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First principIes calculation of the lattice specific heat (lf magnesium and beryllium
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\Ve llave IIsed a local. Iirsl principIes psclIL!0polential lo calculale tlll' illlcrionic putell\i;d :lIltL frorn il. lhe phollon dispcrsioll cllrves. the
plJonoll sllL'ctr~]~llIdthc lallicc spccific hC:ll 01' herylliullI alltlmagliesilllll. This I\ind uf psCUdopolcnli;d has hccn lIsed sllcccssfully for the
prcdictioll (Jf propcrties 01'other malcrials. Our results are in gooJ agrcelllcnt \•...ith cxperilllent. The p.scudopotcnlial is cOllStruclcd frolll the
c1cetronic density inJllccJ arounJ a nuclcus in lhe metal clcl.'lroll gas Tbis c1cclr(l1ldensity i...prc\ ioU',ly calculatl'd llsing dcnsity fUllclional
Iheory,

Kn"H'rm!.I':Lalli(e specilic heat

lllilízando un pscudopotcncial local. obtcnido a partir tJe primeros principios. calcularnos el pO!l'IKi;i1 inlcrit'lIlicll y a partir dL' l:...te. las
L'UrV;ISde di~pcrsión fonónicas, los espectros fonónicos y linalrnenll'. tos edll]\' ....L'specíliCll"de la red cri ...l:llina para herilio y rnagllcsiocolllo
funciones de la temperalura. Este_tipo de pseudopotcllcial ha sido LJ!ili/ado arlleriolllll'nte, COIléxilo, para la prl'dicl'it'ln de propiedades dc
111 rt)SmatL'rialcs. NlIestrtls resultados esl:ín cn huella cOllCllrd,]llci:]((}I] IlISrcsultad(IS C\PCIiIllelltall's. 1:1 PSCUd(}p(llel]cialse cOllstruye ~]partir
dL'la densidad electrónica inducida alrededor de un mícko l'll el gas dL'del'lmlleS dcllllclal. Esta densidad c!eclnlllic:l ...e calcula prniamelllc
por medio de la lL'oría de flllH:ionales de la densidad,

IJr'scriplort'S: Calor espL'cílico de la red cristalina

PACS: 62.20: 63.20

1. Illtrnductioll

(lne 01' thc lIlain conlrihutions lo Ihe specinc 01"metals comes
from the ion latticc. The lirst step in our prcsent ah-inilio
ca1culalion is lo obtain Ihe intcrionic pOlentiaL For simple
Illelals this can he construcled using pscudopotenliaJ Iheory,
Pselldopotcntials rnay he phenotllenological or lTlay he oh-
laincd fmm lirs( principies. It is clear al presenl thal a pscu-
dopotcntial dClermincd in an empirical \vay can not he con-
sidered as wea\.; always 111. In Ihis way its use in Ihe calcll-
lalioll nI' the inlcrionic potelllial, ami from this, properlies of
the metal is nol jllstified.

In this work we conslruct an (lb-inilio, local J1selldopo-
IL'lllial follO\ving thc mcthod proposed hy rvlannincll ('1 al, [21
who followctI Ihe work nI' Rasolt ilnd Taylor 131. Frolll the
pseudopotcntial \Ve cakulatc lhe illtl'rinnic potential. Then,
lIsing Ihe harmonic appmximation, \Ve ohtain !he phonon di,,-
pcrsion curvcs ami the phollon speclra alHl fmm Ihese, Ihe
corresponding curves rOl' Ihe speciflc heat rOl' eaeh lIIall'rial.

In prcviolls \Vork \Ve used lhis approaeh slIccessflllly lo
pre(\ict sOllle properties oí" simple melals mainly \Vilh cu-
hil' symmetry. Among these propcrlies are lhe latliee spc-
eilic heal, claslic constanlS, phonon lillliled rcsistivity 1.1-9].
the predictioll 01' lhe criticailcmperalurc 01' sllpcrconducling
IIlctallic hydrogen and also Ihe \'OllllllC depcndclH:c 01' Ihe
crilical temperature 01' superconducting alumillulll [10, 11¡.
Recen!ly il \Vas applied lo prcdict clastic conslanls 01' llIagnc-
Silllll (which has hexagonal symlllclryL sllcccssfully loo 1121.

In this 1"l'IHlIt\Ve apply the Illelhod tu predicl lhe lallicL'
spL'l'i!ie lll'al (11'[\\'0 lllatL'rials \\'ilb hexagonal sYllllllelry: Be
and f\lg.

The starting puinl is the cakulation uf Ihe displaced elec-
lronic dcnsities aroulld a IlUClellS in an eleclron gas \\-'ith an
L'qllilibriul11 t1ellsily eorrcspollding lo e¡¡eh !lletal (lk antl Mg
respecti\'el)'). This is dOlle t1sing Ihe dcnsity functional for-
lIIaJislll II:~, 1,11and Ihe IlH)deJ 01"the nllclellS emhetlded into
a jelliulll v,lcancy 121. Taking inlo accoulll that in Ihe PSClI-
dopotcnlial j'orl11l1!<llion Ihe pscudodcnsily musl nol cUlllain
wigglcs lll'ar Ihe ion. lhese wigglcs in lhe caklllalL'd density
had !ll he rl'lll(l\'l'll.

hUIll this pSl'udodl'nsity \Ve delille a local pselltl0polen-
ti,]1. as \\'c l'xplain helow.

\Ve ha\'l' lIsnl atollliL' llllils (¡'.('.. ltI:lgníludc uf lhc l'lec-
Iftlllcharge = ~kc[ron lI1~ISS= J¡ = 1). Tl1c ellcrgy is gi\'Cll in
(ltlllbll' Rydlwrgs,

2. Intcrionil- potcnlial

The inlcriollil' intcractioll is givcll from psCudOPOICtllial thc-
ory and lincar response Iltemy [JI by

( o') [ :! l. '¡'I ,ilJl'v) ¿('I) [6"1'1)1']~ 1+- -----~-~- (1)
,. ;;-,'. '/[1-,1'/)] .
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whcrc r is lhe scparation hCI\I,'CCn lhe twn ¡OBS, Z is lhe
chargc 01"Ihe metal ion. E(q) is lhe diclcctric respollse func-
(ion orille e!cctron gas. anJ ál/(/¡) is lhe rouricr transform of
tlll' inJuccd l:hargc pscudodcnsily.

For rhe mollel 01' lhe nuclcus cmhcddcd in a jclliulll V<I-

caney. lhe inducctl clcctronic dcnsity is calculatcJ hy taking
Ihe diffcrcncc r2]

exprcssion 01' Gunnmson and Lundquist 117]. rol' exchange-
corrclalion (which \Ve llsed in Ihe caklllalion 01' Ihe induced
c!eclJ'Onic dCllsily) lhe val11c of Lis:

\\'ilh the indllced charge psclldodcnsity and Ihe dielectric
function already given. we used Eq. (1) lo calculatc lhe inte-
rionic p<llential.

~/I(r) = II(r) - 1I,,(r) - 2L 1</),,(r)l' ,

"
(2)

_ (4) 1 . ( lI.ml;\. )L-I- -, /., 1+. l.,.
911" l., + 11..1

(7)

wherc pis the chemical potenti¿¡l, Ep is lhe Fermi encrgy ami
1'(1',) = EI'(",) + 1'''(1',). Here, /'7c(r,) is the exchange-
correlation contrihution to the chemical polential. Using Ihe

Equatioll (.1) is used lo ohtain an effectivc local pseudopolen-
(iaL which in lincar response \ViiI give the exacl inouccu dis-
placcd c1eclronic dCllsily outsidc the rcgion of smoothing. In
l!lis \Vay SOllle oí" lhc non linear scrcening clTecls arc inclutled
into Ihe pair potcnlial calculalctl from this pseudopotential.
Thc dieleclric funclion \••..c useu satisfies by construclion, the
cOlllprcssihility lheorelll which is important in conncction
with the interionie potential [15,16]. lt is given hy 115, 16J

whcrc n(,.) is calculatcd with lhe lotal chargc dcnsity corrc-
s¡mnding lo a nuclcus locatcd al Lhe ccntcr oI' a vacancy in
jcllium. and 611(1') is lhe electron density around a jcllium
vacancy alonc.

Thc hotllH.l states are givcll hy ~)I,(r). Chargc Ilculralily
(Jf Ihe melal is a ncccssary condition. \Ve ca1culalcd áH(f/).
lhe Fouril:r transforrn of the displaced clcctron pseudoden-
sity. taking Ihe Fourier lransforrn 01' Illl: density givcn by
Eq. (2), arter sllloothing. In Ihis smoothing, lhc conditions
thal the clcctronic charge is conser\'cd and thal r51l(r), ami
(D()//(r)jiJr) are continuolls, arc imposcd [2]. I1 is convc-
níenl 10 mcntion Ihat in lhe pscudOpolelltial formuiation, Ihe
pseudodensily mus! nol contain wigglcs !lcar lhe ion, and
lhe induccd tlcnsity caklllatcd fmm dcnsity funclional thcory
cOlltains those wigglcs in Ihat rcgion tille to lhe orthogonaJ-
i/~ltion of contluclion slatcs lo core orbitals. Thc ullscrccllcd
pscudopotcnlial form faclor,lJ(I/), is relalcd to <511(1/) by

(8)1'(,,)
.<illh (111",/2)'

, O (E) /." (1/)e,. = 7iT = /,-IJ ..• d/I 1_.-;/1
, " -

3, I'honons and spccific hcat

From lhe intcrionic polelllial \Ve calclllatetl lhe phonons and
associalcd forcc constants, lIsing Ihe harmonic approxima-
tion. ~Iagnesillm ami IkryllillTll have an hexagonal close
pad.ed slrllclurL' (HCP). For Ihis strucllue. we hall ;¡ gooo
convergcllcc wilh four neighbor shclls. Prom Ihe inlerionic
potclllials \\'1.: can t1nd Ihe forcc conslants anO, from these.
the c(lrrespont!ing phollon dispersion curves. To calclllate [he
pholHln frcqucllcy dislrihlllion, F(I/), from Ihc force con-
stanls oblaincd in (he phonon dispersion curve, wc followed
lhc lIIL'lhod 01'Gilat amI Raubcnheimcr [ISI.

From F(u), the specific heal is calclllatctl nlllllerically by
the intcgral

\Vhere (E) is lhe average lIf the inlernal cnergy, T is the Icm.
pcraturc ant.llJm is the mtlximulll phollon frequency,

lile rcsulting phonon dispersion curve ror beryllium is
in Fig. 1, where \VCcompare with experimcnlal values . AI-
though pscudopotelllial nonlocality can hc espccially impor-
tanl for Be, ollr L'akulated phonon frequcncies are in good
agreclIlcnl (1 ()%) wilh experimcnt. This agrccmenl is also
satisl~lctory rOl' Mg (2OC.*,). Fig. 2. In Figs. 3 and 4 wc show
our calclIlated latlice spccilk hcals ano compare with ex-
perimL'ntal results, We can see a good ¿lgreement. This is
spccially truc lür lemperaturcs where Ihe harlllonic appro.x-
imalion applics lil is well known that the harmonic approx-
imalion is valid for lempcratures helow (-)/)/;jO. wilh (-)0

lhe Debye tClIlpcraturc (for Be, (-=) f) = 100()K ano for Mg.
(-)/) = -100K). Scc, for example, Rcf. Il), For larger lcm.
pcralures a deviatiol1 slarts lo occur. For high temperatures
the anharmunic elTccls hecollle lIlore importanl, as il happens
wilh lhe spccilk hcal 120-22J. Final1y, il is importanllo no-
lice Ihat even when this melhod was applied very successfully
lo Illctals with cubic symmelry, its eXlension lo metal s wilh
hexagonal sYllllllclry had lo be explored, This cXlension is nol
obviolls. This is because in the calculation 01' the eleclronic
pesut.lollensily. by solving the dCllsi[y fUllctional formalism
cquatiolls. a spherical symrnetry is laken. Ilowcver, results
are salisfactory for the specific hcat for Ihesc Iwo hexagonal
symmetry malerials loo.

(4)

(5)

(6)

is the

L = D/I/Dr,
DEr/DI', '

E(q) = 1 + (411") G(q)
(/'

G(q) = Go(q)

(h)1- "ff Go(q)(1 - L)

where

ami Go(q) is the lIsual Lindhard polarizability, ktf
Fenni.Thomas screening conslanl, and L is the ratio

Re\!. M('x. F¡\- . ..w (2) (19I)R) 107-101)
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FI(jURE~. Lallin: spccific !lea! ror heryllium. Results from Ihis
wnrl.;' --: experimental rcsulls: • (Ref. 25). FOl" Ihis material.
(-)f) = l()[JllK. '
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r:J(jURE 1. Phonon dispcrsion curve for heryllium. Experimental
rcsults: • Ji. • I>I~(Rcf. 23). \Ve are using rs = I.X? (lo. whcrc (1" is
lhe Bahr radius. RcsullS fmm Ihis work: --o
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rl(iURE 2. Phonon dispcrsion curve for magncsium. Experimental
rcsults: •.•.• ~I~(Rcf. 24). We are using 1'" = 2.66 (/.". whefe (Jn is
Ihe Bohr radius. Rcsults from Ihis worl.:: --o
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FIGURE 4. I.atticc spccilic beal for magnesium. Results from this
\••.or~: --: experimental reslllts: • (Ref. 26). \Ve me lisio!! r .•=
2.66(1". Forlhis material. (.::)" = :J18K.
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