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Tbc ~[amlard formulation 01"t¡lIasilie[crminislic (SFQD) approach and its l"Onllct:(iollwi(h the nonlinl'ar relaxation limes (NLRT) 10char;l(-
[cri/.e lhe decay of nonlinear unslahlc systems in the presellt:c 01'con"'[:1Il1n.ternal force. has only Dl'en devclopcd in terms of (WO physi\."al
\',lIiahlcs amI applied for detection of wea'" optical signals in ,1 bsel' 111.The purpose nI' (!lis wor'" is to improve (he aoove formalism, hy
pruposing a lIl{)rcgeneral nonlilll.:ar Langevin ct¡ualioll with t:olls[anl l'Xh:lnal fort:e, :ll1darply sllt:h a furlll;L!ism to the study nf llonlillC:lI
LlllSt:lhlesystems of one, two amJ lhrcc variahles. Only for the case nf (lile vari:lhlc. we study the cllcct uf (laussian s[ochastic 1111l:llIation'"uf
[imc-dcpendent external forces. 011 IIlCdynamical rclaxa(ion 01'sucll syslems.

A't'pnmú .. Standard formulalion nf 411asidetenninisli<.: (SFQD) aprroach; Ilonlinear rc1axa(ion limcs

La formulación estandard de la teoría ruasideterminista (SFQD: standard formulation 01'quasit.k'tcrmillistil: approach) y su conexión con lo~
(iel1lpo~de relajación no lineales (NLRT: non linear relaxalion (imes) para Glraueril.ar el decaimiento de sistemas ineslables no lineales en
prcsL'lKia tIc fuerza externa constante, ha sido desarrollado solamente en k'rminos dc dos variahles física .•.y aplicado para la detección dc
seii;des {¡plicas débiles en un laser [1). El prop{lsito de este trahajo e.•.mejorar cl formalismo anterior. al proponer una eruación de Lmgcvin.
TUl lineal más general con fuerza externa cons(antc, y aplicar dicho formalismo al estudio dc sistemas incstahles no lineales de una, dos
y trcs variahles. Solamente para el caso de una variable. estudiamos el ct'cuo de t1uc[uaciollcs estoc:ísticas gallssianas de fuerzas externas
dependientes del tiempo. en la relaj:Kiúll din¡ímica de tales sistemas.

/)C.HÚ'JfOH'S: Formulación estandanl dc la tcoría cuasideterminista; tiempos de relajación no lincalc~

PAes: OS.40.+j

1. Intmduction

'fhe standard formulation of quasideterministic (SFQD) ap-
proadl has hecll dcveloped in Ihe l'onlext 01"Lang:cvin eqlla-
lion ami has also heen connected hasically with two lime
"cales: ()Ile is the so ealled passage (ime (PT) dislribution and
tlw othL'r is (he nonlincar relaxatioll time (NLRT), to charac-
leri/e lhe dynamieal rclaxation of lInstahle systems. \Ve adop[
(he Icnninology 01' standard formularinll for those situations
in \vhich lhe deseriplion of lhe lransienl stochaslic dynaln.
ks is made in lenns of the Langevin equation whose as so-
ci¡¡[el! systemalic force is necessary derived fram a pOlen-
tial funelion, sllch as it can he corroboraleJ in <111amolllll
of works 11-7J. The study 01' Ihe decay uf lInstahle slalcs
through other descriptions has also heen proposed hy otllL'l"
autors 18.9].

Recently a generalizeJ mal ricial method of SFQD ap-
proach and ils corresponding conneclion \vilh lhe NLRT,
has heen proposcJ lo characteri/e Ihe Iransienl stochastic
dyanalllics or lIlultivariate uns[aolc systelIls [10, 11J. 11 is
shown, in this matricial seheme, Ihal Ihe associated syslem-
alic force of the Langevin equation is nol already derived
frolll a pulcnlial function.

On the o[hcr hand, [he inmediate application 01' (he study
of transien( slochaslic dynamics in lhe contexl 01' SFQD ap-
proach, has heen fOlllld in "lser systems in which some 01'
lhcir stalislical properties sllch as, the switeh-on time and lhe
deleclion 01' weak optical signals have necn \Vell characlcf-
i/cJ Yia NLRT [1] amI PT t1islrihulion [2, 12]. This stochastic
description is esscnlially forllllllaled in tenns of lwo physical
variahles.

In this \vork anJ also in (he contcxt of SFQD approach,
\vc improve the fonnalism pro po sed in Re!'. I and character-
i/e lhe dynamical relaxa(ion or nonlincar unslahle systclIls
nI' Olle, [wu and thrce variables lInder lhe aClion 01' cons[anl
cxternal forres. \Ve compare lhe reslllls for the case 01' [\\/0
variahles with that nf Refs. I and 2. \Vc also study lhe pres.
cnce of Gaussian time-dependelll stochaslic Ilucluations 01"
ex[ernal forees in lhe dynamical relaxation o" one variable
ul1stahle systems. In this case, wc aSSUlllC a time.dcpendcllt
phasc dilTusion model as that proposcd in Rcfs. 13 and 14.
;¡nd analYl.e lhe cllecl 01" small inlensity oí" !he f1ucluating
pha.sc.

In Secl. 2 01"Ihis work, we exhihit the connection hetween
SFQD approach ami NLRT lhrough a more general nonlinear
L¡¡gevin equalion wilh conslanl external force. In Scct. 3, \Ve
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sho\\' (he analylical rcsults 01'NLRT for Ihose cases of Olle,

lwo ami threr variahles. \Ve know that the rcsults in rhe case
of two variahles llave already been reported in Rcf. 1. how-
C\'Cf lhe rcsults fm the cases of one and threc variables are
ne\\'o In Scct. 4. \Ve characterize Ihe decay 01' unstablc slatcs
01' 1l0nlilH:ar sysICJ11S, in Ihe case of one variable with time-
dependenl external force. Concluding rcmarks are givcn in
SCCI. 5.

2. Standard limnulation of QD approach amI
NLRT

where h is a sel uf random variables. So. bccause 01' t1uc-
tuations of lhe initial conditions the process (5) beco mes a
cuasilerminislic proces~ of the form

(6)

where ¡,1 accollnls rOl" f1l1ctllantions of lhe initial condilions
responsihle fOI"lhe dynamical rclaxation of the systcl11 arollnd
Ihe unstahle state. For f > (l, as il is shown in (6). lhe system
grows as lhe time goes lo infinly, unless il is stoped at some
reference value 1'81 sllch tllat 1',,1 = I'(t i) wherc f i is a random
variahle. Thcrefore. the whole process (6) including the order
01' moment can he wriucn as

Thc Ilonlincar Langcvin cquation for Ihe i-th component of
veclor x = (.1'1. ,1"2.. (3). submited 10a constant external force
¡..¡can he \\TiHCn as

i = 1.2,3, (1)

,.'(t) = //'(""'8(1, -1) + ,.~,B(I-t¡). (7)

wilh B(J') the step funetion.
With tlie sulislitution 01' the proeess (7) into ElJ. (3) wc

ohtain

j = 1,2,3, (2)

anu ( is the intensily 01' nuisc.
The usual uelinition 01'NLRT associated with the moment

(,.' (1) of order / reads as [1 ]

\\'herc (1 > O is Ihe control paramclcr. 1/(1") is a sea lar fune-
(ion 01"non linear contributions, and fei is the .;-tl1 componenl
01' lhe constant exlerna1 force Fe. The f1uclualing force or
Iloise ~(t) is a Gaussian white noise with zero mean value
and correlation functioll

(8)

(9)i = 1. 2. 3.

1',. = (t,) - c.

j.; = 11./'; + f.,; + <I(t);

where the eonstanl e = [1 - (,,"')/,.',,1/2,,'. The lirst term
is known as mean lirsl passagc lime (MFPT) distrihulion in
lhc decay of lI11stahle states. Tile constant e is lhe contri hu-
lion 01"lhe NLRT and accounts 1"0l"(hc time scale c10se to the
potential harrier ''sI.

lhe juslificalion 01' lhe hypothesis of f1uctuations of ini-
tial conditions. as \Vell as lhe stalistics of the random variahle
11 is essentially ohtaincd from QD approach. This approach
starts basically wilh the linear Langevin cquation associateJ
wilh (1) given hy

(3)1 1~l' '" - [(r'(I» - (,.'),,) di.
Jlo "

where r is lhe square Illodulus of vector x, that iSI' = .1'f +
.,.i +.d. The lJuantity Al" is defined as Al" '" (,.' (O» - (,.').,.
The lJuantity (,.' (O» is the initial value of (,.' (1» at time
f = (l, alHl the quantity (.,.1)8t its value in (he stealiy slale.
In this work we will suppose that (,.'(0) = O which physi-
cally mcans to consiJcr fixed initial conditions.

The conncction hct\\'ccn the time scale (3) alHl the QD
approach is achicved through the solution 01' the linear de-
terministic equation for (he variable r 111. Thell, Ihis linear
eqllalion reads

The hasic ideas 01' QD approach is to shO\v lhal in Ihe
limil of long limes. slIch lhal al » 1 lhe process (11) he-
cumes a Gaussian randolll variable. This is so. hecause for
small value 01"<i (t) \VCcan guarantee thal

and ils solution is

,: = 2ar, (4 )

and the formal SOllllioll realis

.1',(1) = ',,(1)('''' .

where

dh,(I) "'1 ]lilll -- = j¡11I (.- J,., + C(I) -+ O.
t-HX) df 1--+00

(10)

(1 1)

( 12)

1)1..'[erminis(ical1y al lime t = 0, the proccss r(t) has lhe
valllc r(O) and lhe systcm is 10cateJ in the origin 01' coor-
dinates (0,0, O) corresponding to the instability point of the
potcnlial U(r) = -(Ir:! /2. \Vc know from the detcnninistic
point of view (hal the system will stay on thal point, unless
wc assul11e the hypothesis ol' statistical f111C[Ualions01' Ihe ini-
[ial conditions around lhe instability point, lhis is r(0) = I,:!,

which is similar (o (6) whcrc lhe variable h =
Jlli + h~+ hi plays the role uf un effective initial condi-
lion.

and thercfore h i(00) hc"ollles a constanl lhat we can caJl h¡.
Unuer these cirClIl1Islalll'CS the process (1 1) can he replaccd,
in the l¡mit uf IOllg timcs. by a quasideterministic process
.C¡(t) = IliC(lI, or inlcnns nI' variahle l'

,.(1) = ,.(0) e2,,' . (5 )

,.(/) = ¡,:!('1f1t • (13)
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wilh Cn = 1' .• ';211. and g(,.) ~ O is a ponlynomial 01' Ihe
fmm y(1') = ¿:::'=.O!Jllrll. In lhe casc 01' (1) lhe nOlllincar
delerminisliL' cl]uation is

On lhe othcr humJ, since hl. is a Gaussian randol11 vari-
ahle, Ihe prohahility densily P(hil is delermined only wilh
Ihe JirSl lwo moments (hi) and (hi). It is clear from (11) lhal
(!t,) = f,,ja and lhe seeond moment (!ti) = f¡Ja' + (/a.
Thcrcforc lhe variancc 01'lhe Gaussian ranuom variahle IIj• is
equals lo

j'¡ = lUí + n(I').r¡. (20)

rr' '" (hi) - (h,)' = '- .
"

( 14)
Por lhe ,. variable we havc

I~= :201' + 2/'u(I'). (21 )
Thc joint prohahility dcnsity foe lhe spacc of variables

h :::;:(hl: h2, h3) is lhe Gaussian dislrihulion

"
1'(lII,h"h,,}=ctc('xp [-a2I)!t, - (h,})2], (15)

t=l

This cl]lIalion is L'ompaliblc \vilh (19). according lo Ihe
explicit form 01"Ihe tünclion n(I'). So thal, for nonlincar sys.
lems of lhe form (1) Ihe NLRT associated wilh the qllantity
(1'(t)I) can he wriltcn in lcrms 01"a l]lladralurc. by suhstitllting
Eq. (19) inlo Eq. (3). lhal is

whcrc (}2 :::;: 1/(2a:2) and a2 is givcn hy (14). Thc marginal
prohahilily density I'(h) can be construcled with lhe help 01'
a ncw space al' variables dcfined as 11 :::;: (lit. H2. 113) ano llS-

ing Ihe transformation

1 (lC
" (,.1 - 1'1) )T - -- st dr

-,.1 2 v(r) •
.~t h

or

(22)

( 16)
(23)

\vith dV :::;:./(u)d1l is lhe volumc CICIllCllt in lhe spacc 11anll
./ (11) is lhe Jacohian nI' lhe transformalion givcn hy

wilh lhe t1clinilioll

!Jh, !Jh I !Jh,
Oll] 0112 DIl3

.1(11) = !Jh2 Oh, Oh,
( 17)

Bu} OU2 DU3

Oh, {)h, Oh"
DUt OU2 DU3

[ Sir)] )[1 + S(r)ly(") + Co-,-. dI' • (24)

where S(,.) is a polynolJJial funel;on given hy S(r) =
L~-==\(r/l'.--I)k. Clearly this lime scale characterizes lhe com-
plete relaxalioll 01' lhe non linear system lowards its corre-
sponding sleady slalc. characterized by the valuc 7'~t.

Ifwc rakc lhe variable III :::;:!I, then thcjoint prohahilily
dcnsily in the space (h, 112, U3) will he written in lhe formal
wayas

3. Description in onc, tW()ami three yariahlcs

The linear characterization of those nonlincar systcl1ls of one,
two ami three variables, by mcas of NLRT associated \vith
(,./). in ahsellce 01' external force is a known result [1 J. Herc
we detine Ihis lime scale as Tf. ami it is given for cach vari.
ahle. in (he I¡mil of small noise. as

Wilh 40(.1') is the digamma funclion and 02 = 1/2a2 = a/2(.
The complele dynarnical characterization 01' nonlinear

systerns (1), is ohlaincd thrnugh lhe time scale (23). In lhe
ahsence of external for~c it is also known and given for cach
variahle, in Ihe limit 01"small noise intensily as

11 = 1.2, 3, (26)

11 = 1,2, :1, (25).(/ I{ .'(11) I}TI, = 2(1 II1((\-r.~t) - ¡jJ '2 -7 :

(1 R)

2.1. The nonlincaritics in NLRT

wherc we define b as the modulus 01' vector h
((/II), (lr2), (Ir,}) ami lhe dot mean s lhe sealar producl. I'i-
nally Ihe marginal prohahilily density ['(Ir) can be ohlainetl
hy calculaling the Jacobian and integrating over lhe resl Ihe
variahles (U2' 113)'

TIlc time sea le (H) char<tcterizes the dynamical relaxalioll in
lile linear regimc of Ihe nonlincar syslcms (1). However, lile
cllect of nonlinear contributions prcsent in the delerminis-
lic force 01' lhe Langcvin equation (1), is takcn inlo account
Ihrough the general detinilion 01' unstablc stales in tcnns nI'
Ihe variable,. which is given by [11

1'(,. -,.)
¡,=lJ(r)= sI ,

Co + rY(I')
(19)

\\.'hcre Cv l. is Ihe corrcsponding inlegral tcrln of (24), which
is c1carly lile Ilonlincar conlributioll of NLRT ano Iype de-
pendent modcl.

Rel'. Mex. Fú . ..w (3) (1998) 2-l5-24l)
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J.1. Tite NLRT fur the case uf one \'ariable, in preSen('l'
uf ext('rnal force

with ¡, = ¡.: /0, hdng [;~. id' Thc corresponding time
scale in the linear regime, deflncd as TE. amI in the Iimit 01'
small noisc intcnsily, is

For Ihis case lhe prohahility densily P(h) reads

1'(11) = (27)

Thl~ result (31) redll(,.'es 10 Ihal 01' Ref. 2 for a laser sys-
lem. ir we take inlo '/'}: thc order of Illoment I = 1 ami the
modullls r = L".!. hcing E'2 (hc inlcnsity ol' the lascr. On
Ihc other !land. lhe resull (32) reuuces lo that ol' Rd. l for
Ihe eorresponding laser modc!' ir we take the scalar fUllction
11(1') = 1:;[1 + (1-';"1)1'1, where..l amI F are the pararneters
oflllt..' Jase!". Inlhis casc Ihe inlegrallcnn reads. ror \'cry weak
oplical signa!. as 1,,1. = (F/k - I)/:.!a, where (1 = F -~.
and k is olher paralllclcr 01' Il1l' sySICIll.

J..1. Thl' NI,H.T fol' fhe ('ase uf Ihree variahlcs. in prescn('c
nI' l'xt('rnal fOlTl'

For l!lis syslelll. \Ve ohlain aflc!" sOllle algehra. the marginal
prohahilily detlsily

wilh!J = 1'~'¡fI.and r: = J J/1 + i/'2 + 1;;). In Ihis case Ihe
linear tilIle sl'alc. rOl"smal1noise intcnsity. is now given hy

\\'hcrc Ihe series pO\\'er is convergenl 1'01"values of 0'2[/ ~ l.
and T? is lhe salllc as (25) ir 1/ = 1.

Thc complete dyn<lmical relaxation in the prcscnce of ex-
lema! force, aL'Cording lo (23) is then

1'(11)= (33)

T-J' ,fii~ (-1)'" ("b")'"
,,- \1 + L ( ) n .

'2(1 ') I
m=I/1I 111- 1/_ .

(29) T'=TO+,fii~
1, /. '211 L

.1<=1

and 7"0 is Ihe samc as (26) if JI = 1. + 0(1) + 0(1") + 0("").

heing T}) Ihe same as (25) wil!l n = 3.
The lIonlincar charactcril.alion 01"the process (1) is again

ohlained fmm (2J l. This result reduces 10

.1.2, TIIt' NLI-rr for the {'OISC()f two variables. in presclu'c
nI' l'xtcrnal fon'c

For Ihis case. \I,.'L'(lblain Ihc following result for the marginal
prohah;l;t)' 111

[J(h) = '2n'2¡'[o(202bfl}~~n2(h2+1J2). (30)

!Ji = (-1)'"
'7' - '1' + _v_" L ( "b")'"" _ () _ (t.

'2/1 '211I(111 + 1/2)!
/11=1

(35)

4. DescriptiHn in Hne variable with time-
dependcnt estcl <lal forcc

Here, \Ve assume an nscilaling eXlernal force h (t) with timc-
dependenl l1uclualing phase 01' Ihe I"orm Id = Fe cos[4J(t)].
In lhis case. Ihe Langevin equalion is Ihc samc as (1) exccpt
il now rL',His

IIcre JII is ohlained fmm (26) wilh /1 = 3.
In lhe Ihree cases, Ihe lerm 02[/ = F; /20t, which is pro-

p(lrtionallo 1':"1.ji. Thc condilion nI' convergcncc o'2lJ'2 ~ 1
means Ihal 11lL'intensily 01' Ihe eXlernal forcc IllUSt he Icss
or 01' Ihe same onler as inlernal noise f. This \Vas precise!y
shown in Rcfs. 2 amI 3, in which very weak optical signals
nI' Ihe sal1le order as Ihe intrinsic noise level but 108 limcs
smaller Ihan lile sleady-slale inlcnsity of Ihe Jaser. can be dc-
lccled using Ihe Jaser as a supergcncralivc recei\'er.

(36).;'=".1' + 11(1').1' + F. ('(), '1'(1) + é(l),

where now b = F,.jll. wilh F{' = JI;} + 1;'2' The NLRT
associalcd wilh (rl) in Ihe linear rcgimc. ror small noisc in-
tensity. is

laking inlo ;lceoullllhal '1;) is Ihe same as (26) ir n = 2.

In Ihis case the stlm can explicitly bc reduccd lo
I:;;;~I(-1)"'.1''''/1111111 = -[Ed:r) + -y + In(,,)], he;ng
El (.1') is the integral exponential function and ~f is Ihe Eu-
ler conslant [15.161. Thc limc scale Tf is givcn by (25) if
11 = :.!.

The rorrcsp(lnding NLRT rol' (he complete process. al:-
cording 10 (2J) will he

Re\'. Mex. F,:<;.44 (.1) (199X) 245-249
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whcrc ~(/) is again Gaussian with thc samc properties given
in 5cct. 2. Thc pha¡;c Ilucluating is taken as a Gaussian limc-
dcpendcnt phase Jiffusion model wilh zero mcan value and
correlation funclion [13J

Finally. in thc limits 01"approximation t. « a ami D « a.
togheter with the condition F? /(2(/() :s 1, lhc time scales in
the linear anO nonlinear regimes have Ihe similar struclure as
thal of(2X) and (2(j) respeclivcly.

anJ D is thc intensity 01'lhe lluCluating phasc.
In the case of time-dependent external force. the formal-

iSITlof QD approach is similar to that case 01"constanl force,
givcn in Scct. 2. Hcrc we just summarize Ihe results ohtaincd
for the ramdom variahle h. Thesc are

ami Ihe prohahility tlensily I'(h) will he the same as (27).
cxcepl thal the parameler f¡ is given hy f¡ = F,./(a + D) ami
,,' = 1/(2a') with a2 givcn by (40). The expectetl result
is Ihat if D = O. we rcslOfe lhe results in the constanl case,
Ihal is a' = (la antl a'b2 = F;1(2af). However. iI we lake
(he límit 01'small intensily 01'the nucluating phase, such thal
D « (l, il can he shown Ihal (40) reduces to a2 = c/u ano

('1>(1)<1>(1'» = 2Dmin(1 - t') ,

Tlle inlluence 01' internal lluctuations and external forces on
Ihe oynamical rciaxalion 01' nonlincar unslablc syslems, by
mcan 01'NLRT, is essentially givcn al early limes 01"Ihe dy-
nalllical evolution. or well. in the linear regian of the unstable
potenlial. HO\vever. the complete dynamical relaxalion has
also hecn well characterized.

Here we have donc an errorl hy improving lhe formal-
ism 01"Ref. 1 and al Ihe same lime lo charactcrize lhe dc-
cay dynamics of nonlinear unstahlc systems of nnc and threc
variahles, under Ihe action of cxtcrnal farces, since the calcu-
lation 01'holh series powcr in the lime scales (28), and (34)
are no( inmcoiale resulls.

The Ilonlinear contrihution IN L dcpcnds on lhe analyt-
ical structure of Ihe scalar functioJ1 n(r), and thcrefore the
time scales (29). (32) antl (35) are quile general results. In
the case of laser systcm of Rcfs. I and 2, the tcrm Is L =
(Fil' - 1)/2a.

In Ihe case of one variable systellls. we have shown that
the elTcct of smal! intensily ofthe l1uctualing phase on the de-
cay dynamics of those systems. takes place nol in the inten-
sily 01"the initial lluctuations a'2. hut only in lhe the parameter
0'2[,'2. accoroing to (41).

I,'inally, the applic,ltion of lhe rcsults in Ihe cases of one
and lhree variahles, to certain physical syslems is suhject of
invesligalion.

5. Couc!llding rcmarks

(41 )

(39)

(40)

(3H)

(37)

F',
(a+Dj2'

:.! t. F/
a = - +

a ala + 2D)

Fe
(h)=-D'a+

F'
(h') = '- + e .

a a(a + 2D)

50 that. the variance rcads

Thcrefore, in lhis Iimit 01"approximalioll, the intensity 01"ini-
tial f1uctuations a"l. has lhe salllc exprcssion as that ofthc con-
stanl casc, \vhercas the tcrm o2b2. according lo (41). has a
very small correclion with respect to the conslant casc.
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