (33)

N,,(1/2)No(1) = No(1/2) + N,,(3/2), (34)

No(l)No(1) = No(O) + No(l) + No(2), (35)

etc ....
Consider, for example, the case of o = 06. Thc values

of N,,(j) are given in Table 1Il. Fm "6 we have N(O) = 1,
N(I/2) = 3, N(l) = 8, N(3/2) = 21, N(2) = 55, as

\Vc would likc lo address no\\' lo sorne concluding consider-
ations. Throughout this notc wc have shown several uscful
relations for q-numhers which are conscqucncc 01'the condi-
lion Ihat [2) + l]u = inleger. This condition led us to a dis-
crctization al' the set of \'alues 01'o. Very praclical relations.
like Eqs. (21 )-(25) 1m example, allow a quiek ealculalion of
[n]n for any O:i orlhe enumeraled list of o's. \Vc have applied
the prcsent scheme in a calculation of fundamenlal fermion
l1lasses using lhe algebra of the SUq(2) group as a speclrum
gcnerating dcforrned algebra 13]. The simplifications occur-
ing hy lhe use of the discrelizalion were gratifying. Wc rc-
mark, huwevcr, lhal lhe valucs 01' O: for the prohlem lreatcd
in Rcf. 3 wcrc typically rather largcs, 01' lhe order o = 2.6-
4.8. Notice that for valucs 01' (ti in Table l-oblained from
discrelization-we have 0.D6 < (}i < 3.18. We recall lhat
for instance, rm lhe prohlcm 01' nuclear rotal ion al bands 151
lrcaled wilh deformalion, valucs of the order 10'1 = 0.030
were ubtaincd. Thcre is a diffcrencc 01'SOI1lCordcrs 01'magni-
tude fur lhe valucs ol' ti in thc lwo problems. \Vc c);plain lhis
apparent discrcpancy by the vcry different context of each
trcalment. \Vhilc herc, and in the work of Ref. 3, which is di-
rcctly hased on lhe suq(2) algchra. the enect 01'dcformation
is largc, in olhcr 11l0dels in hadronic, nuclear and molecular
physics lhe dcformcd algehras are meanl lo describe small
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dcviations from an almost cxact syrnmctry. implying l1luch
smaIler valucs of the deformation parameter, nol necessarily
helonging lo OUT "discrctized" 5Ct.

We poinl oUllhal for O = ilol. Ihal is, for q apure phase
factor (q = ei1ul), the same discretization process could he
carricd out leading, howcver, to a differcnl regime, charac-
terized by ca,ho -; cosh ilol = cas 101, Finally, we wish
10 emphasize that the present prescription of integer valucs
01' the q-dirncnsion. in general applications is nol a "eces.
sary alle. Nevcrtheless. duc lo its algebraic simplicity, it is an
uscful proccdurc especially in dcaling with problems involv-
ing large valucs of Q. This. of course, meaos that we do 1101

exclude the case of ordinary q.dimension in other physical
applications. We further remark Ihal one of lhe use fui eon-
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