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IIIh.'racting hoson models pro~ide an clegant ami powcrful rnethod to descrihe col1cctivc excitations of c01llplcx systelTls hy introducing a se!
of dlccti\'C dcgrecs 01' frcedolll. \Ve revie\v the interacting hosol1 nwdeJ (11'nuclear slrtlctUl"Cami discuss ;1 recent extclIsion to the llUc!COIl
and ¡IScxcited states.

K(\'\\'Ords: eollcctivc excitations. ¡nteracting hoson modcls. symmetries. classicallimit. lIuclear structUl"c. hnl"yon spectroscopy

Los modelos de hosones interactuantes proveen un método elegante y dicaz para descrihir excitaciones colectivas de sistemas complejos
lIlediante 1;1introducción de grados de lihel"l,ld efectivos. Primero revisamos el modelo de hosones interactuantes de la estructura nuclear y
luego presentamos una extensión a la estructura delnuc!eón y sus estados excitados.

/){'.wTi¡I{OI"CS: Excitaciones colectivas. modelos de bosoncs intcractuantcs. simetrías. límite clúsico. estructura Iluclear. cspcctroscopía
hariónica
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1. Illtrnductioll

Atomic nllcki are cornplcx systellls consisting 01' large nlllll-
bcrs of strongly intL'raCling prolons amI nl::lItrons and involv-
ing lIlany degrL'l::s 01"I"reedolll.ln addition, lhe nucleons thcm-
sclvcs are composite particles, each including lhree valcllce
quarks. In principIe, the slructure and intcractions of nllclc-
OI1Sare descrihed by quanlulll chroJ11odynamics (QCD) of
quarks and glllons which has cmerged as the fundamenlal the-
ory 01"strong in(Cracliolls. Hmvever, the encrgy domain 01' nu-
clear physics. several ~leV (= lO{i eV) ror nuclear struclurc
and several GeV (= lO¡) eV) for excitations of the llucleon.
heJongs lo lhe tlonpertubative rcgirne 01"QCD for which. ex-
cepl rOl' lallice calculations of ground state propertics, no re;l-
sonable solulion exists.

Nevertheless, the low-Iying spcclrum 01"many Iluclci ex-
hihits a surprisingly simple slruclure. In the absence 01"an
cxactly solvahlc theory and reliable approximalion Illethods,
olle has to rel)' on Illodels of nuclear slruclure and symme-
Iries 10 '"llnderstand"lhese regular fcalures. In models one al-
tcmpts lo iso late Ihe most important degrees 01' frcedom and
deal with thelll explicitly. Examples 01"nuclear models ¡¡re
thL' shell lllndel in \',/hich lhe complicaled motion 01"nuclcons
inside a nuclclls is rcplaced by Ihe Illolion n1"independcnl nll-
cleolls in a static spherical potential well [11, the collcctive or
geomctric model in \\'hich colleetive Iluclei are dcscribed in
Icnns of gcomclric variahles that characterizc the shapc ami
dcformalion orthe nuclear surfacc [21. ami the intcracling bo-
son mOlkl in which cnlleclive quadrupole slales in nuclei are

dcscribcd in tenns 01"a systclll 01" intcracling 1110nopole i1nd
quadrupole hosons I:n

\\'l1ercas in low cllcrgy nuclear physics it is a good ap-
proximaliotl to llL'glect Ihe internal struclurc 01"Ihe fiucleon.
t!lis is 110 longer Ihe case fOl"excitaliol1s of Ihe nllcleon il-
sel!" (baryon resonances). Nowadays lhe nucleon is viewell as
a conlilled sy'slelll 01' quarks inleracling via gluon cxchangc.
Elleclive lllollels 01"the nucleon are all hased on Ihrec con-
stilllcnl parls that calTY Ihe internal llegrces 01" frcedom of
spin. llavor and color 1-11. hui diffcr in thcir lrcallncnl ofraoial
(01"orhital) cxcitations. At the salllC time. (hc haryoll mass
spcclrlllll shows somc rcmarkahlc reglllarilics. sllch as lincar
Rcggc trajectorics and parity dOllblets. which indicales lhal a
collective type 01"dynamics may play an importanl role in the
slructure 01"baryons.

In this cOlllrihulion we show Ihal inleracting hoson mod-
el~ provide an eleganl ami, at lhe S<lllle time, powcrfullllethod
lo descrihe collcctive excilalions 01' complex systems hy in-
lroducing a set of elTectivc degrees of freedolll. \Ve tirsl rc-
vie\v the main fcalures of the interacting boson model of nu-
clear structure. and nexl discuss a recent extension lo the nu-
clcon and its c.xcited states.

2. Nuclear strllctllre

The nuc1L'ar shcll model has hecll very sllccessful in descrih-
ing and correlating a vasl aTllounl 01'experimental dala. In this
1Il00kl it is asslllllecl that cach Illlclcon (protOll or neutron)
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fl(iURE l. Single l1uclcon shell-model orbj(s 3ml magic numhcrs

in Iluclei.

moves indcpendently in a stalic spherical poten ti al thal rcp-
rescnts the average interaclion with othcr nucleons in Ihe
llllcleus. Thc ordcring 01' single nuclcon levels (01' orhils)
is shown schcmalically in Fig. l. Thc single nuclcol1 orhi(s
which, duc 10 Ihe Pauli cxclllsion principlc. can ol1ly be oc-
cllpieJ hy a rcstrieled numhcr 01' idcntical nucleons are c111S-
(crcd inlO major shells. The numher 01"protons or neulrons
in ;¡ completely f1lled major shcll i5 called a magic nlllllher.
Douhly-magic nuclei wilh l'ompletely filleJ rroton and nell-
[ron major shells are particularly stable. The shell modcl <:Of-
rcetly reproduces all observed magic numhers.

The lowest cxcited states 01' a nucleus wilh one nuclcon
Olllsidc a closcd sheJl are ohtaincd by the extra (or valel1<:e)
Ilucleon occupying the various orhits in lhe next major shcll.
As ;tn examplc \Ve show in Fig. 2 the observeJ encrgy kvcls
01' (he nuclclls ~~!lPh12,togelhcr wilh their shellmodcl intcr-
prctation as a valencc nCll(ron occllpying the single-particlc

Ofhils 2ggl'2' li11/'2. IjUj/:!' 3dr'/:!' 48112. 29,/2 all(13d:~/2 nf
Ihe 126-184 majof shell.

Thc size of the model space increascs rapidly ir there
are hoth protons and nculrons outside c10scJ shclls. As <In

example, we cOllsidcr the nuclcus ¿~.1SJlln, which has 12
v;¡!cncc protons occllpying lhe single-particle moils lY,I'2.
2(1"/"2' 2d:~/'2. :~""'J /"2 and Iltlll'2 o" the 50-X2 major shcll :Lnd
10 valcnce ncutrons occupying the orhils Ihu/:!. 217 1'2. 'J.j;,j'2.
:~/¡:I/"2' 3¡11j"!. ami li I:lj"l. 01' Ihe X2-126major shell, Evell \Vith

the asslIlllption tilat the lowest excitcd statcs 01' Ihis nuclcus
can be descrihcd hy taking into accolln( only the valcncc nu-
c1COllS, Ihe shcll model space is enonnous (1], as C~lIlhe seen
from lhe lirs( coluJ1IIl ofTahle 1. Despite Ihe enonnolls size 01'
the model spacc. lhe low~lying speclHim o" 1;.4 Sm shnws a re-
markahly regular paltcrn. This sllggcsts Ihe exislellCC 01' "cf-
fectivc" degrees nI" frccdolll, which would trllneah:: the largc
shell model space lo ti Illanageahle si/.e, hui witholll losing
Ihe simple fcalmes 01"Ihe cncrgy spectrllrn.

Such :in altcrnativc is providcd hy the intcracting hosoll
lIlodel 01' Illlclei. Its ltIicroscopic hasis is the ohscrvatioll Ihat
the in(CraClioll bCI\Vecn idcn(ical Illlcleolls favors the form<l-
(ioll 01' lllo11opole ami quadrupolc pairs o" nucleons. Thc il1-
leracting hoson 1110del can he vicwcd as a truncalcd shell
modc!' in \\:'hich Ihe large shell Illodel space spanneJ by the
valcllCl..' lllH.:lcons is lruncatcd lo the suhspacc spanned hy
Illonopole <lud qlladrllpole pairs 01' idcnticnl nllcleons, which
sllbscquL'ntly are Irca[cd as bosons.

2.1. Thr intrractinl.: hoson modd

In Ih\.":original forlllultllion 01' Ihe inlcracting hoson llloJel
(lBM-I) no distinclion is made hctwccn prolon ami nelllron
degrccs of frcedolll, LO\\.'-lying collcctive stalcs in cven-cven
ll11clci are dcscribcd in Icrms ol" a systcm 01' N intcract-
ing hosons ",,'¡lh angular 1ll0menluI1l and parity ¡J' = 0+
(mollopolc) ami LI' = 2+ (quadrupole). Sinec lhe f¡ve com-
ponents 01' thc ljlladrupole boson ami Ihe monopolc 110son
span ti six-dimcnsiontll space wilh group slrllcturc lJ(G). aH

R('l., Me.\". F¡',\'. -t-t (2) (199X) 110-119
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stales bclollg lo Ihe sYllllJlclric irreducible rcprcsclllalion [.NJ
of l"tG). \\'hcrc .Y is lhe tolal numbcr of hosolls. In Ihe
IB~I Ihe Hamiltonian is cxprcsscd in sccond quanlizatioll.
Hcrcto \Ve introduce crc:llion opcralors. ,<; t and dtll' and an.
llil1i1aliOJl opcralors ....• ami dm• rOl' (he bOSOIlS, which allo-
gClher call he dcno(cd by bJm and !Jlm wilh I = 0.2 and
/11 = -l. -1 + 1.. ./

,,= 1 -"

."t, 1I - /1
I~I/I = (1Il

( I )

+P"(II+:l)+-,L(L+I). (5)

Fr(,IJIH, J, Scht'lIlalic "'pcclrum \\"ith F(j) synullelry. The ell.
crgy lC\'ct... are calClll,lll'd u ..•ing Eq. 1)) \\"ith ( > o. (\ > O and
.11= A( = (J. The IlIl111hc]' of hmon •••i...X = :~

E(". T. L) = El) + A (X - ,,)(N +" + .1)

+llT(T+3)+CL(I.+ 1). (7)

(.1)

lIl,)),,=0 -o'

should he illí.:luded in al! suhgroup chains. Under Lhis rcslric-
tion Lhere are Ihree possihlc chains 1.11

{

/fr,) :J S(J(',) :J SO(:l).
1'(0):J SI '(:l) :J SO(:l).

50(0) :J 50(,-») :J SO(:l).

whcre 11. /' and 1. are t)lIanlUIll numhcrs thaL Iahcl the hasis
states. Ilere H represenls lhe numher 01' ljlladrupolc hosons. p

is the boson seniorily. i.e. Ihe Ilumbcr 01' quadrupole hosons
nol rOllplcd pairwise lo angular 1ll0lllentum tero. and L de-
notes Ihe angular momcnlUlll. The encrgy spcctrlllll is char-
aclerized hy a series of multiplcls laheled hy 1l at allllost COIl-
slant l'llergy spacing (n./3., « (). which is typical for a
vihralional nucleus. rile ground stalc has 11 = " = L = ()
and encrgy Eo. In Fig .. ' wc show the struclllrc of a sPCClflllll
in lhe U(.j) [¡mil.

(ú) Thc cncrgy cigcnvalucs inlhe SU(:~) I¡mil are givcll
hy
E(,\. 1', L) = Eo - h [.\(.\ + :l) + JI(" + 3) + .\1'

- 2,V(2N + :l)] + ¡;' L( L + 1). (ó)

IIcre .\, JI and L lahel Ihe hasis slales. The spcclrllJ1l is char-
actcril.cd by a series ofhancls IJneled oy (..\.jl). in which the
ellergy spacing is proporlionalto 1.(1. + 1). as in a rigiJ ro-
tor modc!' The groulld statc oand has (.\.jl) ::= (2:\'.0) for
a problc rotor or (..\./1) = (0.2N) 1'01"an ohl:llc rotor. In
hotl1 cascs lile ground state encrgy is £0. In Fig . ..f \\-'e sho\\' a
typkal Spcctflllll in tlll' SC(,1) limil.

(iii) Finally. the encrgy formula in Lhe SO(G) limit is
given hy

rhe corresponding dyn:unical sYl11mctrics are llsually re-
ferred lo as ¡he U(,,). Ihe SU(:l) alllllhe SO(G) ¡¡mils, re-
speclively.

(i) Inlhe C(;".,) limiL. lhe energy cigcnvalues are given hy

£(11.' .. /,) = E" +, 11+ 11 11(11 + .1)

2.2. D~'n:.lInical s)'mml'tries

Thc {lllcralors bIt <Intl {)/m satisfv standard tmsoll commula-
111 •

lion rL'laliolls

H = !In +L f¡L h!"J)lm
I 1/1

In scconti quantizcd fonn. lhe lllos1 general ol1e- and 1wo-
hody rolalional invarianl Hamiltonian tha! conserves lhe
numbcr nI' hosons is gi\'cn by

\I,'¡lh ¡l/m = (-1 )1-1Hbt._m. Thc dots indicatc scalar prod-
uds <llllllhC crosscs tensor prodllcts. Since Ihe Illonopole and
quaJrupolc hosons are identified with corrclaled pairs of va-
lencc llllclcons. lhe numhcr of hosons N is dctcrmined by the
toLallllllllher oí' active proton and neuLron pairs. countcd from
the ncarcsL dosed shdl.

As an exalllple. Lhe nucleus :.~.¡SIll92. where the 12 va-
lenre protons occupY Lhe 50--82 prolOll shcll and Lhe 10 va-
lence nelltrons OCClIPYLhe 82-126 Ilelltron shell. is Ireated
in ¡he IBM as a systelll ol' JV = G +,) = II interacling
hosons. rile l1umhcr of states with angular 1ll0menLUIll and
IKlrity L l' = 0+. 2+ and 4+ is rcduced fmm Lhe shell model
valucs by a factor 1()J:.!_lOI:l (sec rabie 1), This reduction
makes iL possihle to study low-Iying colleclive excitatiolls
in nuclci by Jiagonalizing Hamiltonian matrices 01' relalively
small dimensions, In the lasL colullln of Table l we show the
dilllensions 01' Ihe model spacc in Ihe ncutron-proton inter-
acting hoson Illodcl (lBM-2) in which the ,nelltron-proton de-
grecs ur frecdolll are laken ¡nlO account explicitly.

In genera!. the Hamiltonian malrix can he diagonalized J1U-
merically to obtain Ihe enefgy cigcnvalues, hut lhefe cxisl
also Iillliting situations in ,,'hich the energy speclfa can he
obtaincd in closed analylic forrn, that is to sayo in lerms of al1
energy formula. Thcsc special cases correspond lo dynallli-
cal sYlIlllletrics. and arise whcnever Ihe Hamiltonian can he
wfillen i11lerms of Casimir invariants 01' a chain 01' subgroups
01' ú'(G) (111)' [3}. Sincc nuclear slales have good angular
mOlllcntulIl. Lhe rotation group 50(3) in thrcc dilllensions

He\'. Me):. Fú . ..w (2) (199X) 110-119
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veclors can hc ohtaillcd hy lltllllerical diagonalization. As ex-
amples of transitiollal regiolls \Ve Illcntion the mass regioll
betwecn the PI i,,;olopes and Ihe well-dcformcd rcgion of Ihe
ran: earlh nuclei. which has heen interpreled in lerms 01' a
S()((i) H .s'( '(:~l Iransilion, the Sm isnlopes which sho\\"
a sharp lransilioll bel\I,Ten \'ibralional ami rolalional spCClra
u-e'")) H S'('(:~)) ilnd the Ru isolOres which sho\\';¡ Iran-
silillll IWI\\'l'l'll \'ibrali{lnal and ~r 1I1lstahle nuclei (("(5) H

SOló)).
-1'

-11' 2,J. Classkallimit

FICiURE 4. Schcmalic ~pcctrull1 with SU(3) symmclry. Thc CI1.
crgy lcvcls ;lrc calclJlatcd llsing Eq. (6) with h' > O anu ,/ > O.
'rile nUlIlhcr p( hOSOllS is JV = :3. Thc llumhcrs in parclllhcsis dc~
note lhe valLlcs 01' (,\, 1')'

(1;11) S¡:{:J)

In a geolllelric mudcl nI" collcclive quadrupole excitalions nf
lhe Iluckus. Ihe Iluckar surl:lce is descrihed hy ils radius

(X)

••=1

•.=1 -1+ \vhich is par<llllelrized by live shape variables nJl (/1 =
-:2.. .:!l. Illsle;.I(1nI'°1, it is Illore convenient lo make a
lransforlllation lo Ihe hody-lixed system and to introduce the
Hill-\Vheekr coordinales ¡-J. i \vhich determine the shape,
logcthcr with lhe Ihree Eulcr <Ingles which determine Ihe ori-
entalioll in space [:21.

The C(Jllllectioll belween the IBM and Ihe gcomctric
model can be obtained hy slUdying the classical limil (JI' the
IB~l by means 01' lllean-jield lechniques r5]. For a syslem nf
bnsons lile varialional \\'ave function has the form 01" a co-
herent state. which is a condensatc 01" X deformed OOSOl1s.
For static J'()tatiIHlally invarianl prohlems, Ihe cohercnt stale is
char,lI.:tcril.ed by I\vo geolllclric nI' c1assical variahles, which
ulle call associale willl rJ ami l' Thc cohercnl stale is then
givcll hy

.'>0(6)•• == 3

,,,o -O'

T=O -O'

flCiURE 5. Schcm<ttic spcl'lrum with 50(6) syrnmctry. The CIl-
crgy I('vels ¡¡fe cakulntcd using Eq. (7) wilh A > O. B > O anu
e = o. Thc Ilumhcr of hosons is N = 3.

whcrc (J, T alld l. characlcrizc (he oasis statcs, Hcrc a al1l1
T denote hosoll scniority lahels: T has Ihe same Illcaning as
l' in lhe U(5) Iimit, ¡.l'. lhe llumocr 01"quadrupolc hosons
nol couplcd pairwisc lo angular ll10lllcnlum zcro, whcrcas (j

is ;¡ generalizeJ seniorily lhal involves hoth monopolc ami
quadrupolc hosons. Thc cncrgy spcctrulll consists 01' a series
01"vihralional lllultiplclS laheled hy (1, in which Ihe energy
spacing is proportional lo lhe last two lerrns in Eq. (7). The
ground state has (1 = N, T = L = Oand energy Eo. In Fig. 5
\Ve sho\\' a Iypil"al spectrulll in the 50(6) limil.

The Ihree dynamical syrnmclries pro\'ide a sel of closed
analytic expressions ror energics. e1cctromagnelic Iransilion
rales and seleClion rules Ihal can oc Icstcd easily hy exper-
irncnt. i1nd as sllch Ihey play an important role in lhe qual-
itali\'c inlCrprelation of lhe Jata. However, only a fe\\' nu-
c1ei can he descrihed hy lhcsc Iimiting silualions. \Ve mcn-
lion lhe 100v-lying sIal es 01".~LoCd/¡:hA1fiGdn ano ~~tiPIIIR as
gooel examplcs of unele; with U(5), SU(3) auel SO(G) sym-
melry. respectively [:q. Most nuclci display prorcrties inter-
mcdiate bctwcl'll tilc dynamical sYll1ll1ctrics. In on..lcr to de-
scribe transitional regions hclwecn any nf lhe threc dynam-
ical symmctries, the more general I"onn 01"Ihc IBM Hamil-
tonian nI' Eq. (3) has lo he llscd. lis cigenvallles ami cigen-

with

+~tl<il1"i(d;+d~,)] (lO)

For a given IBM Hallliltonian \Ve define an energy surface hy
ils cxpectation value ill lile coherenl stale

EI,I.,) '" (.\';,J.,I : ¡¡: 1,\';/3.-,). (11)

Taking the normal ordercd producl 01' the Hamillonian : 1J :
amounts to kecping, ror cach interaction term, only Ihe lead-
ing order contribulioll in Ihe total numher 01' hosons ¡Y. For
the 011C- ami Iwo-body Hallliltonian ofEq. (..') Ihe energy sur-
face is givcn by

where lhe codlicienls /I,¡ depcnd 0/1 Ihe nllmhcr of hOSOllS¡\'
and lhe paralllelers in lhe Halllillonian.

R('\'. Mex. ¡:tI". -W(2)(199X) 110.....1 I()
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A"..l ro'm (J::. O,1 O"' _/3)

T¡\HI.,\ 11. Clas .••ilicl(inn (JI"p:rollllu st;lte haryolls accordinp: to

"({'fel) J Slid:!) /'\ (1).

Anh",monl'
•• I.>ato' (J '= O)

F[(;URE 6. Phasc lrianglc of (he lBr..l

1 ,,""I&blt
",lo, ¡" ::.O)

/' 1 +./ = ~ ocle!

./" = ~-1- decupk'l

1 ) , (2
1'\1Ickon S 1/:2 ti.

Sip:llIa '.: I ti -1. ti.

1.:lInhtb .\ O O O

.\i - 1/:2 -1 -1. O

Ikll" ~ 3(:! -1. ti, 1. 2

Sigma ~. I O - 1. ti.
Xi - 1/:2 -1 -l. ti

( hncl!a S! O -2 -1

The C!assical Iimits 01' Ihe thrce dynamical sYllllllelriL's
have ti simple geolllelric inlerprelalion. For Ihe UF») limil
(!le l'nergy surface is given hy

. _ ,y (,Y - 1) [, 1 10 3 ]
L(IJ,-,)=£o+"(I +112)2 .3/! :¡:.lv2¡3 ros3-,+4 . (14)

ami ror Ihe 50(6) ¡¡mil

S/3' S(A" - 1)¡'j1
E(Ii.,) = Eo +, --,,-, + () (1 13')'l+/r + --

whereas rOl"lhe 8U(3) limil we '¡nd

( l.1)

asslllllpliOllS on thL' spalial dynamics. Stilllulated hy Ihc SllC-
cess of algcbraic IIlclhods in nuclcar 131 and Illolccular Inl
speclroscopy. ,'-"cdi ...cus ...hl're an interacling bosoll model fOI"

Ihe spatia! degrees of freed()J1l 17J. This model unitics variOllS
exact!y solvahle mode!s of haryon slruclurc. ami helH:e pro-
vides a gencral framcwork to slUdy lhe propcrtics of haryoll
resonanccs in a (ranspare[lt ami syslcmatic way.

J.I. AI~ehraic modl'l of fhe Iludcnll

The encrgy surfaces for the U(,'j) and 80(6) limits do nol
dcpclld on lhe as)'mmelry paramcler l. For physical values
(JI' lhe paramclcrs (e > O aml A > O) Ihey have a minimum a(
~ :::::() (spherical shape) aml¡f2 :::::l (dcfonned shape \I,'ith /'
inswhilily), respeclive!y. For Ihe 8U(3) limil lhe cnergy sur-
race lk'pends oil hOlh /3 :lml" and has ror n, > O a minilllllm
al ¡'~= J! and l' = () (axially dcformcd prolale shape) or
al rJ = J} ami '"y = 7l"r~(axially dcformcd ohlatc shapc).
dcpel1ding on Ihe sign 01' the (Ji cos 3, lerm. This analysis
...!lo\\' ... Ihal lhe U(:J) limil cOITesponds lo an anhannonic vi.
hralor.lhe S[ '(3) limil lo an axial rolor wilh prolate or ohlate
del"orll1ali(ln, and the SO(G) limil lo a '",lInstahle rotor (orde-
formed oscillalor).

These rcsults arc sUlllll1arized in Ihe phase lriangle of
Fig. h, in which the cquilibrium shapes corresponding lo each
nnl' nI' Ihe dynamica! sYllllllclries :lre 10calcd al lhc corncrs.
and (he lr~lIlsitional regions hClwccl1 any (wo of Ihcm along
Ihe lhree sidcs. l\.tost Illlclei correspond lo eilher (he edges
or Ihe inlerior of lhe triangle. since lhey are inlcnnediate be.
Iwcen t\Vo or lhree limiling silualions.

The strangcncss S is Ihc dilTercl1ce belwcen lhe hypcrcharge
and the haryon numhcr IJ

( I X)

( 17)12=

BarYOlls tlrc consiticrL'd lo hL' huilt 01"lhrcc cOllstilllel11 parts.
The inlernal degrccs 01' frL'l'dolll of lhcse lhrce parts tire laken
lo he: llavor.(riplel 11. d ...• (we do not consider here heav)'
quark l1avors). spin-douhkl S = 1/2. ami color.triplel. Thc
internal a!gcbraic slrllclure 01' lhe constittlcnl parts is Ihe
u ...•ual

In Table 11 \vc prcscl1( lhe c1assilkalion 01" the h;¡ryon lla-
VOl"oclcl and dccuplcl in Icrms of lhe isospin 1 ami Ihe
hypercharge )' <lcconling lo Ihe dccomposition SU! (:q :>
S{;¡('2) c.. U}.(l l. The hypcrcharge is relaled 10 Ihe elcctric
chargc (1 and lhe third cOlllponenl of lhe i....o ...pin 1:1 through
Ihc (jell-Mann and Nishijillla rclalioll

(15 )
N(N - 1) ., "

£((!.-,) = En + A (1 +iP)2 (I-13-¡-.

3. Nuc!c()lI structurc

The lllH.:!con ilself is not an elemenlary particlc, hut a COIl\-
[l(Jsile (lhjecl. EITcclive modcls of Ihe nucleon ami ilS excilcd
sl;¡les (01" baryon resonances) hased 011 lhree constilucnls
sharc a COllllllon spin-Ilavor-color slruclure but difTcr in lheil

The Ilucleon and ~ ¡¡rc IHHI...lrange S = O, \\'hereas lhe ~, .\,
.=: ami n hyperons carry slrangeness S = ~ 1. - 1. -:2 and
-:1. respeclively.

The relativc rno(ioll of (he lhrce eonslituelll parts is de-
scrihed in tCl"ms 01' Jacohi L'tlOl"dinales. ¡¡anu S, whidl in lhe
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The scalar hoson does nol represent an indepcndenl degrcc nI'
frcedolll, hUI is added under the restriclion Ihal the total IlUIll-
her 01'hosons ,V == 1/" + //A +I¡.~ is conscrved. This procedure
leads to a compact speclrum gcncraling algehra for the radial
(or orhital) excilations

lIen~ ,-:'1, ;:0:1. and ,-:;{are lile coordinates of Ihe three COll-
slilllents, Instead 01' ti rorlllulation in Icrms al' coordinates
and Illolllenta \Ve use Ihe melllod of hosonic quantizaliol1, in
wllich we introdw:e ti dipole hoson witll L l' = 1- for each
independenl relalin? coordinatc, and :1Il auxiliary scalar ho-
son \Vith 1/' == ()+ 171

casc 01' threc idclltical ohjccls arc

1 (_ _ )
fl:::: J2 r¡ - 1'1 '

, 1 (_ _ ,_)
/\ == Ir 1'¡ + 1'1 - :"1'3 'VO

fmm lhe spalial parl, which is ohtained hy expanding the
mass-squarcd oper;Jlor .\(J. in tenns of Ihe generalors 01"
{'(7) 171 similar lo Eq, (.'\), hut llOWthe hosoll operators {¡Jm

and {¡"u can hl' any onL' 01' building hlocks of Eq. (::!O), Ik-
cause of paríly conserv;llioll only intcraclion lerms wilh
<InL'\"L'1lnUlIlher of dipole boson operJtors are pcnnittcd, For
Ilonstrange ///1// haryons, lhe mass-sl)lI:lrcd OperJIOr Jf'!. has
lo he illvarianlllnder Ihe pcrl1lulaliol1 grollp S;{, i.l'. under lhe
illlerchangc 01"any 01' lhe thrce cOllslituenl parts, This poses
an addilional C()llslrainl 011Ihe al!owed intcraclioll tcrll1S, Thc
waVl' fllllctiollS 11<l\'L',by construclion. good angular mOlllen-
lum 1.. p,lrity I J, ¡¡nd pefmlllalion sYllllllelry f, Thc lhree
S)'llllllclry l'lasses of lhe ,':;:1 perllllltalion group are charac-
lerill'd by lIle irreducihle reprcscnlaliolls: f == S lúr the ol1e-
dilllcllsional SYJ11111t..'tricrepresen(alioll, f = :-1 rOl' lhe OIlC-
dilllcllsional alllisYllIlllclric represelllatioll. ami f == .H rOl'
lhe Iwo-dirllellSi{lnallllixcd sYlllllletry rcpreSenlJlion,

3.2. I)ynamic...al sJ'mIlH.'tril'S

( 19)

(211)(111 = -1,11,1),Jlt lit ....t
/,,'" A./II '

Por a syslelll of inlcracting bosons the model space is spanned
hy Ihe symmctric irreducihle representalion [Xl of ú'(i), The
value ol".Y delermines Ihe sil.c 01' Ihe modcl space,

The mass operator depends hoth on the spalial and the
internal degrecs 01"freeuolll, \Ve lirsl discuss [he cOnlrihulion

I

u, = U(7) . (21 ) The oS;l iIl\'arianl (r (7) lIlass operalnr has a rich group struc-
lure . .JusI as in the case o" Ihe inleracting hoson moJel rOl'

1111CIci.il is o" general inlerest to study Iimiling situJtions,
in which lhe mass spectrum can he ohtaincd in closed fonn.
These slK'rial solUlions rorrespond lo dynamical symmctrics
of lhe mode!. Under Ihe reslrictioll Illat the cigcnsta[es havc
g(lod angular lllo111enllllll, paríly and pcnnulalion symmctry'.
Ihere are several possihilities. l-Icre we consider the chJins

U (7) ::J
{

{
511(3) C:) SU(2) ::J 5C1(:\) ; SI )(2).

l' G ::J
! ( ) SO(G) ::J SIJ(:l) (l .';1 )(2) ::J 50(:\) (! SIJ(2),

50(7) ::J SO(G) ::J SU(:I) U SIJ(2) ::J SOl:\) • !SI )(2).

(22)

Thc corresponding dyn:unical symlllctries are rel"errcd 10 as
Ihe U(G) ::J 511(:l) 6) SIJ(2) limil, Ihe U(G) ::J SO(G) limil
aJ1(1lhe 50(7) limil, respeelively. These ehains have lhe di-
leel prodllel grollp 50(3)050 (2) in COllllnon, where SO(:J)
is Ihc angular l110lllenlum group and 50(2) is relatcd to Ihe
permulalion symllletry 17-91,

(i) The firsl chain corrcsponds 10 the problcm 01' lhree
particles in a COllllllon hanllonic oscillator potcntial [9]. 1I
separa les Ihe hchavior in three-Jimcnsional coon.1inate space
delennined hy 51/(:\) ::J 50(3), rrom lhal in lhe index spaee.
gi\.en hy SU(2) ::J SO(2). In Ihis ¡imil Ihe eigenvallles ale
givcll hy

.\[2 (11. L. F. .\[ 1') = .lId + '1" + '211(11 + :;)+ ()F(F +2)

+ ¡;L(L + 1) + ¡;.'Mf.. (23)

Figure 7 shO\.•..s l!le slructure 01' a spcclflIm wilh U (G) SYIll-
metry, The Icvcls are groupcd ínlo oscillator shclls char,Klcr-
izcd hy 11.Thc ground slate has 11 == O and L{' == ot, Thc
one~phollon lIlulliplcl H == 1 has (wo degenerate stales witll
[.J' = 1- which helong lo (he t\vo-dimcnsional representa-

I
tion JI 01"the penlllll:tlioll group. and lhe two-phonon Illulti-
plet IJ == ~ cOllsislS 01"Ihe states LI' == 2t, 2tr' 1~. O~ and
oj-, , Thc splitting within;\n oscillalor s!lell is dclcrmincd hy
lhe last lhree lerlns 01' Eq, (2.3),

(ii) ¡\[l{lIl1cr e lassi lication schell1c for the six-dimcnsional
oscillator is providcd hy lhe second group chain 01' Eq, (22),
The ledllclion/.(Ii) ::J S'IJ(G) ::J SU(3) G 50(2) has heen
.\ludied in dclail in jlOI. flere it is cmhcdded in 0'(7). The
speclnJm 01"lhe ('(o) ::> s()(o) limit is givcn hy

.\[2(11.". L .. \11') = MI; + '1" + '211(11 +:;) + ,1"(,, +~)

+ d.(L + 1) + 1i.'J/f. (2~)

Abo in (!lis casc lhe IcvL'ls are grouped into oscillalor shells
accordillg lo Fig, 7. lIowever. in [!lis case Ihe splittillg wilhin
an oscillalor sl1ell \',"lJidl is lIelel"lllillet! hy the last lhrce tenns
01' Eq, (2--1) ís dilTnenl I"mm lhal in lhe U(G) ~ SII(:q ('J

S'lJ(2) limil.
(iií) Tlle lwo grollp dmins associalcu wilh the U(7) ~

IJ (("i) redul'tion C{llTl.:SP{Hlda si x-dimensional anhannonic os-
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FICiURE 7. Schematic spcclrum with U(G) symmctry. Thc masses
an.: calculJtcd using Eq. (23) with (1 > O. (2 > O and n = ,•.=
,o' = O. The number 01' hosons is N = 2.

JI:::] -1;,

11:::0 -oZ U(6)

planc. The lwo "celor"" ¡I ami "., are paramelrized in terms
01"Ilw Ihrec Euler an~!Ies wllieh arc associaled wilh Ihe ori4
clllalion 01' the sy ...•1CIIl. ami Ihree inlernal coordinales which
tire lakcn as lhe Iwo Icngths of lhe vectors r,\ = r ("0:-; \ ami
1"" = 1" :-;ill \. ano lheir rclalive angle O. Thc hypcnaoius,. is
;¡ lllcasurc 01"lhe dilllcllsion (JI"lile syslem, wlll":reas lhe hyper-
angle \ ami lhc anglc O delennine its shape 1111. The surface
assoeialcd ''''ilh one- ¡¡nd lwo-hody 5.1 invarialll inleractions
is givell hy

, X(X - 1) [" ,
.\1-(1". \.8) = 00 + ( .) .) 0"1"- +n,¡r

1 + 1"-)-

-/".\ siIl2(2\) sill'.! H]. (27)

,,=0 - o~

'" = o

0=0 -o;
50(7)

FI(iURE R. Schcmatic spcctrum with 50(7) syn~metry. The
rnasscs are cakulatcd using Eq. (25) with A > o. f3 > O allJ

".= ".1 = (1. The numbcr of hosons is ,v = 2.

c¡!lalor, l'or ,vhich the total numhcr ol' oscillator quan(;J IJ is
;t t'(lod quantulll Ilumhcr. Hnwevcr. this is no longcr lhe case
1m lhe lhird dynamieal symmelry 01 Eq. (22). In lhe SO( 7)
limil lhe eigenvalues are

.\['(",-,r. L..\Ir) = ,\Ici + A(N - w)(N + w + 5)

+ [Ja(a + 4) + "L(L + 1) + ,,'¡\f¡'. (25)

Analogous lo lhe SO(G) I¡mil 01' lhe mM. Ihe 50(7) limil
(:orrcsponds to a deformed nscillator. In Fig. 8 \Ve shmv a
Iypical spectrum with 50(7) sYlllmetry. The states are now
ordered in hands charactcrizcd hy u..-',ralher than in harmonic
oscillalnr shells. as in the previolls 1\\'0 examples.

J.J. Classkal limit

A more inluilivc geolllclric inlerprelation 01' algehraic U(7)
inleractions enn he ohlaincd hy studying its elassical limil.
The pr(lcetlllre is similar lo that discllssed in Sect. 2.3 for
the inleracting hoson Illodel 01' Iluclei. Thc coherent slate is a
COlldeIlsale of N dcformetl hosons, which for slalic rotal ion-
:111)"¡nvarianl prohlems can he paralllctril.cd as

The gcolllelry is chosen slIch lhal ;; and X span lhe .l'Y plane
wilh the .7'-axis along X and lhe z-axis perpendicular to lhis

The eoeflicienls 11, and b (lL'pcnd 011 the nUlllhcr 01' hosons S
alld lh!.":paramclers in lhe lIlass-sl)lIarcd opcralor.

The c1assical limils 01" IIw Ihree dynamical sYllllllclrics
havc a simple gcolllelric inlerprclation. For lhe U(G) :)
SII(3) @SU(2) limil lhe surfaee is givenliy

., ., .\"1"' ,Y(X - 1)1"'
.\1-(1". \.0) = .1[ii+ '1 -1--" +', (1 .')"+ r- + r- -

X(N - 1)1"1 .. , .. , 1+" ( .')" [1-'Ill-(2\)SIll-0. (2g)1 + 1"- -

whereas fm lhe U(G) ~ SIi(G) limil we fínd

XI"' X(N - 1)1"'
M'(,'. \. O) = M,; + '1 --., + ,., ( ., ., (2'1)

1 + 1"- - 1 + 1"-)-

atlll fm lhe 50(7) limil

., . ., .\"(.\" - 1) .,'
.\1-(1". \.0) = .\lii + ..\ .')' (l - 1"-)- . (30)

(1 + 1"- -

The surfaces I"r lhe U(G) ~ SO(G) atlll 50(7) limi" do nol
depcnd (In Ihe anglcs \ and H. For physical vallles of Ihe pa-
ralllelers (fl > ()ami A > O) lhey have a minillllllll al r = ()
(spherical shape) and r".!. = 1 (tlefofmed shape wilh \ and
11instahilily). respeetively. Fm lhe U(G) ~ SII(:l) ,- SU(2)
limit Ihe surl"ace depL'nLls on all (hree gcometric variahles. (he
radius r and the angles \ and 11. For realislic values of lile pa-
ramelers (f] > O) the minillllllll is al r = O (sphcrical shape).
jusI as ror lhe U(G) ~ SIJ(li) limil. This analysis shows lhal
Ihe two U(G) limits corrcspond lo an anharmonic vihrator.
ami lhe 50(7) limil lo a ddorllled oscillalor (m \. f} unsla~
hlc rotor).

1I is inlcresling lo note IIlat Ihe surfacc 01' Eq. (27) has an-
olher eqllilihriulll shape. Ihal docs not corrcspond lo olle of
Ihe dyni.lmical s)'lIllllelrics discusscd ahove. \Ve considcr lhe
opcrator 17. SI

JI".!. = ~I (U"1 ..•t .••.t - J':, '/':1 -II~\ 'I¡~)
x (tI".!. .':;:.':;:- ¡¡p. ¡¡ji - /)>.. . ¡':d

e [( 1 t 1 t) (- - - -)+ ....:! 1',/ . 1'" - JI>.. . 1'>.. !J,)' /"1 - /'>. . jJ>..

(31 )
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-o,t

" -o~

fJ(1URE 9. fundamental vibrations 01'x.3 configuralion.

with

/'1 = ~14NR',

Ddormetl 06cil1ator (r > O)

(or X, e unslable rotor)vibra.tor (r:::: O)

Anh",rnonic

F]{¡URE 10. Schematic spcclrum of an oblJtc symmclric lOp, Thc
Ill<ISSCS are calcuJatco using Eq.(39) \•...ilh h:] > (J, fi'l > (1 ano
fl > (J.

3.4. Nonstran~e haryons

Hcre we study the lllass spectrum of Ihe nonstrange baryon
resonances 01' lhe nuclcon (isospin 1 = 1/2) and the delta
(isospin 1 = :3/2) family, The radial excitations are dcscribed

Oblat,> tnl' (r > o, \ "" 1«4, o "" 1<}2)

FlflURE ¡l. Phasc tr¡angle 01' U(7) with S;¡ invariancc.

sists of a series 01"vibralional cxcilalions characlerized by the
labels ('PI, 1'2), aJl(1 a 100ver ()~-rOlalional excilaliolls built on
10p of each vibration.

The results 01' the analysis of lhe c1assical limil 01' S:i
invarianl onc- and two-body interactions in [/(7) are SUIll-
marized in lhe phase triangle 01' Fig. 11, in which the lhree
equilibriulll shapes are 10caLed al lhe corners. This phase lri-
angle is very similar as Ihe one for the nuclear case: Ihere
is a spherical shape. a dcforlllcd shape lhat does nol Jepend
on the angular variables, anu one rigid dcformed shapc. An
imporlanl difference is that, whcreas in the nuclear case lhere
exists a large :ullounl of colleclive nuclei which either corrc-
spond lo une of Ihe dynalllical symmclries or lO a transitional
region betwccn them. in Ihe Ilucleon case thcre is only one
single haryon SpCClfUlll. The queslion is now: ir \\'c aSSUlllC
that lhe radial excitations 01"the nuc1eon can be descrihed by
U(7), where docs lhe nonstrange baryon lllass spcclrum nI in
this triangle'!

(,12)

(34)

(33)

.) N(N - 1) .) ') ')
;\/-(1', \,0) = ~I (')" (R- -1'-)-

I + 1'- -

N(N-l)r'[ ," ,"
+ 6 ( '')'' 1- 5111-(2,) SI1I- OJ '

I + r- -

has a stable Ilonlinear equilibriul1l shapc characlcrized by
l' = R,\ = 7r /4 anJ () = 7r /2, i.e. the two coordinatcs
llave equal length and are perpendicular. These two condi-
tions are precisely those salisfled hy the Jacohi coordinales
01' Eq. (19) ror an equilalcral triangle. In a normal mode anal-
ysis, Ihe mass-squareJ operator 01' Eq. (31) reduces lo leaJ-
ing order in N to a harl1lonic fonn, and its spectrulll is givcll
hy [7,81

Por R'2 = n, Ihe mass-squared opcrator 01' Eq. (31) has
l/(T) :> U(G) symmclry and corresponds lo an anharmonic
vihrator. whcrcas for ¡{l. = 1 and 6 = O it has U(T) J
SO(T) syml1letry and corresponds lo a dcformcd oscil1alor.
The general case with H!. 1:-O and 6, (,2 > O corrcsponds to
an ohlate symmetric 10P [7,8]. This can be seen by studying
(he classical Iimit and pcrforrning a nOTmal modc analysis,
Thc l'orrcsponding surface

Here t'. represcnts the number of quanta in a sYllltllelric
strelching vibralion, andl'2 = /12a + 'V2b denotcs thc total
number of quanla in a degenerale doublcl which consislS of
an antisymmetric slretching vihralion (V'2a) and a hending
vihralion (V:!b). This patlcrn is in agreement wilh thc poinl-
group classilication 01' the fundamental vibrations of a sym-
IJlclric .\3 configuration [121 (sce Fig. 9). Therefore, the con-
densalc hoson ofEq, (26) with /' = R, X = 11' / 4 and O = 7C /2,
corresponds to lhe geolllctry ol' an ohlate syrnmetric lop wilh
Ihe threefold symmetry axis along Ihe z-axis.

In Fig. 10 we show a schcmatic speclrum 01' an oblatc
symmetric topo In anlicipatiun uf the application to lhe mass
spectrum of nonstrange baryon resonances we have added a
lerm linear in the angular momcnturn o:L. The spcctrum con-
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TAlllX 111. '\11 rah,:ublcd llllclcon ;lnd delta rcsonancc~ (in ~kV) Ix'lm\' ~ (ie\'. Tcntati\'c assi~nmcllls nI' I amI::! slar n:s()nanccs (¡.tI are
shown in hradcls.

StalL' (1'\.I':.:d .\Jcalc

'S.,[:>G.II+] (0.0) 9J<J

'S.,[,II. 1-] (0.0) 15hh

'S.,[,II. 1-] <0.0) 16HO

'S.,["".I+1 (1).0) 17211

~8J [!'")(;. 2 t] (1).0) In5

'S.,[711. "-] (0.0) IX75

!~,'¡7()."+] (0.0) IX75

IS.diO. " -] (0.0) 1972

IS,1[7(). 2 1-] (1).0) \97:!

2g.J[:l(i.O+J ( 1.0) 144O

'S.,[70.1-] (1.0) 1(01)

".,[70.0+1 (0.1) 17111

'S.,[,II. W] (11.1) IX]:'
'S.,['-,(;.I-] (1).1) IX6()

'8.,[70. 1+] (0.1) 1 l)t)7

'S.,[711. 1-] (0.1) 1997

1]()J[ .•..,(i.O+] mO) 1232

'111,[711.1-] (0.0) Iú-ll)

.1 JO.¡(!'")(;, :!+] (0.0) 1 t)()l)

, 11I,[7(U-] (0.11) [l).l'i

'111.,[711."+] (0.0) 1 l)-t5

11O.'¡.~JG.0+] ( 1.0) ](l-l6

'1(1.,[711. 1- J ( 1.0) 1977

'1(1.,[,11,11+] (0,1) 17X(1

R;lrYOIl

;o.:(9:\9)?"

¡\;( Fd.))5 11. ;\;(l.j20)D1 '1

j'\; / I (¡.-lO)S I I . ~( 1,nO) [) 1'1. ~ ( 11;7:-,) /JI ,o,

N( 172(1)/'". N(IGSII)F".

11'( I~1I111)/'" l. IN (2111111)/"".1

IN(19(III)F"1

N(I.1411)p"

~(I:2.12)J~n

"'( 1(,"0) 8J1 • '" ("011) !J"

'" ( 1910)i'" . "'( 1920) /'". "'( 1911:»P.e" '" ( I(1:,II)F17

1"'(EI.lO)Dnl. "'(19:JII)D,;

1"'(2111111)P,,1

~( lGI)())P-11

"'(191111)8"

1"'(17:>0)?,,]

S H [.j6] :J :!S ft;' , 111 .

JI [701 :J :!S tU 'S , :!1,H • j + - I () d.

..\ H [2111 :J "28. '1 (.16)~;= ~;,(elU, = U(7) 0 SU,¡(6) 0 SU,(3) . (.15)

in tcrlllS 01' Ihl: ("(i) inlcracting hoson moJel which was dis-
cLlssed in lhe previolls seclions. The fuI! algchraic slructure
is nhtained hy comhining lhe radial parl of Eq. (21) wilh Ihe
inlcrnal spin-Ilavor-color part ofEq. (Ió)

Tillo' spalia] pan of lhe haryon wavc funetion has lo be COJII-
billlo'd ,,:ilh Ihe spin-Ilavor and color pan. in su eh a ,\-'ay Iha!
Ihe IOtal wavc funclioll is anlisymmctric. Sincc the color part
of {he wavc rUllclion is anlisymmctric (color singlet), the rc-
lllaining pan (spalial plus spin-llavor) has to hc s)'mlllclric.
FOI"IlOIlSll"anp.c rcsonallCCs \l,:hich IlaVC Ihrcc idclllical COI1-
sliwcnl pans lhis Illeans lhal Ihc s)'mmctry orIlle sralial wave
fUllClioll unde!" 5:1 is the samc as Iha! 01' (he spin-llavor parto
Therdore. olle C:I1l use Ihe represcntations 01' cilhcr 5:1 or
SlJ.~f((j) to lahcllhe slales. Thc subscquent dccolllposilion of
representalions 01' SU,¡(6) ¡nlO lhose 01' SU¡(:I) (') SU.,(2)
is Ihe standard one

I-Icrc lhe represenlatinlls 01' lhe spin-Ilavor groups SU.~f(G).
SUf(;~) and 5'u.~('2) are dCIlOlcd hy lheir diIlH:nsiolls. The
tolal haryoll wave funclion is cxprcsscd as

wherc S and .J are Ihe spin and IOlal angular 1I10J1lCn1Ulll] =
[ + .? . Thc ground slalc haryons nI' Tahlc 1I llave L:' ::; lit.
olld ore I"heled hv ['S,!' [:>r..0+]) IÍlr the ,/1' = 1/2+ octel
"11(11'11I,,1' [:>6.0+]) ror the ,/1' = :1/2+ decuplel.

\Vc analyt.e the mass spectrum 01' nonstr:mg:e haryoll !"es4

onanccs in Icrms 01' lile mass fo!"mul<l

Re'\'. Me.\". FÍ.\". "'-1 (2) (11J9X) 110-119
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The radial excitatiolls nI' the 1l1lcleol1are il1(erpreted as vihra-
lions and rolations 01' an oblatc symmetric 10P [7]

Thc N( 1440) ami N( 17\ O) resonanees are associaled \Vith vi-
brational cxcitalions \Vilh (1'1, V2) = (1, O) ami (0,1), rc-
spcctivcly. The spin-flavor contribution lo the mass-sqllared
opcrator is expressed in a Gürsey-Radicali form [13]

Aecording lo Eq. (36),the SU.~f(6) tenn depends on the per-
mulation symmelry of Ihe wave fllllctions. The SUf(:~) term
only depends onllle flavor, and Ihe SUs(2) (enn contains lhe
srin dependence. A simu!talleolls ni lO 25 wetl-established
(3 ami 4 SIal') nucleon and delta resonances gives a I'.Ill.S. dc-
v¡alion 01" 39 MeY 171, In Table III \Ve sho\V all ealculated
resonances below 2 Gcv. Especially in (he lluelcon sector
there are many more states calculated than have bcen ob-
servcd so far. Thc lowest socallcd 'Illissing' resonances eor-
respond 10 the ullnalural parity states with £1' = 1+. 2-.
\vhich are decoupled holh in eleclromagnelk am.! slrong de-
cays, and henee vcry difficult lo observe. The resonances in
squ:.Ire hrackcts arc not very \Ve11estahlished cxperimelllally
(1 and 2 star) ami are tenlalively assigned as candidalcs rOl"
SOIllC01' Ihe Illissing stales.

01' magnilllde (several MeY's ror nuclear excilatiolls and sev-
eral CieV's ror cxcitations of lile llllclcon), in hOlh cases such
algebraic nwdcls providc an cIegan! and, at lhe samc time.
po\Verful mctl10d lO descrihe collective excitations 01"COIll-
plex systcms hy introducing a se! 01'cffectivc degrces 0'- frcc-
domo

Therc are Iwo advanlagcs lO thcsc Iype 01"Illodels rha! are
\vortl1 rnentioning. First 01'all. Ihe use 01' algehraic lechlliques
makcs il slraighlforwartl lo ohtain eigcnvalucs and eigcnvcc-
torso This is done hy Illcans 01' malrix diagonalizatioll, ralher
(han hy solving a se! of coupled diffcrenlial equalions. Scc-
ondly. Ibe exislellce 01' dynalllical sYlllllletries makes it pos-
sihlc lo derive closed analytic cxpressiolls ror ellcrgies, c1ec-
tromagnelic Iransilioll rates. decay widlhs amI seleclion flIle~
thal can he Icsted casil)' by cxperimcnl, and as such lhey play
an imporlanl role in lhe qualilative inlerprctalion 01' lhe dala.

A geolllctric intcrprctalion 01' algchraic interaclioIls has
been obtaincd by studying ils classical I¡mil. This way il \vas
shown Ihal intcracling hoson Illodels unify various exaclly
so1vah1e models in a single framcwork. In the nuclear case,
\Ve sho\Ved thal Ihe Ihree dynamical symmelries correpond
lo Ihe anharmonic vihralor, (he axially defonned rotor and
Ihe í' ullslahle rotor, rcspcclivcly. For nonslrange haryon res-
onanccs, the U(7) Illodcl contains the anhannonic oscillator,
Ihe dcl'orlllcd oscillator <lllLllhe ohlatc sYllllllctric IOp as spe-
cial limiling cases.

In conclusion. interacting hoson Illodcls provide a general
fralllC\vork lo sludy collective excitations of complcx syslems
in a Iransparcnl amI sys(elllalic way.

(40)

(39)
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