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Elcctron Raman scattcring in a sphcrical quantum dot
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Tlw dUT('rt'lIfill/-cmss-,\'('clioll (DeS) for an clectron Raman scallering (ERS) proce"s io sl'mlcondllctors ljUantlllll-dots (QD) 01' spherical

sllape is calclllated 1'01'T = ()K amJ lIeglccting phonon assisted transitioos. E1eclroll stales are t:llIlsidcrl'l1 assuming complete cootinemelll

wilhinlhe QD, We also as sume a single paraholic conduction ami valcnce hands. Two kinds (11'spcctra are discussed: cmissioll spcctra (DeS

as a fllnctioll 01' ernitted photon cnergy) and excit:llion spectra (DeS :IS a fllnctioll (JI' int:idenl pholon encrgy). 111both cases we analYl.e DeS
rOl"differcnl scallering config:urations. \Ve study selcction rules rOl"the pnKessL's. Sill~lIlarilies in tlw SpeCIl":l are fOlllld and intcrpreted. 'fhe

ERS here stllllied can Oc uscd to provide direct informatiol1 ahOll\ the ek'cll"On h:llld slrlll"llln.' nI' Ihe syslCll1.

f.:nword\': Ek'ctroll Raman scallering. quantllm dols

Se calcula la s('L'(:iún clicM diferencial para un proceso de dispersión Raman dcclr¡lnica en puntos CU,IIHicos semiconductores de forma
esférica a la temperatura de O K. No se considera la interacción COI1los fOllonl's y Sl' ....U]lOllCI1adcm:ls h:lIldas pJrabólicas y confinamiento
completo para los estados electrónicos. Se discuten los especlros de ('misión y e\cililciún y se estudian las reglas de selección para este
proceso, así como su estructura, La información resultante puede ser lÍtil para caracleri/ar la estructura de handas de este sistema de haja

di rnensionalidad.

IJI',H'ri¡)/ol"('.\': Dispersión Raman c1ectHlnica, puntos cuánticos

PACS: hS.l){).+g: 7X..10.-j: 7X,60.Ya

1. 1ntrodllction

/\lany Ihcorclical ¡¡mi experimelllal works have heen devoled
[o Ihe study 01' dilTcren[ properlies nI' Ihe nanostructured
QD, quanllll11 Si",: elTects on the exci(on cnergy anJ op-
tical ahsorption spectra II-~J,clcclronic slatcs and optical
speclra 1.1-71. Raman scattering cxpcrimcnts are weJ] known
to provide a powcrful 1001 for lhe invesligation of dilTcrent
physical propcrtics 01' semiconductor nanostructures (super-
latticcs. quantum-wells, etc.) 18-10). In particular. Lhe elec-
(ronic struclure 01" scmiconductor materials and nanosLruc-
tmes can he thoroughly invcsLigaLcd considering dilTercnt
j1olari/.alions for Ihe incident and cmilteJ radialion [S-llj.
In cOllnection wilh this kind of cxpcriments Lhe calculalinll
01' [he dilTerential cross scclion (DCS) for Raman scalter-
ing remaills a rathcr inlercsting anJ fundamental issuc lo
achieve a betLer underslanding 01' Lhe man-made semiconduc-
Lor nanostructures characlcri/.ed hy their mesoscopic dimcn-
siolls II~-I:)I.

Among the variolls Raman scattering proccsses invnlved
in Lhis kind 01" research slcctron Raman scatlcring (ERS)
scems to he a uscful lcchniquc pl"Oviding direct information
on lhe cnergy hand struclure and Ihe oplical properties of Ihe
invcstigaled syslellls. ERS is qualitativcly cxplaincd as a t\VO-

stcp proCL'ss: in lh~ lirst slep Ihe systelll ahsorbs a pholon
fmm Ihe incidenl raliiatioll allLl an electron-hole-pair (EHP)
is LTealcd in a virlual slal~ (afler an interband eleclron tran-
sition); in l1lL' sccolld S(CP lhe clectron allLl the hole Illove
iJ1(lL'p~ndelllly (lf ~ach otiler and cnlit photons 01' secondary
radiatioll pL'rforming inlrahand Iransilions IIGJ. In Ihe Ilnal
stale an EHP appears in :1 real statc 01"Ihe systclll. which is
thus len in an L'xcited slale, Thc DCS for ERS. in Ihe general
L'ase. uSllally slmws singulariti~s related to interband aml in-
trahand IransiliollS. This lalter rcsult slrongly clepcnds on thl.'
scatlcring configurations: lhe slructure 01"the singularitil.'s is
varil.'d when lhe phOl(l1l polarizations change [17). This P~CII-
liar !"l:alure (JI' I:RS allo\\'s lo determine the sub-hand sLJ'lIClure
nI' Ihe sySICIll h)-'dirl'cl inspeclion 01' the singularily posiliollS
in tl1(: spL'rlra.

For hulh: sL'lllicondurtors ERS has heen stuJiL'd in
the pr~SL'nre 01' external applicd magnctic amI cleclrie
I¡('lds IIS-:2II. In Ihe case 01"a quantum-well preliminar)' re-
sults \I,:ere reported by Riera el al. IIG1. In lhe othercase 12:l).
t\VO anicles ahoul ERS in cylindrical and rectangular quan-
IUI1lwir~ «()\V). ,,"cre puhlishcd, It is our aim to study ERS in
a t¡uantullI-t1ol (C)D) 01'sphcrical sllape, The emission aní! cx-
cit<llion speclra. in these novel systems are signilkantly mod-
iliL'd <lUl' [o Ihe qllasi-I.~ro-dilllensi()nal charactcr 01"Ihe elec-
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IHlnic slales. 1'11" ERS prO\.:csscs are dClcrmincd hy clcc:tronic
transili(HlS hetwccn tcro-dimensional clcctron or hole suh-
b<lllds. For lhe sakc of simplicity \Ve ~ISSUIl1Ccomplete ekc-
(ron L'OlllinCIllL'1l1within Ihe QD. \VL' <lIso cOllsidcr paraholk
h,llIds in lhe ¡cro (cmpcralurc case and ncglcct all Ihe [r<ll1-
silions assistcd by p!lOIlOIl'>. Such simplirying asslIlllplions
facililah:' [he calculations hUI slill providcs a clcar picturc nf
111\.'physical situatioll.

where

.'-
II"(..:,J,) = -,:' L 1'\1,. + .\1,.['6(£1 - 1,',).

f

(~)

2. ;\ [odel ami applied Iheory

Lel LIShriel1y descrihe Ihe mollel ami fundamental (!leory
apptied in om calculations. Thc QD is 01' raJius ro_ As ex-
plained ano\'c. \VC considcr a single conduclion (valcllcc)
band. which is split illlO a suh.hand syslcm tille lO complete
l'IcL"lrtln confillClllcnt within lhe slruclurc. Thc solulion of
Schriidi nger equation in lhe envelope funclion arprox imal i(ln
leads lo

+ L (J~f{'¡b)(bIJlj:li). ()
1:, - El, + 11 /,¡,

In Eq. (() j = (',1, rOl" lI11' cases of eleClrons 01' holes.
respcctively, li) ami In dcnolc inilial and I¡nal state 01" lhe
syslelll wilh their l"orresponding encrgics E¡ and EJ. 111) and
Ih) are interlllet1iale sla(es willl energics E" amI El, ""hile 1'"
and 1\ are the correspnnding lire-lime wiLlths.

The opcrator 11, is 01' lhe !"mm

= (211, + 1) (11, - 11I,.)1 [. 1 . ( n,+!)]-I
"_( )' IO'n,+~ Ilk,
_lo lit. + I1lt. . -

(6)

_! ( n, +, r) 'n<x(r) 2JII~+~ I'k, w-;:: I,,:(B.tp)lI,. (1)

11,. being the eleclron cffeclive mass and E = O al lhe bo(-
10m 01"Ihe hulk condllclioll hand. For the holes the analogolls
quanlilics are ohtained essentially changing suff1x l' by h (Ia-
heling 110le quanlities),

The ¡leS rOl" ERS is given by [IG]

j=('.Ii.- H J 2;;', -..11.1-'- - -.-(,.1',
II} \ •.••\

This opcrator descrihes l!le phololl cmission hy Ihc ekclnJn
(hole) arter transili(lIls hetween conduclion (valelH.:e) suh-
hands 01" the syslelll. In Eq, (7) lhe inlermedialc slales 1/1)
represcnl an EHP in a virlual state (arter ahsorptioll nI' tlle in-
cidenl pI1010n), while the states 111) are relatco 10 lhe "interfer~
encc diagrams" [lG, 2.11. The lalter terlll involves a negliginle
cOlltrinUlion \\'l1enever the ellcrgy gap E'J is Iarge enough (rOl"

instancc. lhis is Ihc case of GaAs. edTe. ele.) ami \ViII nol he
cOllsilicred in the presL'nl \\,or)....

In Ihe inilial stale li) wc Ilavc a completely occupied V;l-
lence hand. unoccupicd condLll"lion nand and an incidenl pho-
ton 01' ellergy h"""I. Tl1us

",'l1ere 1'0 is the free elcclrOll IllilSS. This operator describes
lIJe interaclioll will1 lile incidenl radialioll llcld in thc dipole
approxilllalion. The inleraclioll willl lhe secondary radiatioll
licld is descrihed by Ihc opcralor

'file flnal stale In involves :\Il EHP in a real slate amI a
secondary radialion emilled photon nI' energy !I.,¡}.,., Hencc(.1)

(2)
., ( n,+,)'(I- 11k~.

E,(II,.k,) = -.,- --.-
-11,. 1 ()

1"lnrlllldurlion cleclrons, JII+k(/l) is lhe Bessel fUnCli(Hl (Ir, -
order 11 + ~.11:~+2 denoles Ilw ¡cros 01' the Bessel fllnclioJl:-,
./lIr.l, (II:~+}) = O. f(n.;) are thespherical harmonics. 11,.

is lh~ Blorh funclion laken at [o = ()in lhe BrilIouin ZOlle.
\\"Ilere (by assumption) lhc bal1d cxtrema arc localcd. \Vc usc
Spl1cril';t1 coordinatcs (1',0, 'p). The complele eleclnJn COI1-
linCIIICIl( in lhe QD implies \('Iro = o.

The surtix (' is llsed lo denole c1eclronic l]lIanlities. The
elcclronic slales are describcd by lhe quanlUm numbers: 11,.,

1,',.,11/, . The cigencncrgics are

\\'hen: \' is lhe Ilormalizatioll volurne, //(w) is the refraclion
inde.\ as a I"unclion 01' Ihe radiation frequency,I.l..-'.~ano f, is the
unil polaril.alion vector ror the elllitted secondar)' radial ion.
r is tllc light vclocity and WI is Ihe I"rcquency 01' tlle incident
radialion ami HT(wS' f~~)is lhe lransition rale calculaled ac-
nmling lo

('Ji

For Ihe inlenlleL!i;¡ll' slall's 1(1) lhe cllergies EH are easily oh-
lailll'd frorn lhe above diSl'L1ssion.
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3. Differential cross section \Ve have

(171

( 19)

( 15)

( 16)

l',
I//¡

;3 =

.' 1\n =-.
En

á = r"
E()'

iJ, = (1 + ,i)-I .

-1 -] + -11/" = ¡I( 1/ ¡, .

1 (- - )ir", = v'2 .\"= i1' .

- 1'1
()¡ =-

En

\(1' E) I l'1
, o, - •1 --; -:::(¡- E)" + 1" •

j¡ '--¡ - "i - ¡

fTo =

Deduction 01"Eqs. ( 11) and (12) requircs that

assuming a l¡nite liretime ror the EHP inlhe tinal SlalC, while

and

and

( I 1 )

( 10)

whcrc j = 1 = e:; j = 2 = e;; j = 3 = c-;. rile (' vectors
represen! lhe difrcrcnt polarization Jircclions, ami

[ d""] 27 (TI",,)2 _. __ 2--- = -"o ---¡;¡¡ '\111) x (C.,.rT)) .
duJ.•dl) J'4 Eo'

whcrc

Using lhe ¡heo!"y dcpictcd in Sect. 2 \Ve can ohtain, arter CU1ll-

hcrsolTlc calculalions. cxplicil cxprcssions for lhe DeS 01' Ihe
ERS proccss. \\le have ncglcctcd photon wavcvcclOr in COIll-
parisoll with clcctron wave vector, in our cakulalioll. Hcncc.
in Ihe tlnal slatc \Ve llave: re + kit = O. \Ve jusI writc Ihe final
rcsulls:

(20)

lhe ahove malrix CIL'I1ICIllis evalualcd at ro = o in Ihe Bril-
IOllin ZOlle \I,.'hile Fo is Ihe unit ceJl volullle.

Let llS make sOllle remarks concerning the above equa-
tiolls. For a general scattering conliguration we should !lave
lhrce lcrms in lhe DeS, as explicitly seen in Eq. (lO). How~
ever, rol' particular choice 01' Ihe scatlering conliguralion
sOllle 01' these lL'nns could be absclll. For instance, ir \Ve
llave hackscath:ring conliguralion with Z parallel to the ra-
diatioll waveVL'clor r l!len the other conliguratiolls will nol
cOlllrihllte to Ihe DCS. In general rOl' aH Ihe scatlering con-
Ilguratioll lile conlrihulion lo the DeS is givcn hy (11) and
(1 :2). In tlle conliguration where scattereu radiation waVl:vec-
tm is parallel lO (he x-axis wilh polarization ¡;'.~ 1I ,: , ¡.c..
Z(?¡, P,;;)X only Ihe lIrst terln atlhe right-hanu-sidl: of Eq.
(10) \ViII he presellt in Ihe DeS. In (hese configurations lhe
emissioll spcctrulll of ERS in a spherical QD shows maxima
al the following vallles 01' w,'-:

the vcctors ~\"".)- and i are unil vectors along the correspolld-
iIlg Cartcsian ax is.

The interhand malrix elemcnt 01' the operator P is de-
nOIL'das

(13)

( /+~)']1 <-,

( i+~)2]l' k¡ 1

2] "}
\k¡(n) -
• <-,1,,+11 (12)

kdn) . \:
Jlh(ll+J) + 1°f

. ro al
11:¡ = V2q-¡1 (a + 1) = 1'1,.

J.

I
1,," = -/-,\,,('J-l) = 1~1l. (14)

J.

I

1".1 = '1'-,'; (a + 2) (a + 1) = 1'".
J.

[(II~~~)"

[(II~:~)"

+

1.-1 (i)
Y¡"'.di)

/I! -'1:n = (}- = } ",),úl .,-

" a!,
}')? = -q- = }T¡-' úl .•

i+ 1 i+~
y/.:di) _ I/k¡ 111..'2

. hli) - (i+')" (,+,),.
IIk1 ~ - ILI.-2•

Tlle )~io tCrlns are onl1' charactcrization coeflkienls or lhe
DCS 01' each polarization

anl!
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FI(;l!RE l. ERS crIlss-scction (in arhitrary units of (Jo) rOl' il (iaAs sphcricill ljllill1(lIll1-dots in the sClltcring: conflguralion 2(i'l. Z)X.
\\'e hin'e sel: r J :::: :J lllCV and r" = 1\ :::: 1 mcV a) Sl'illll'ring cnicicncy ilS a fllllclion of TI ..,.:,./ F:o h.'mission spcctrulTl). The sotiJ
l'ur\'c cnrrcsponJ lo !I.".:/ :::: 2.3 cv. Ihe da .••hed curve 10 Ti ..•.'/ :::: 2.9 eY. in holh CISC /'0 :::: 111m. ReSOllan! lransilions are índicatcJ hv
~.' t//,. k, ./11,. k,,) alllll../' (l/e. k,. "h. k¡,) rorrcsponding tOL'kctron or hole inlcrsuhh;IIIJ" Iransitioll!-. [sce Eqs. (21) and (22)1. 11)Scatlcrin~
l'fficicncy as a fUllction of (T/<.4'1 - Ey)j En (cxcilalioll spcclrlllll). The solic! curve l'lHTCSPOlllIIO ro :::: :t nm and TI(.;.,' •• :::: 2 cY. Ihe Illcdiulll
da."hcd curve [o h...•..'.• = 2.3 cV and [he short dashed curve COlTcspolld [o 1'0 = .1 11mand !l..•.:., = :2 eV. el Scallcring cfliciency as., fUIlClion
()I (",-,-'/ - £9)/ I~'() (excitation speclrulll). The solid curve (tIlTl'SP(llld [o 1'0 = :~Illl}. Ihl' IlIcdiulll dashed l;lIl'VC [o 1'0 = 4 I1lll ,md (he shnrt
d:l .•..hl'U curve corrcspond lO "0 =,5 11m, in all cases we havc choscn 11,",-' .• = 2.3 t.'V

As can he secl1 fmm (21) or (22) lhese frequcncics COITC~

sp(1I1d lo cleclron Iransilions connccling Ihe sub-hand edges
for a process involvingjust lhe conduction or just the valel1cl'
hand (¡.c .. inlrailand lransilions). lile following selcclioll rule
is fulnllcd: "11 = 1I,.:i 1; Ihe minus sign applics lo (21) and
thl' plus sign lo (12).

Olher singlllarilies nI' Eqs. (11) ami (12) occur whl'Ill'\"l'r
1/ = O. Such singularities are mainly related lo cenail1 ValUl'\
(Ir lhl' frcqucncy W¡ 01' the incident pholon. For the excita-
[ion spcclra Ihe posilions of these singularitics are givell as
folJows:

in our formulas \\"(:re lakel1 for Ihe GaAs case; ¡.c.. E'I = 1. ..1:1
eY: 11,. = (I.{)(j(j.-ll/o: 1//1 = O..15,/() (lhe hcavy hole hand).

Figure la sho\\'s Ihe s(H:alled "Emissiort Spectra" in
whicll \Ve llave j1lo!tcd.

I'S. TI~.,/Eo.

for lhe sphl'ril.'<ll QD.
Figures Ih and 1 c silow lhe so-callcd "Excitalion Spec-

Ira", in \vhich \Ve plottcd,

for lile sJ11lorical (jI). Tho quanlily 1/ (Jo [d' (J / dw., dI! ] is fre-
qllcnlly called "Scattering Enicicncy" (S.E).

The excilalion spcctrum rOl" Ihe sphcrical QD. was COIll~
putcd ror Ihe scatlering conllguralioll Z(el. Z)X. In Ihis case
only the llrsl lerIn ;¡( the righl~hand sidc 01" (10) contrihulcs,
thus. \Ve do nol have any singularitics, lhat is, ror the /lxcd
valucs h..v\ and ro the cxpressions (21) and (22) do not CO[1-
trihute. FlIrlhl'rmore, ror ccrtain values 01' WI we can find
abrupl changes in lile curve slope wl1ich correspond lo diffcr-
cnlll1rl'sholtls rclaled lo the poinls where a givcn suhhand he-
gin lo cOlltrihulc to Ihe DeS. This explain the stcp~lik.c char-
acler or the cur\'e. The lowest admissihlc valuc of h.•.:¡ - E'I is,
dcflncd by the minilllllm value 01"I<~+z. For higher valllcs 01'
h'..4-'¡ ~ 1:'1 new sub-hands hegin to conlrihule, thus dclining Ihe
other thrcsholds sccn in lhe figures. \Ve give cxplicit indica-
tion orthc poinls whcre lhe thresholds are prcscnt, specifying

1
w(I/,: Ic" ¡.,,) = -E (Tlwl - E,)

'0

(23)

Here lhe seleclion rule Hh = 11(' :i 1 musI hc fulfillcd. The
Jleaks relatcd to the lalter singlllarities corrcspond 10 inter-
hand EHP transitions and their posilions depend on the in(,:i-
dcnt radiation frequcncy WI for both cxcilalion and emission
spcctra. The singularities involved in Eqs. (21) and (22) are
indepcndent 01" W¡ and correspond lo inlraband transitions.
These kind of singlllarilics are present in lhe crnission srec-
tra only.

4. DisClIssioll ami conclllsions

As discussed in Sect. 3, wc have compuled the emission and
excitation spcctra of the ERS proccss for a givcn polarizalion
t.~~orthe emitted radiation. lhe rhysical pararne(ers entering

/'.-;.
1

-(Tlwl - E,).Eo

Rev. Mex. Fú.'¡'¡ (2)(199~) 167-172
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Illc illvoln:d suh-hands. Figure 1a shm'.'s lile emission SpCL'-
Imm rOl"Ihe same scatlcring eonflguration. Thc incidcnl ra-
dialion frequcncy was fixeJ as h.v'¡ = 2.:3 cV and 11•.•.'/ = 2.~}
e\'. \Vc can ohserve abrupt changcs in Ihe slope .. lhus pro-
viding a certain slcp-like depemlence 01' Ihe S.E. The poinls
where the curve slope presents abmpt changes are relaled lo
IhreslH)ld vallles 01' llw.~ represcnling Ihe inC{H"p{H":lIioll(lr ne\v
slIb-bands lo lile process. It should be n:alilel! Ihal. for Imvel
valucs 01' f¡i.J.,'.~. more sub-hands can participall' in Ihe cmis-

sion proccss. The condilion h(;.,'¡ - IIw.~ - E~,> El) (11~~+~)~
Illust be fullilled in order ro have lhe emission 01' secondar)'
radial ion pholons. For flxed values of 11•.•..'/, E,}, and 1:'0. Ihe,
lhrcshold posilions are deflned by 11~1+'J. This is l'.\plicilly
indicah:d in Fig. lo.

In Fil..!. I a \Ve sho\\' Ihe emissioll speclra rOl" Ihe
Z(i~¡. .2).\:" conflguralion for Ihe QD. \Ve ha\"l' dlOscn
1'0 = ,11l1J1. 1I can he obscrvcd Ihal for 1I'.4J/ = :2.:~ l'Y
lhe dilTen:ntial noss scclion display only lwo sillgul,lri-
ties a( oJ' (11,1, 1, 1), antl ""lo (1, 1,11, 1), while Iin II~'I =
2.U eY four sillgularitics are observe al w" ((J. 1, 1, 1),
w" (1, 1,11, I),w'(l, 1,2,1),andw" (~, 1, 1, 1), \Vesholltd
nole Ihal Ihe ,-,-'.~values ror \vhich \ve find singlllarilies do nol
dcpend 011 Ihe incident radiation frcl)uency ...,)/and unl)' dc-
pcnd on Ihe cllergy dilTcrenccs betwecnlhe valence amI con-
dUClioll subballds rol' Ihe fixed \'aluc ro. For highl.:'r erlergil.:'s
11••••'1 of Ihe incidcnl raJiation photOll \\'c shall observe <l large
numher 01"singular pcaks in Ihe cmission spectra as can be
deduccd fmm (21) and (22). For flxcd \'allle of ..•../ \\"e can
also obsen'l' a certain slcp.like oehavior at gi\'e va1ul.:',\01"..•.\.
Thc maxillllllll nUlllher 01"sters is dClcrmined by (2.~). Thc
POSilioll 01"Ihe steps in the spectra depend on lhe valllc c11O-
scn I"or '-'-"~l.

In Fig. Ih \Ve show the cxeilalioll speclra rOl"a ()D 1"01"Ihe
same scallering conliguralion as in Fig. la. In Ihc case, ftw.~
is lixed and llw/ is ;¡ variahle quantily. The olhl.:'r paramelers
coincide ""ilh Ihose of Fig. la. \Ve observe the samc beha\'ior
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