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1. Inlroduction

2. l\Iixing of f1uids

x = .J.,(xo).

where n successivc applications of the (non linear) point
transfonnation F gives the position of the fluid particle ini-
lially localed al Xo afler " rcriods of Ihe Ilow. A periodie
poinl, p, of Ihe (nonlinear) mapping, F, is a point such that
a particle inilial1y loeated al p returns to p after 1l periods,
[hat is p = F"(p), where Ihe reriodicity n is lhe small-
est value salisfying the equality. Similar maps can be eon-
structed by Illeans of surfaces 01'seclion (Poincaré seetions)
in 3D flows. Let us rcstrict our diseussion lo 2D maps. Peri-
odie points 01'2D maps can be classified as hyperbolic, elJip-
tic, or parabolie, according lo the nature of deformation ofthe
fluid in the neighh~rhood 01'the periodic point. A small circle
surrounding an elliptic poinl retufIls to its original position
and undergoes a net rotation. Elliptic points are surrounded
hy islo1lds, or rC).:lllar rc;?iolls, where there is no chaos. Typi-
cally. the lowcst pcriod points are associated with the largesl
islands. In 3D s)'stems islanJs represenl the cross section 01'
invariant lori.

These points are niccly illustraled by experimcnts lIJ.
Oye slructurcs in lime-pcriodic llows evolve in an iterative
fashion: an cntirc slruclure is mapped into a new strueture
wilh persistent largc-scale features, and with finer and finer
scale features revealed at each pcriod of the 110w.Thin stria-
tions are produccd al the expense 01'thickcr ones, and length
scales (characterized hy a slriation thiekncss) deerease ex-
ponentially in time. Islands translate, stretch, and contraet
periodically. Although islamls undergo a net rotation, Ihey
preserve their idcntity. and represent Ihe primary ohstaclc (o
efticient mixing. On the olher hand. particle trajectories in
chantic regions scparate exponentially fast, and material fil-
aments are continuollsly stretched and folded by mcans of
horseshoes. This arca is reasonably well understood [2] (see
Fig. 1).

As opposcd lo 20 case the number oí" lheoretical studies
addressing chaos and mixing in 3D 110wsis small [3J Ihis can
he attributed lo Ihe fact, thal unlil now, lhere has not heen an
experimentall)' tractable hounded 3D system tha! allows for
delailed compulalional invcsligation. Let us consider here a
systclll inspircd hy the "chaoric lIroplet" model 01'Bajer and
Moffal 14) and Slol1e el al. 151.

The apparalus consists of a cylindrical tank 01'diameter T
wi!h a llat disk impcller with diameter D; lhe Iiquid level is
dCllolcd as H. Bo!h (he impeller anti the tank can be rotated
at angular spccds !!in and !20U\' respectively, and the angle
oflhe impeller with respecI to the vertical, o, can be changed
(sec Fig. 2). The impeller's rolation creates a secondary 1101,1,',

(I)

(2)

(3)x" = F"(xo).

v.v = O,

with

or

Let liS start by asserting that knowing where fluid particles
are advccted by a prescribed velocity field is the solution lo a
mixing prohlem. Thc solution of

\Vc outlinc examplcs oí" fluid-fluid mixing anu solid-.mlid
mixing highlighting kinematical issues. Thc fluid mixing
case corresponds lo the mixing of a fluid wilh itself; Ihe Ilow
is drivcn hy hounJary mOlioos and 20 ami 3D cxamplcs are
consiJcrcu. Thc solios casc-mixing 01'granular matlcl"-
focuses on non-cohcsivc particles, possihly diffcring in dcn-
sily. mixed by rotation. Two suhcases are considcred: .'1low
jimv, whcrc distinct avalanchcs occur, ano co1ltilluolts jiow,
where flow is restricted to a thin continuously avalanching
layer, lhe rest ol' the granular material rotating as a single
solid hody. Open arcas are idcntified throughout.

where v(x, t) is the Eulerian velocity field, gives the "l1ow"
or "rnotion",

lhm is, lhe particlc with posilion Xo at lime t = O is mappcd
to the pos ilion x after a time t via a (non linear) flow (llt(-).
The basic question is under what conditions is v(x, t) able
to produce mixing? A geometricaI view helps. The classical
view is that streamlines confine flows. This is ccrtainly true
in 20 systems but not true in unsteady, and particularly, lime
periodic l10ws 20 llows or steady 3D flows. A time periodic
Ilow, v(x, t) = v(x, 1+ T), can he represenled hy a map

dxdi = v(x, t)



JULIO 1\.1HITINO

FI(;UI{E l. Chaotic lllixing in lirnc-pcriodic ('¡¡vily tlo\\'s. Expcr-
il1\l'lIls ílnd compulaliolls rep0rled in ReL 2. The IOp amI hottolll
wall" IllOVCin nHlnlcr-rotnling Jircctions. Top ligurcs (:l. b. e) ,tfe
UllllplllcJ Poincaré scl'lions. bolloJ1l ligurcs (d. c. n. cxpcrlmenls
\\ ilh p;lssin' Irace!"s.Thc displaccmenl 01'lhe \\',dls. lllL'nUlIlhefs 01'
\\idlhs unil\ Ihe walls move in tlllCperioJ me (a) -l.6~. (h) h.9~. ami
(e) 9.2.+. '.~
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hl\vards lhe illlpelkr and thcn radially outwards; al Ihc "alllC
li11lC rotatioll creatcs a t\Vis!. The comhination gcnerales
llc,k'd 11<..'.'\ledtmi ahnvc and hclo\\' the impellcr. Denote as
(\ the anglc hctween Ihe impinging \'ortical noVo'amllhe axis
of rotalioll. \Vhcn lile no\\' is axisYlllmctric (n = O), the un-
,lahJc manifold {)f Ihe lower lixed point joins Sll1o{}lhly with
lile slahk 11Ianifold 01' t1H::upper li.x.cd point. amI hoth coin-
l'idl' witll llll' axi.' 01" symmetry. In this <.:ase all the relll~lill-
illg Iraje<.:lorics 1ic UIl llesled invadant torio Perturhalion of
t!ll' gl'Ollll'lry (n > O) results in (haos fmm t\\'o sour<':l'S:
Illl' manifold ...•of lhe lixed points inlersect resulting in hOlllo-
c1inic tangks l1ear the axi,. and sOll\e 01' Ihe l-tori hrea\.. illlO
higller oHkr Imi surrounded by hOlllodinic langlcs, In
lile I'oincan' ,",ectioll lhe l-Imi appear as dosed curn ..'s and the
highn nnkr Inri as ;¡ chain of islands. The tmi with the mosl
irralillllal winding 1l1llllhers survive the grcalest magniludc uf
perl urh:Hillll,.

KAr.l Imi (i,lanli ...•of regularity in 21) nlts) are revealcd
e1cally in 31> experimenh. Higher period islands ha\'e nol
bl'CIl l'xpnimcntally capllln:d in 2D experilllenls (islands in
21> experilllcnts are. in general. onl~y indircct1y vislIalilcd:
;1hloh placl'd in Il1l' dla(llic regioll slretches lo !ill lhe enlire
rl1,lolir regio]}. lhe rcmaining arca heing Illl' regular is1and: in
beL il norlllally lah.es thousands 01' Ill'rinds lo delinc Ihe COll-
lour \Ir an island in Ilullll'rical Poincaré ,cclions). The linilc
Ihil'\..ness 01' lhe e.x.perimental slreaklincs. whi<.:h rcsults intlle
...Ircaklinc ...hcing stretched into shects 01"rihhons. faeilitates
vi ...ualitatioll. Islands in the Poincaré scetion rcslllt frolllllle

....,-.

FIC;URL 2. Challlir 3D ;,dveclion in Ihe "fundamcntal mixing
1,1nk".'fop ligure.l'\perinll'nt: holtOIll Iigurc. Poincaré Sl.X:liOll.Tllc
Rcynold ..•1lI1lllhCIIlf Ihe llnw is ahllul 7.0 ((;, Fountain el al.. in
pro~rc"s).

1Ill' inlersl'cliC1n oflori wilh lile laser-illulllinall'd surfacc. The
J"{lhuslneS'\ ()r tlll.::SCana1{lg (e.x.pl'rimellla]) silllulations lies
in their ahility lo produce cOllllectcd ...truclUrcs, \'asllo\" Ihe
"IK'ppered-1ikc" appear:lIlce nf Ctllllputaliona1 resu1ts involv-
ing tr~ll'killg of single parti<.:les. Tllerc is a need fOI"expcri-
Illcnlal alHllheorelical studies of mixing in 3D 110\\'s.

\Vhat h¡¡ppens if lhe Iluids are changed"! There are no cx-
perimcnts we kno\\' 01' addrcssing this issuc in 3D ami only
a handl"u1 in 2)). Nicderkorn and Oltino [Gl studied expcr-
illlentally and cOlllputationalmixing nI' Uoger lluids-a vis-
coclastic Iluid \vith a COllstant shear viscosity-in the 21) !low
hetweell 1\\'0 concenlric cylilldcrs. In lile limit 01' slow now.
:¡ Bogel" !luid hella\'cs as Ncwlonian; faster no\\'" Icad 10 \'is-
l'1ll'laSli( dfects qualltitil'd in terlllS of \Vcissenhcrg numher
(11'(,). Illlo rati(l (Ir lhe relaxati(lIl lime 01"Ihe \luid lo a time
....cak uf lhc Ilt)\\.; /'.g. 11:: ill\'erSL' 01' tillOshl~ar rale. Spe<.:lacll-
Llr elleCls Ol'i.:ur ,111Il0dl'ralc 1\' 1': Figure 3 silows the conlrasl
hl'I\\'Cell tlle Newtunian (\I'r ~ O) and lhe non-Ne\\'tonian
(;I ....e (11.( = (I.()ti). \Ve "11m\' 01' tUlly (JIle papel" aJdrcssing
lhe cxplan:llioll 01' Ihese dfecls liT
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FU;URE 3. Chnotic advcction ofviscoclaslic (Bogcr) fluid in a liml'
pcriod tlow. The lor row corrcsponds (o expnílllcllls. lhc hOllOIl1
ro\\' lo computatíons. Tlle len column l'orrcsponds to (he Ncwto-
11¡;m limil (1F" 3:: O): Ihe right column lo 11'(. 3:: O.OG.

J. i\lixilll( nI' snlicls

A gcneral initial caveat is necessary: In mixing 01' solids
lIIi.rillM and /lIlJllixillM (segrcgation) come loge(hcr. Granular
lIIixlures of dissimilar (amI not-too-uissimilar) matcrials 01'-
ten scgregate whcn shaken or lUlllhled. Thus. 1'01'cX<1lllp1c.
dilTcrenccs in size reslllt in percolarioll 01' smaller partirles
in l1mving layer 18], difTerenccs in si:.£' I!J] or del/si,-\" 110]
reslllt in radial segrcgalion (forlllalion 01"a scgregatcd eore
(Ir smallcr or more dcnse panicles) in lhe now in rolating
cylinders. and dilTcrcnccs in the al/gIl' (JI repose rcslIlt in
the forlllation 01" ll.r;af l)(Imls in the now in rolaling cylin-
das 111. 121. Radial segregalioll becollles evidenl arter 5-1 ()
l'CyolulioIlS, axial.segrcgatioll taking al !cast an urder 01' mag-
Ililutlc longcr.

Consider flrst the case of flows nI' idelllií:al parlicles.
C¡rallular llo\\' in a horil.ontal rolaling cylintler and can he
classillcd inlo uillcrent regimes [131. at lo\\' rolational specds
Ihe 110\\' consists 01' discretc avalanchcs: (lile stops hcfore Ihe
lIC\t olle hegins (lhe (/\'{/Ianchi//l; or .\'lu//Il'illg regime). Al
higl1er spceds a sleady 110\\! is ohtained \Vitll a thin cascad.
ing layer al the frce surface nI' the rotating hed (coll1iu(lfis

{Iml; ml/ing nI' c{/sc{/ding regime: sec Fig. Ja). At still higher
speeds particlc inertial effects becomc imporlant ami particles
Illa)" hccollle airhorne (cafal"{/Cfillg rcgillle). Evidcnce for ra-
dial .scgrcgalion has heen prcscnleu in a nUlllhcr of prcviolls
worJ.,;s [1.1-161 jt has howcvef. hccn thc primary suhjeet nI
.'i!Udy 01' only a fc\v recent papers 117, 181.

COJlsidcr mixing hy tumhling in the prololypical lutll.
hling syslcm: a rotaling .2D urum partially fillctl with idctlli-

foJGUI{L-t. Avalanchc.'i rOl' variolls dcgrec.'i of filling. denotcJ f.
Thc t1gure for f = 0.2S shows Iha! a wedge. after avalanehing nnd
lIndcrgoing: solid h{,~:yrotntion. hcCOIl1CSp.lrt of a ne\\' avalaneh-
ing wedg:c. Thi.'i is the primary Illíxing Illechanism. Al f = O.,)

the \vcdges llave no interscc;tions ami the mi.xing vnnishcs; rOl'

f = ().5 + e. where é is a houndary layer thíckncss. n rore fonns.
Tlle Insl frame sho\Vs tlle eore rOl'f ;; 0./5.

cal (exccp( ror color) granular particles. If lhe rotalion spccd
is suflleienlly slow Ihe angle of Ihe free surface (O) grows
lIlItil a disLTde avalanchc occurs. ami f} relaxes from its pre-
avalanchc <Ingle. f}i. lo a ne\v angle. (JJ. These Iwo angles
define Iwo wcdges. lile hefore and alÚ:r positiolls. As Ihe
avalanehc occurs. ma(crial in lhe uphill wcugc nows to fIIl
lhe downhill wedge.

Therc are I\\"() typcs of maps in ¡his case: a eoarse map
delining lile gross lllotiOI1 01' malerial during un avalanche-a
\Vedgc goes inlo a new wcdgc-and a finer map descrihing
lile delailed Illolion within lile wedge. Thus Ihe motion can
he decol1lposed into two componen!s: a geolllctrical eOlllpo-
1H.'llI.consisling only orIlle Iranspon 01' Ihe wedgcs, ami a dy-
namical C(llllp{lnl'nt. c(lnsisting (lr a complcx rcarrangclllcnt
01' material "'¡lhin Ihe \\'cdgc as ¡¡ result of this Iransport.

Ho\\"ever ",di or poorly dynalllicalmixing occurs within
a \",edge. tl1ílll'riil: cannot he transponed oulside 01' Ihe
wedges during ;In avalanche. Thus glohal lIlixing from ma.
lerial in olle \\Tdgc inlo a dilTcren( \\"edge can only oceur
within quadrilalcral inlcrsccliollS hct\\'ccn \Vedgcs. Second.
at a !in Ievel nf SOllt. Ihe (]lIadrilateral intersections vanish.
Conscqllcnlly \Ve expecl glohal mixing lO vanish rol' a l1alf-
rillcd drulTI. Tllin!. Ihe quadrilaterals expand as the fill level
diminishes. so \'.,Il'expecl glohalmixing lo illlprove ror lower
litl levels. Fourth. fill Ievcls grcatcr Ihan 50% produce a eore
in tlle center uf Ihe granular mass. No wl'dges penetrale Ihe
coreo so no mi\ing ShOllld occur there. AII of tllesc predic-
lions are validaled hy expcrilllents 1191.

Quantilalive predictiolls requirc a tlcscriplion nI' lhe mix-
ing wilhin lhe wcdge. The simplesl asslllllption is thal par-
licles arc c(lJllplctcly randomil.ed following each avalanche
(lhis is accolllplishcd hy inlcrchanging e\'ery particle \\'ill1in
Ihe IinJI \\"cd~l' ",ilh another partick. also within Ihe linal
wedge. chosen ;H random). This is what was done to gener-
ale lhe simulatiollS shown at Ihe h01tOlll of Fig. 5a. Figurc 5h
shO\\'s lIlixing ratcs calculatee! for Ihis prohlelll. As prcdiclcd .
Ihe ll1ixing rale goc's lo lero rOl' hall" full drullls. and increases
as (he 1111levd is rcduccd. Some lIlixing occurs ror 1I111cvcls

1«('1'.Mex. h\. 4.J n) (It)l)X) 215-221
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FIGURE 5a. Prediclions of avalttnche modcL Top row shows the mndel predictions lhe hottom row. experimental results. Thc filllcvc1s.
f. frorn len lo right are 0.8. 0.6. 0.4. ami 0.2. The material was ;nitially scgregntcd with a vcni"ll interface dividing " ••..0 equal pans. as
can he secn in Ihe Iargest unmixcd eore in Ihe left column

FJ(¡URE 5h. Thc graph shows a quantitativc prcdiction oC the mix-
ing r:lIe as function orlhe filllcvcl nnd a comparison witll Ihe exper-
imental rcslllts (Ihe "mixing Talc" is (he con.<;lant in Ihe expollcntial
decay. measurcd as Ihe approach hctwccn Ihe approach of Ihe t"cn-
ter (lf mas ses 01" Ihe tW(l materials).

els ove!" 50C)(. although thc mixing is suhstantially impcded
ny Iht: eore (even taking inlo accounllhe facl that the mixing
ralL' in lhe flgurl' exdudcs the con.::).

Tht: geometric vie\vpoint slIrvives cvcn ir parlides are
changed. Iwovidt:d that they are not so cohcsive thal distinct
angles of repose necollle ill defincd. In this respect, lhe ge-
omelrie vie\V is more ronusl for solids thall for flllids, \Vhere
a change in rheology can have drastic cffeets nn Ihe structure
orlhe resulting no\\' «f Fig .. ~).

o £.t//f'rlmNllal

\\'"<lx,,.Model

In noth examples. lIlixing 01' flllids and mixing of snlids.
tht:re are fealures that do nol mi\. In llllids, these are islands
or lori. in solids. these are eores. In noth prohlclTls. outside
(Jf Ihese n:giolls, mi\ing can he guod. nnd an llnderstanding
of the causes of IhL'sc illlpcdimcnts to mi\ing can he lIscd
lo ¡¡void Ihcrn. To scc this in Ihe solids case, \\'e nOle Ihat
Ihc cause of the eore is that rnixing avalanchcs do not PCll-
elrale inlo Ihis rcgioll. By inelllding llames. \Ve can delih-
eralel)' cause avalanehes to penelrale ¡he eore. and Ihereny
invol\'e il in mi\ing. Thl' lllechanislll al \\'mk is SlIhlle. In
Fig. 6, \Ve sho\\' a seqllence 01' skelches depicling \Vhat oc-
curs as a tUl1lhler wilh prolruding bartles is slO\\/ly rolaled.
Inilially. a"alanches penetratc pan way into Ihe llame, hUI
the granular no\\' is cventllall.y' impcded oy lhe upper COrJler
of the hank. BCC<.lll'\egranular 1100,,'scan Sllpport a load, Ihe
cavity wilhin Ihe hal"lle relllains for sOllle period as Ihe dnllll
continut:s to rolalc. Arter ti ccrlain ¡minI. ho\\'cver. Ihe angle
lIlade hy the hame Ol'COllleS suflicienll)' s(cep Iha¡ ¡he grains
near Ihe cavily col1apsl', al1Lllhe supported malerial likcwisc
sl'ltles. As Ihis happcns. Ihe con~ shifts um\/nwaru, and this
shifting pl'nnils material on Ihe mller cuges nI' the con.:: \0
enle!" the mixing IOIlC. In Ihis \\'a)'. the core can he sleadily
erodcu.

This brings LISto a second silllilarity helwecn /luids alHl
solids. namel)' Ihat sYllllllelries inlcrfcre with l1lixing in hOlh
proolellls. As an examplc 01' Ihis \\'e Illay Illcntion the case
(JI' 1\"'0 dilfl'rL'1l1 haflk designs. 11 llIight he thought lhal lwo
llames would accolllplish t\ ••..ice Ihe l'rosion orIlle eore shmvll
in Fig. 6. In raet the s)'l11llletric placcmcnt 01' llames rcslIlts
in Ihe core shi fting in (lile dircclioll during one half 01' Ihe 1"0-
1¡¡lion cycle <lnd in (he opposile din:clion during lhe second
hall' eycle. Conseqllently Ihe core lI11dergol's 110 Ilct Iransla-
¡ion. and slcauy eros ion does nol (leClIL

LO0806
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wherc v, is lhe velocily along lhe layer, <5(.1') is lhe layer
lhiekness, ami q = q(.I') is lhe volume flux per unil width
in the layer at posilioll :t. The poinled brackets denote an av-
erage across the layer. This result is ohtained solely 011kine-
matical grounds and assumes only that the region 01' !low is
thin. The veloeily ficld can he ohtained hy assuming a nearly
unidireclional 110w [211. Rescaling a1l distances wilh L, so
lhal ~ = '1'/ L. /1 = y/ L ami time wilh l/w. implies lhal ve-
locities are scalcd wilh wL, and lhe now rate wilh wL2. The
vclocity neld, 1100vrate, amllhe lhickness of lhe layer are

FIGURE 6. Mixing by avalanches in circ1c with a protruding cavity.
As the material yields and invades the cavity Ihe eore is displaced
;llld cmded.

whcrc the overbar denotes dimensionless quantities; Q =
q/ (wL') and <50= 1/ (2/,). The only parameler of lhe flow
is lhe maximum 110wing layer thickness. 80, which can be
directly measllred.

Thus. a genera! model descrihing simllltaneous mixing
ami scgregalioll can be wriltell as

(5)

J = Jo (1 - e) , (6)

(VJ)J = ~ (l-e) = q,

Vx = 2" (1+ X), 11" = ~G)'

43

Another example is the case of 3D cylindcrs. where (me
rnay 'vant to enhance axial mixing as well as radial mixing.
In lhe slow rotation regime, radial mixing (possihly excepting
the eore ror mixers 1I11edbeyond 50%) may he accomplishcd
by avalanching. Under such conditions the axial mixing is
very slow sincc it is essential1y diffusivc. Substantially I~lstcr
overall mixing can be achieved hy a combination of rotation
and "wohhling" of lhe axis of the cylincler. \Vobbling creates
avalanches along the axial c1ireclion [20], the interplay be-
{ween avalanches enllances the mixing.

Other lessons from fluid analysis carry over to lhe solids
case as ,vell. Steady flows in fluids are pOOl" mixers. FO!"
Ihe solids case, a similar message holds. Consider the drum
mixer spun at a fasler rate than bcfore. so Ihal lhe surface
layer flo\Vs continuously; one can break Ihe prohlem in l\Vo:
a bulk region, which rotales as a solid hody with the dnnIl,
amI a surface layer, where mixing can occur. Here the flow is
steady. and \Ve expect Ihat {if equnll1llmber 01 rOfatiol1S. that
(he mixing wil! be less than in the time-periodic avalanching
regllIle.

Cnnsider first a few details nI' the continuous nnw in a
cylinder of radius L rotating al speed w. In the conlinuous
110\1,'regime Ihe surfacc now of direction .1' and normal y is
confincd lo a thin layer of lenticular-likc shape along a free
sllrt~1ce along - L < :r < L which is ncarly nat. The overall
!low is comprised 01' t\Vo parts: nearly unidirectional now in
the <.:ascading layer and solid hody rolatiorr-in the hedo For 1111
levcls close lo 50%, the volume flux in the layer. assuming
lhe tolal particle volume friction (</>d to hc nearly the same in
Ihe fixcd hed and the cascading layer, is given hy

(9)

L"
(" )<5 = w -

J 2 ( ")T~
1 - ~2 = q, (4)

iJÓl ,iJ01, iJÓl _ .!.!.-. ( . OI _ )')/ + " D + I Y O - O Drp/ O J."( .1. y.l' .,-

OI ( . OI )+ uy D\,¡ Oy - .l,y , (7)

where .1 ,~' = (J.~;f'J.~,lj) is the segregation flux 01" lhe !llore
dense particles. delloted 91.

Tlle driving force fO!" segrcgation can be descrihed in
terrlls nf an elTective "huoyancy." Denote hy JS¡¡ lhe :;eg-
regation Hux 01"Ihe mO!"c dense particles and H the angle of
the surface l10w ,\'itl1 the .r-axis. The segrcgationl1ux is

whcre the average dellsily is given by

Pl?l + P2?2«(1) = --~-
91 + \),

ami e is an unknown funClion which is a Illeasure of lhe re~
sistancc to local motioll Ihis model has lo he tesled hy par-
tiele dyni.llnics and t\1onle Cario simulaliolls; all indicalions
arc tl1al this mode! works reasonably wcll [221. A challcnge
is lo develop a companion model for the case 01"particle sizc
:-1egregation.

A Lagrangian approach can he llsed to ohtain the dynamic
evolution of the concentration dislrihution: particles are ini-
liaHy distrihuled r;lndomly in lhe hed and advecled by the
11m\', taking into account the segregation and diffusion tluxes.

Consider onc cxamp!e 01" lhe application 01" lhe lhc-
ory's ability lo reproduce experimental rcsults. The oh-
jeclive is to l1omogenil.c an initially segregatcd mixture.
In this case the dynamics 01" mixing and segregatinn in-
terad lo give a complex evolulion of lhe mixed slate.
Figure 7 slu)\\.'s an cxample of such a process, in 'l,.'hich an
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F[{al],!,: 7:1. i\lixing ami segregatiol1 in Ihe cOlllinuolIs !low !"('gime. The 10p row shows lile npl'rillll'lltal rcsu1ts: Ihe m,lIerials are glass
he;t,h amI slccl hall" nf Ilcariy equal sizcs hui diffcring in dcnsilY hy ••oou! :lX. TIll' llumhl'!'s in lhe ho\lOIll row. computational rcs\llts.
indic:lll' lhe l1ulllhcr nf rcvolutions. Afler lInce rcvoluliolls (he dellser material has mi~!nICdttlwilnls lhe ecnter and [he mixing hccomcs
\\(lr"l' Iha! aflel" just Orle rc\'olulion.

Fl(iURF 711 The graph shows lhe cvolution of lhe intcllsily (lf seg-
rcgalion. l•.for diffcrcnt tlll conditions and //l" wgrl'g(l{ÍtJII.f/lnt'.\.

-,." It i, ,lPP,ll"l'1l1111,11.depcnding on paramClcr \/~t1ucs,Ihe intcllsily
01'sC!!lc~;[tioll, lll<lYg,o lhrough a minimulll bcful"l' rcaching stl'~llJy
sIal\.'.

initially sq!rcgatcd state cvolves lo an cqllilihriulIl dislrihu-
lion (the: ClIlllilllllll11 particlcs havc hecllll1adc Ihc "samc si/c"
as lhe c\perimCllls to facilitate comparison). Thc agrce:mcnl
is quilc satisfaclory. Time evollllion computations show lha!
lhe Illodel caplures inte:resting Ircnds: orlen lhe syslelll is
hellel" lllixcd al inlermediate times: afte!" partial Illixing l!le
"YSll'lll 1I1lI1li\cs. This hccomcs clcarer if lhe Illixed stalc at

tl2rr (reV.1

(I())

,

[
2::::':., (j,,, - h)']'

.Y - I
/.,

any lime is qllanlilied in Icrms 01' lhe illfensiry (~fsegregmi()11
t1eflnetl as

\vherc {f¡,¡} arc lhc IlllJllhL:r fracliolls al a scl nI' •.Y puinls
Illliformly distrihLllcd in IhL: hed, calclllalcd fmm Ihe parli-
eles in a sqLlare ho.\ Or;¡ spccilie:d size cenlcred 011each poinl
amI fT is Ihe aVL'ragL:rOl" lhe elllirl' hedo Figure 7h sl10ws ex-
perimental amI eOlllpulational resulis rOl" various degrccs 01"
lilling <lnLl.in lhe L'<ISl'of compulalions. L1ilfcrenlllcr Sl'Rrega-
rionflll.rc.\' (.,.~). E\lensions 01"lhe Ihcory ami companion ex-
perimcllls need lo he de\'c1oped lo in\'L:sligale oplimalmixing
eonditions in systcllls or pr;'ll'lieal in!cresl.

A linal COllllllenl, olllJining a rotelllially fruilflll area.
may he in order. \Vc slaled eartier Ihal sleaLly Ilows are:
¡mor mixers. Tlle 11m\' in lhe cylindcr in rhe conlinllolls now
regime is slcady, \\'!lcrcu.'i Ihe ¡¡valanching llow is time pcri-
odie. \Ve tilerdoJ"L: expccl IlJal (/[ ('(jlla! IIlf111!JCI" (?l !"Otarioll.\".

Ihal ¡11L:lIlixing in llll' lillll'-pcriod¡c avalanching regilllc will
he more elfeL"lin:. (lne lllay womkr howcver, ir thcrc are
ways lo illlpmvc IhL: mixillg in llll' conlinuoLls Ilo\\' regilllc.
Tl1e JnS\\'CI" lo l!lis ljueslioll is yes. hui lhe pOlcnlial implica-
¡ions remain to he e:xplorcd. Oue possihilil~./ is lo run Ihe 11m",
in an ellipse. Figurl' X shows l\\'(l cases. for diffcrcllI dcgree:s
01' lilling. in ICrln tll Pllillcarl; sl,clion )( is apparenllhallh\..')'
now ()f granular malerials can bc cl1anlic.

•••

H=ü, Y,,,,87
H=O.-J5.1=R7
H=O.1,=O

- - H=O.45.1,"'0
• bperimcnl. H=0.45
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FI(¡URE R. Chaotic ad\'eclion in c1lipses of a .•.pcct ratio 0.7 in thc COlltlllIOll'" no\\' rc~illlc Diffcrent filllc\'els are shown. '1 he ngm ll~urC

di .•.play .•.an ullmixcJ central core (J. Gli(,:hrist. in progress)
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