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\Vc PI'L':-Cllta da~sic,,1 lllethoJ for lhe ca!Cuiatioll 01' lhe total PtJWLT rddiatl'd hy ;l dípok hl'lwccn t\VOpcrfcct lllirrors. Wl' usc the moJal
thl'ory dc\'clnpcd hy (¡!auher and Lc\\'cnstcin [11 and cxtcnd thc caku!aliolls nf ()owling ami Bo\\'den [21. lO lake into ;H.:I.:ount radialioll in
all dirl'l'tions. This approach simulates sponlaneous powcr cmissioll hy ;In ;t1nfl1.The methnd is suilahle fOl"unl!erstanl!ing ho\'\! Ihe dipole
coupll's to tbe allowed medium modes and ho\\' environment arre•..'ts the power emissioll. Results are presented ror the power radiated hy

a dipok pbccd hclween lwo plane-parallel mirrors and in frolll of a single mirror for all dipole oricnlalions. \Ve also calculate (he power
mdiated hy a gas nf noninteracling e.xcited atoms in Ihe cavity f(lrmClIhy lhe minors.

K{'Y""llldc EIc•.."lromagnclic modaltheory; inhomogelleous media; metallíc Ctl\'ity

Pre~CIl(;lmos Ull mélodo c1:ísico para el cálculo de la pOlencia (olal radiada por un dipolo oscilante enlre dos c~pejos ml't~licos pcrfectos.
U:-amo~ d método modal desarrollado por Glauber y Lcwcl1stcin 111 y l'\tl'mkmm los dlrulos de Dnwling y B()wden [21. lomando l'n
Cllent;l r;ldi:lciún en lodas dirccciones. Esta aproximaciún simula b emisiún espont:ínc:l de pOlencia de un <ÍIOlllOcxcitado. El mélodo es
también (ítil l'n el •..'ntenJimiclllO de cómo el dipolo acopla los lllodos pcrmitidos en el medio y c(,1110el alllhímte afecta la emisión dc
potencia. I'rescnlamos resultados para la potencia radiada por \In dipolo puesto entre dos espejos paralelos planos y enfrente de un solo
espejo. lomando en cuenla todas las posibles orientaciones del dipolo. Tamhién calculamos la potencia mdíada por UIlgas dc ;ílolllOSque no
inleracllían enlre dios dentro de la cavidad formada por los espejos,

Ik.H."¡'}{On's: Teoría dl'ctrúnica modal; medios inholllogellrus; cavidade:- llK,t;ílícas

PACS: "¡~.~5.IL ..f2.55.S

1. Introducción

Sincc Pur •..'cll [:1] showed Ihat spontaneous elllission can hc
enh<lnccd or suppresscd. there has been a lot 01' inlcresl In
Ihis lopic. Some 01' these works solve the problem using lhe
image charge JIIl'1hod ].1. 51 and ealculate lhe power CllIil-
led hy a dipolc inside a cavily, considering the inleraction of
Ihc dipolc wilh lhe liclds rellecled by lhe walls 01' the c;¡vily.
rvlcschcde [rll re\'iews lhe main results 01' spolllaneous emis-
"ion in mclallic cavilies unlil 1992. Klcppner [G] and Rip-
pin amI Knighl 171 presclll rcsults on the decay of Iwo-level
:110m..•(TLA) in cylindricalmelallic cavities. Olher wmks [81
use lhe mClhod of self energics to calculale de radialioll de~
cay rall' of an alolll taking into account the cnergy shift 01
lllc le\.cls duc 10 lhe presencc 01' lhe IllediuIll. A rcccnrl)' pllh-
li...hnl \\"orl.. l~)]deals wilh spolllancous emission in cavilics
\\"ilh a .'\o-l'¡¡lkd pholonic.wcll which is a small dent in one of
the ""<:l\.ilYmirrors. Experimenls on sponlancous cllIissioll in
microcavlties ha\.e been done hy DeMartini el al, [10, 111,
",hosc Illcasurclllenls of Ihc raJiatcJ powef delllonstratc a
significanl deea)' redUClillll 01' up lo 25 percenl with respecl
to lhe powcr emilted in free space. In Ihose experiments, Ihe

sponlaneolls clllission was Illeasured by means uf Ihe Eu-
dihcllloylmelhane cmission lincwidlh in a Illllahlc microca\'-
it)'.

Glallher amI Lcwcnsteill 111 devclop a lhcory for the cal-
clllalion nI" the deeay constant 1'01"an initially excited TLA
\vhen it is placed in a lllediulll wilh inhotnogeneilics. This
cakulation basically sol ves Ihe prohlclll hy linding Ihe COII-
plitlg nf a TLA wilh onc vacuulll lield llIude and hy pcr-
forming Ihe Sllllllllalion over all lhe allowcd Illodes presenl
in Ihe lIlediulll. Tlle)' emplo)' 1\\'0 qllanlil.alioll sdll'llles. and
llley ca!Culate lhe Lleca)' nI' lile lIpp~r Icvcl poplllalion lIsing
tlK' \Vigner- \V~isskopr approx imalioll. Althou,gh sponl<iI1eous
clllissinll i..'nhanCelllenl amI reLlllclion SCi..'1llJ1lor~ Ii"el)' lo h~
explained in <.]lIanllllll IIlccllanical Icnns, Do\\'ling and Bow-
delll:.!l¡ml\'ed that slIch I11odiHcatiolls are a purely classical
dfl'l'l. In thi..'ir \\'ork lhe)' solvi..' Ihe \\'an: equatioll wilh the
radialed f¡clds ~xpressed as a sllpcrpnsilioll of the aIlO\ved
Illodes gin'll hy (he HcImhnll1 eqllatioll, Thcy calculate Ihe
P0\\'Cf radiated hy lhe dipole fmm lhe wnrk done on il hy Ihe
lii..'lds presenl in Ihe lllediulll. The po\\'cr resuh is l'ssentially
(he same as Ihat dcrived fmm Ihe \Vigner- \Vcisskopf approx-
illlalioll. The papel' 01' D()\\:ling ami BO\vdell arlificially r~-
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/I=J.

v x (v x X) + ,(n iJ" X = 11
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WhLTl' .-\(,-:'./) is l!ll' \l'L1or pO!l'llIial 01' Ihe tlcld and lhe di-
dCL'lric L'()Jlslanl r U:') is a IÜllclion 01"lhe positiull dlle 10 Ihe
inl1olllogelleily. The lield fullills Ihe Coulomh or !rans\'ersc
gílugc [l. 2[

They ¡¡Iso have 10 fulfill lhe norlllalil,alioll ami c10sure condi~
lions given by Eqs. (5) ami (6), rcspeclively:

./ d1,. r (i7) ('['JI' (i":") . (lf"U"!) = á (J: - ¡::') á"I'"

ralher Ihan \" ."\ tJ as in ¡iIl unhounded. homoge-
llL'OllSmedilllll. For a givcn material geollletry, we can de-
scribe Ihe ¡¡cId !herein as a lincar superposition 01' 1I0rmal

/l/m/es or eigcl/l/uN/e'\". Each mode Illay he labeled al'conJing
lo ils \\'a\'c\'eclor J: and polarizalioll indcx p. So, the lotal
llloJloehromalic ficld presenl in Ihe llledillIll is gi\'l'n hy

inholllogencilies, so lhat the dipole actually interaCIs with ils
O\vn redirccled lield.

'1'0 start \l,'ilh. \vc have to sol\'e Ihe l\lax wcll wave
cqualioll rOl' al1 inholllogcllcolls Illedilltn. In the ahscncc 01'
sources. Ihe wave l'qllalion ror sllch ti lIledilllll is

Ikre '-'-'()' ami (1~:)i7)are lhe cigenfrequcncy and eigen\'cclor

01' Ihc k. p motle. The Dirac delta fllllelion cnsures thal lhe
!iclds oscil!ale only al Ircquellcics....,,' Iha! Ihe inholllogencolls
Illedilllll can admit, Ilamclv the ei!.!cnl"nx¡lIencics l.4.'- . Thcse

• -- kJl
n(1l"1I1almodes are 11HlIHlchrolllalic s{llllliollS 01' lile Ilelmholtz
l'qualion. thal is

slriels (he w¡¡ve propagalion lo lile direclion perpcndicular lo
Ihe lIlirrors. Ihus ignoring IhL' rael Ihat Ihe radial ion can COll-
plc inlo orr-axialmodes. II also fails lo lake inlo aecollllllhe
independcJ11 TI:, T!\.I. ano TEM IIHldes of the syslelll, Ne\Tr~
lhelt,'s". lhe imp0rlance 01' lhi" \York lies in lhe sCllliclassical
descriptioll 01" lhe sponlancolls cmission in inllolllogclleolls
Illcdia. Thc allllHlI"Salso consitlcr radiation in pCri{lt!ic dicb:c-
1I'ic lllcdia. Thc lallcr is a vcry inlercsting suhjCl'l Ihese oays
hec;[u"ie 01" IhL' tlin'rse applil'aliolls hased 011 pholollic crys-
[,,1s1121.

In Ihis 11;lper \\'c complete lllc cakulation 01" ratlialion
hy \)ov,'ling ami BO\\'den [21 hy l'ollsidering a1l lhe possi-
hlL' direclions uf propagation rol' Ihc radialed powcr. Tila! is.
Wl' lake inlO an:ount nol onl)' lhe oH-axis propagalioll. huI
;lIso Ihe off axis propagalion 01' the c1eclromagnetic \\'a\"l'S,
Tlle IIlcthotl descrihed shows ho\\' Ihe radialion uf a point
source cOllplcs inlo Ihe normal (or allowed) TE. T~1. ami
TEM Illodes in a very simple inlJolllogcneous syslCIIl. The
lolal powcr radialed depends directly on how Illany nI' these
lllodes arc hcing exeited.

In Secl. 2 \Ve sUllllllarize lhe derivalion nI' thc c\pression
for Ihe radialed po\\'er givcl1 in ReL 2. This rcslllI is lIscd
in Sect. 3 lo l'akulate lhe power radialcd hy a point dipole
helwcell lwo parallel Illclallic plales. \Ve cOllsidcr scp.lrately
Ihc po\\'cr radialL'd illlo Ihc indepcndcnt mmk polarilations
(JI' lhc tield Ilamcl)' TE. Tl\l and TEt\.l The dcnsity 01' states
Glkulalion withilllhe cavily in Sect. 4 is lIseful 1'01"Ihc cxpla-
natioll of Ihe disconlinuilies presenled hy the ellliucd powcr
fOlllld in Scel. 5, Plols 01" lhe radialcd powcr and ils analy-
sis are presclllcd in Secl. 5. Thc powcr radialed hy Ihc dipolc
can he handled in tenns 01"1\\'0 lillliting conliguraliolls: lhe
dipolc placed parallel or perpendicular to plales. \Ve also all-
"Iyze lwo dipole posilions hetwecll Ihe plates: .ro = d/2
and .1'0 = :3d /.-, where d is the plales' separatioll, Scction 6
presenls Ihc case 01' a dipolc in frolll 01' a single llIirror: here
Ihe power is ohlained as a Iimiting case ofthe results givcn in
Sec\. 5. The power emiued by a gas of Iloninleracting exciled
;llollls is calclllalctl in Sec!. 7, also on Ihe hasis 01' lhe results
01"Sec!. 5. In lile lasl scclion we prescnt the eOIK'lusiollS of
(his work.

(7)

2. I'owcr clllission in an inholllo¡.:cncolls
lIIedi 1111I

\Ve ddlnc <In inholllogeneoLls lIlediulll as one whose diclec-
trie constanl depends on the position. In particular. a diclcc-
Irie hody characlcrizcd by a position-illdepell(/l'11l dieleclric
constan!, hO\\'evcr houndetl hy vacuulll 01' by a pcrfect con-
duclor, also gives rise to inhomogeneily. There are several
ways to explain \vhy Ihe powcr elllission is altered by lile
IlIcdilllll inholllogcneities. Qne is Ihal, in the prescnce 01"in-
hOlllOgencily. lhe alloweJ normal moJes. into whidl the ra-
dialioll can l'ouple. are differenl Ihan thc uhiquilolls planc-
w¡¡\'cs Ihal propagatc in an unlilllited. hornogcneous IlIcdilllll.
Another explanalioll is lhal rellcclions arc presenl dllc (o the

NOle lhal both sides of Ihc lasl equaliull are dyadics. Equa-
liollS (5) ami (6) L'nsurc thal Ihe (Ir, are a complete sel ol'
{)rlhOlHll"Jllal fUIlL'lillllS. Dowling alll{ I~owden 121 simplifled
Ihe modal lheory 01 (lIauher ami Lewcl1slcin [11 in Ol'der 10
lind an expressiull for Ihe powcr cmission in Icrms of classi-
cal quanlities. BasiL'ally. Ihey solvc the inhomogencolls wave
equalion for:l source localizcd in space, Ihat is

(

_) f (,7) iJ' _ .1;,-
'\ x v x.\ + -- -- .\ = - 1

/;2 ()(l' (''2 • ,

Wliel"l' .TU;'./) i" ¡l ,:urrc 11I densily l'tll"l"esponding 10 ;¡ poinl
likc dipolc. l1il111ely.

Iv f) = ",,,¡7<-os (",,,1) á V - ,';,)f)(I). (8)
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FIGURE l. The inse! depicts lhe general case of a dipolc hClween
two perfcct mirrors. In lhe body 01' lhe figure we pl01 the cav-
ilY den Sil)' 01' slales (DOS) 1'01'lhe TE. T~1. TEl\1 mades. ano fOl'
one po1nrilation modc in frce.space. Thc Ilormalized frcquency is
dcflned as w/(;;e/d) = 2d/,\. lh<ll is, ir is the numbcr 01' half-
\'•.avelcn~lhs that lil bet\l,leen Ihe mirrors. The disconlinuilics are
caused by sllccessive. resonant excitation ol' standing waves l'or
an integcr ('11 = 1,2, ... ) lllllllher or hnlf-wavclcngths betwecn
the mirrors, FOl' (he DOS fllnclioll normalizalion we divide it by

.4/2c'¡.
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whcrc {I is a uni! Vl'ctor parallcl lo ji. Equ<uion (9) implics
thal lhe powcr cmitlclÍ hy Ihe poin! radialor dcpcnds on lile
normalmoucs bcing cxcited. Thc Dirac delta fUIlCliollsclcCls
lhe 1ll0UCSthat llave the frequeney of lhe radiator and lhcrc.
rore contribute to the radiated power. Thc lotal power can he
decomposed into indcpendent conlrihulions from caeh polar-
ization mode. In lhe following section we sludy the radiation
of <l point dipolc insidc a cavity formcd hy two plane-parallcl
Illirrors.

.,
r = ,,2~'~112L ./d"k 15;;p(ro) . 1;1

2
J (Wo - W;;p). (~)

1"=1

3. I'ower emission in a metallie eavity

Thc dipole has a momenl ¡l, is locatcu al Ihe point 1~. is oscil-
[a(ing wilh frcqucncy w(). and is lurncd on al lhe time t = n.
as evident frnm the slep funClion 0(1). Equation (7) can he
sol\'cd in tcnns 01"Ihe nOflllal modes as givcn in Eq. (3). ami
¡hen une can cakulatc lhe work done hy lhe dipolc currenl
against rhe Jlllhicnt c¡retrie ficld lo tind lhe radiated powcr.
Follov.'ing lhe proccdurc in Ref. 2. Ihe pO\\'cr radiatcd hy lhe
point dipolc in stcady stale is

( 12)

Considcr a pair of pcrfeetly conducting. planc-parallcl and
infinite metallic piates ano a dipole betwcen them. as shown
inlhe insel in Fig. l. By Ihe modal theory ofthe prcviolls sec-
lion, Ihe emitted radiation musLcouplc lo the allowed molles.
Indced, Ihe radiated pO\•...er can he decomposed into a super-
position over all the allowed and independent modes. In arder
lo ca1culale these modes we dislinguish netween three illlle.
pendent polarizatiolls. TE. TM and TE~1t. In lhese polari/a-
tion moJes. lhe electric (magnetic) ¡¡eld E (ñ) is parallel to
the mirror planes rOl'TE (TM, TEM) modes. The independent
polarization modes are dcfined in lhe following suhseclions.
Now we can supprcss, withoul ambiguity. Ihe moJe index 1'.

are givcn hy

,,;;(;e.!I. =) = e, sin e;; .r) (,xl' (ikyY + ik, z) 1';;.

whcre c( is any veclor Iying in the y:: plane (see Fig. 1). 1t is
a positivc integer, and el is a normalization conSlant. Equa-
lion ( 12) reprcscnts the allowed cigell\'cclors in thc case of an
electeic líeld parallcl lo the plates. The field is perpendicular
lo lhe \vavcvedor. so the polarization unit veclor is rclated 10
the wavevector as

( 13)

3.1. TE modcs
2 J" ?wherc k" = h~y+ k;.

For the TE Illolle, lhe parallcl compollcnts of E must vanish
a( the surfaces of the perfeclly conducting mirrors. 3nd hence
(his polarization licld fulfills lhe following houndary cont!i-
lion:

3.2. Tl\l lIIodes

For the Ttvl modes. the parallcl componenls 01' the lirsl
derivativc nI' the magnetic fleld Illust vanish al the surfaces.
so the hOlllldary conditions are given hy

E(.r = 0 . .'1.=) = E(x = d.y.=) = o. (10) o - O -
-O. lJ(.r = 0 . .'1.0) = -O .lJ(x = d.y.z) = O.
.1' .1'

(14)

Our power cakulalion in Eq. (9) requires Lheveclor po-
tential: we relale it to Lheelectric field using the gauge lhat
the scalar pOlential vanishes. Then

InsiJc the cavity thcrc is vacuull1 so we can lake lhe sinu-
soidal solution nI' the HelmholtZ cquation aud adjusl il 10 Ihe
houndary condilions. Then the solutions rOl' the TE modes

To calclllale Ihe TM pO\ver conlrihution. we also assume
a harmonic sollltion for the magnetic field and Illodify il to
fulfiO de houndary condilions (14 l. Then the magnetic t¡eld
is given hy- ;..)

E-=i-(l-.Jo e Jo ( 1 I l Bk = C!.('():-:; (l~"f.r) pxp(ikyY + il.:;;::)c"(,

which is relaled lo the veclor potential hy

B- = v x ¡--¡~.
Jo Á'

( 15)

( 16)

Re,'. AleJ:. Fú . .w (3) (1998) 2flS-27ú
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Using Eqs. (16) and (4) we lind that (for< = 1)

(
c )2 _
Wf V x Dr,

Hence. the TM normal mode cxpression rcsults in

.,
c- [ (mr ) _ mr ( mr )(7- = ---;-Cz -ik tOS -;f X + - sin -x

1.: w~ P d d el
k

( 17)

Considcring the tliscrctcncss 01' J,x, the nonnalization
conoitiol1 Eq. (5) has to he rewrilten as

1i"",J (ky - k:,) 6 (k, - k;). (21)

Using lhis normalizalion conoilioll. \Ve gel the normal-
izalioll constants Gl• C'l, and G:J slaleo in the previous sec-
liolls as

(k
y_ k,,)] ('k 'k) (1x k
p
Y+ k

p
z exp l'yY+l'zZ. h]

,u. TEM modes

The TEM modes are just lhe special case TI = Oof lhe TM
modes. Then, using Eq. (18) Wilh n = Owe gel

Allel - --- d 2ir'

W-e_k,- ---o
:lircJJ (22)

Thc reason lo considcr (he TE!\t modcs scparatcly is hccausc
thcy diffcr from the TM moJes by the norrnalization constant.
Por this mode, the electric ficld is perpendicular lO the plalCs
anJ the magnelie field (as for the TM moJes) is parallel lo
Ihe plates.

- -ice ('1 ") ,uf = - :1{'xl' 1 'yY + 1":;:: .r.
W¡;

(1 Y)

i\ccording lo Eq. ({j). we separale the powcr oue lo the
independenl field polarizalions and add theln up to flnd lhe
lotal po\\'cr cmitlcd. In urder to calculate Ihe power conlri-
hUlions 01' each polarization modc, it is important lo notc tha!
Eq. (9) is intcnded ror a wavevector wilh the three continuous
componenls. This is nol Ihe case in OUT problelTl in which Ihe
.r-component is discreteo To take ¡his i!llo accollnt, Eq. (9) is
re\\.Titlcn as

3.4. PO\\'cr radiation contrihutions

The hounJary conditions of lhe TE, TM, anJ TEM modes
Icad lo the discrClcncss of (he x-componenl al' the WilVCVCC-

tor, so hccausc now k = (nrr/d, kv' kz) lhe dispcrsion rcla-
lion is

x 6 (w - w- ) 6 (k _ mr) .
o klJ X ti

(23)

(20)

\Vithout Iimilalion 01" the generality. we aSSllme that Ihe
dipolc lies on the .ty plane and that it forms an angle tP
with the y axis. Thcll, lIsing Ihe mode expressions given in
Eqs. (12), (18), and (1Y), the normalization constanls (22),
<llllllhc powcr exprcssion in Eq. (23), we have that Ihe power
contribulions 01" each molle are

1 :l N(u.Jo)
7rWol' ., L .,(1I7r )= --- cos- ~I! siu- -,/ .r" ''2dc'2

11=1

2 SC,'.) ( .,' ")WoJl ir . 2 I L (.;..,.~Il-rr- .) (/lIT )= ---5111 ljJ - - -- COS- -('d c'l d'2 . d '(1

H=J

.) ¡\I(wol ') .)
W"I'-IT ., L W7r- .' 2 (/l7r . )+ -- ('05- /J" - sin l'2d (¡'l.' J' o .

11-1

(24)

(25)

:3 '2
( ( )) 7rW"I' 2PrEl\I 'Ij), N Wo = --1-"- sin ~I!.2( C.
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..L..:= -., ,/~, '" D(~.)<I",. (2X)
T;('-

nm\' Ihe frcqucllL:Y intcrval is XTrc/r!::; •.•.' < (X + I)¡r('/d.
'1'0 sUlllrnari/e, the DOS rOl' Ihe pllolons inside the cavity is

(2'!)

valid for the rrCqUellCY rangc '2Tr''/ ti :S ....' < 3Tr('/ d. Illcrc Ihe
lo\\'cr (upper) limil is dClerlllillL'd hy slIhslilllling in Eq. (20)

1;,1 = O ami 11 = 2 (1/ = :q. I For Ihe general casc, wc
jusI Slllll O\'er the 1;,,,,di;,,,, arL'a eklllenls co\'cred by lile frc-
qUL'nc)" inlerval (_'-' -1-d.v' j. Thcll lile DOS is gi\"l'1l hy

llllll ll11rnber 11 (= L 2 .... ). In onkr lo ca1cu!alc Ihe DOS.
\\'l' h;¡\'L' lo rcali/l' lila!. for <t ~ivell frequency .",; (lnly lhe
qll,lll1ullllllllllhers 1/ = 1.2. .lIlIlólX(.''''') can hc exciIL'd. By'
Eq. (20) l/lila" is ohlained túr 1,'" = u: il is Ihe largcsl inlC-
gL'r lhal is smaller [Ilan ..,..'d/ir". llamely lima" = [•....'d/K('1 =
tftl/,\j = ,V(.AI'l. ThclI lhe lolal arca in lhe ky.I;:; plalll' 01'
1.. span' corresJlonding lo lhe fre(]uency inlerval (..".'.. ,_:+ r!...••,)
\Viii hL' composed (JI' all lhe conlrihutions 11 :S .Y( ..,..'). Ap-
I'arently. ir.\n > rI then [2'/P] = 11a11(1no TE and TM
modes can he c.\ciled: rol' lhese modes the DOS \'anishcs in
Ihis lo\\'-frequcllcy range. Ir I :S '2d/ ,\ < '2 ¡hen only lilL"
/1 = l mode can he cxcill'd: clearly. in l!lis rreqllcncy range
lile DOS"s of thc TE and Ti\l Illodes <lre Ihe sallle as Ihal 01
Illl' TEt\'llllode-Eq. (21)). Nc\1. kt's aSSllllle that ror a given
frclJtlL'ncy"",' unly lhe slalcs /1 = I and 11 = 2 arc cxciled
(;\' = :2). Then. [hc [olal are;l L'overed dividcd hy Ihe area or
Olle mode \ViII be gi\'cl1 hy

4. Iknsily (Jf sta tes

.1 .I~'
-.--., 2;ch-"<lh-,, = -.-., rI", '" D("'JrI",. (27)
U;;)- 2irC-

1'1lL'CISCS 01' TE allLl Ti\l polari/aliolls 1101h Icad lo the
salllL' DOS. By Eqs. (12) and (15) Ihe wa\"eveclOr is ¡:. =
(1I;r/d).i'+I,'!,U+/;:;: antllhedispcrsion relalion is as givcn in
Eq. (lO). Then Ihe dispersioll relalioll depends 011 lhe lIuan-

I

Here S(",,,) = [<1"'0/;;(.] = [2<1/.\]. The squarc brackeh
imply lhal we take lhe inlegcr pan 01' Ihe number thercin.
ThL' 11ll1ll11L'r.\" corrcsponds to radialioll with ky = I.'~= (J.
and Ihus lo the maxil1lulll possihk vallle of Ihe componen!.
which is (I.'.I'LllilX = 1.1-'''/(' = iVrr/d. In olller words, \\'hL'n-
C\'L'r /,'!, = I.:~ = 0, (1n illlcger lIumber 01' halr-wavclenglhs
.\' = 2d / ,\ fil.ShClwcell Ihe mirrors.

\Ve cakulate lile photon density 01"slales (DOS) in the space
helween Ihe mirrors. It is importanl lo distinguish bel\Veen
Ihe polari/ation modes heL'<llIse lhe TE~,l modc has a con-
lilluOI]s dispersion relalioll while fOl' lile TE and 1']\,1 1ll0llL'S
(11 f- O) 1IlL'dispcrsioll relalion is disconlillllouS. In Ihe GISL'
tlr lhe TEl\'lmode lhe waveveclor is reslriclcd lo lhe y: plane
Isee Eq. (11))1 ami hence lhe dispersioll re1alion is givell hy
Eq. (2()) wilh 11 = O. \Ve aSSlllllL' periodic houndary condi.
lions ror lile \'eclor pOlential. Eq. (19). 1'his Illcans Ihal tlle
arca in { space occupieo by olle mode will be (2"f /A for
an arL'a ..\ in the y: plane. Tu cah.:lIlate Ihe DOS, \Ve lake
Ihe arca in Ihe /..:y. 1.:;; plane of lhe [ space corresponding
lo Ihe frequency inlcrval (..•.' ...•.' + (h,,)). and divide il hy lhe
arca OL:cupied by olle mode. This gives the number 01' modes
inlhc illter\'ill (-.v',:.v' + d.J). 01', allemalively, in the inlerval
(/;".1;" + dl"fl) between 1\\'0 concenlric circles,

TEi\1 polaril.alion

[2r1/-\1 ::; 2r1/~\ s [2,/1"] + 1. TE ami T"I polaritations
( .1111

\Ve plot Ihe Eqs. (JO) ami lhe frce-space DOS (1'01'olle
polarilalion) in Fig. l. Nolice Ihe discontinuilies for any in-
Ic~ral valuc nI' lile nonnalized freqllency 1'01'lhe TE and lhe
Tt\l modes.

ThL'se disconlinuities fürll1er :Irise as Ihe frequel1cy in-
creases. ror L'\"ery integcr llumhcr valuc 01' '2d/'\ (= TI) a new
Civil:' lIIode is excilcd which slarlS conlribllling ahruplly lo
Ihe DOS. It is inleresling lo nole lhar hOlh slopes ami lhe dis-
l'Olllinuitic:-. 01' Ihe normaliled TE and Tt\l tknsilies 01"stales
¡¡le given IlI' [2r1/,\]. Also. for 2<1jA = [2<1I-\J UUSI after the
jllmpsJ. lhe DOS's 01' Ihe TE and 1'M modes are cqllallo thL'
D()S in free space (corresponding lo (lile polarizalion mode).
ThL' rrce-space DOS (Ad)w,2/¡r2(.:1 can be recovercd frolll
Eq. (JO) illllle limil d --t 00 hy rcplacing N(w) hy tlu.J/TU'

I
and ll1tllliplying il hy Iwo. lo ulIlsider Ihe TE anJ 1'i\l propa-
galions. In lhis lilllilllJe cOlltrihlllion orthe TEt\'llllode lo lhe
DOS is negligibk.

5. Analysis (Jf tlll' emitted (l(Jwer

1\" \\'L' Illenliolled be rore. lhe IOlal radiated power is Ihe SUIll
01 ;lIlll1e Jlolaril.alioll L'olllrihllliollS. Tllal is

whL'l"e Ihe formulas rol' each POWL'l"contributioll are givcll hy
[he Eqs. (24). (25). alld (2h). InlerlllS orlhe dipolt;"s illclina-
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FI(iUJH: 2. Normalizcd power cmitlcd by a dipok paralklto lhe milTors (", = O) al a positioll (a) .1'" = d/] ami (h) .'." = 3d/5. The
frc(jucne)' has been llorrnalized as in Fig. J. ami thc power is llormaJizcd hy lhe frec-spacl' l'XrreSSioll I'! i.¡.J;~/;k;~.The raLliation is composed
nf lhe TE ;llld TM cOlllponents. The disconlinllilics arising rOl"an ocld lllllllher of h;llr-w;lVl'lcnghh wilhin lhe mirrors (and lhcir ahscncc for
an ('v('n llllmhcr) are cxplained in lhe lexL

\\'here fíl and Pi.. are lhe pO\\icr cxpressions for a dipole
placed parallcl and perpendicular lo mirrors. respectively. So.
110maller what direclioll the Llipole mOlllent lllay !lave. \ve
can express lhe total radiateJ pO\\.er in terms ofthese 1\1,i0ba-
",ir cOllligurJtiollS. 1I is convenienllo normali/.e hy means of
lhe POWCI"emiltctl hy Ihe same dipole in free spacc. ¡.C', t1i-
viLling by ...•.:~1/2¡:~(,:I.Then lhe norrnalized powers radialetl
by lhe parallel amI perpendicular dipoles are

P,- (:;' .. Y(,\)) = :l~) [ (;~¡)_(;~,)'",]
., ( '''o) :¡ ( ,\ )x ("()~W IITr-¡ + _ _ .

( 2 2£1

Here, A is Ihe wavelcnglh or the dipole radiation anLl N =
[2£1/-\1 is lhe maxilllum numher of half-wavelenglhs lhal is
possihle lo lit betwccn the mirrors for a given wo' Thc powcr
raJialeJ hy the dipole depenJs strongly on X(,\) as \Ve sce
fmm Eqs. (3) anJ (34). These equalions can he slIlIlllled up
cxaclly, hUI il is simpler to prcscnt thelll lhis way. NL'vcrlhe-
less. \Ve will llave to use the exacl summalion in Sec!. (l. The
sal11L'rc",ulls \vere ohlaincd in 1.11and ¡S¡using a scmklassi-
cal lrealmen!.

In Figs. 2 ami 3. we plot Eqs. (33) and (34) as fUllclions
of the normalizcd dipolc frequcncy (2d/ A) rOl"t\\/o dilTerenl

lion. lhis Illay he cxpressed as

r p,'" p .".TOT = 11C()~- ~" + 1.- ~1Il- 1.".

1'11C;' N(A)) = ~GJ '~) [1+ G¡)' ",]
X sin:.! (Tl7r':';),

(32)

(3.1)

dipolc POSiliollS, llamcly .1"" = tI/'!. and .rf} = :ltl/5. Graphic
rcslIlts are also given in 1;)1 rOl"a dipole placetl at .1'" = tI/'2.

I;tll"the p:trallel dip(lle (~' = (l) Ihe allowed radialion Ctll1-
sists or TE ami Tt\l IllO(IeS: Ihe TEr",l modc does not con-
¡rihule. as is ohviolls fmm Eq. (26). However. fm A/2 > 11.
.\'(:...v'o) = (J. This is bccallse lhe sUlllmalion in Eq. (34) is
void of (cnns, Thus. there is a regioll of no po\\'cr emission
for Ihe paralll'l dipole Ihal correspollds lo frcquencies hclo\\'
lIJe so-called wavcguide culofT. Indced. in Fig. 2 lile radialed
pO\\'er vanishes rOl"'2r1/ ,\ < l. A dipole radiating al the cm.
responding rrequencies has no allowed lTlode lo radiale inlo,

In case 01" lhe perpendicular dipole (t/J = !J(Y') \Ve see
fmm Eq. (~4) ,ha( lhe TE mode docs nol contrihute. The ra-
tlialion COllsisls of the 'L\l anLl TEM molles. For ,\/'2 > d.
agaill, .\"( ..•...',,) = O: ¡hus lhe right sitie nI' Eq. (25) is tcro.
Thercfore the dipok CantH)¡ radiate into Tl\tll1lodes helow (!lis
ClllolT. Hellcc Ihe raJiated powcr excites only TEM modes
helo\\' the \\'avegl,ide clllolT and is proportional 10 w'~ (sL'e
Fig. J).

Thc disconlinllities in Fig, 2 derive rmm lhe successive
excilalion or modes 11 = l.:! .... as Ihe rrcquency increases.
Ikre il is inlcresting that I"or '''0 = "/2 Iherc are no discOllli-
nuilies ror even inlegral valucs of Ihe nonnalil.eLl frequency.
Similarly. ror :r" = :3r1/5 there are no disconlinuilics rol' ¡nte.
grallllllltiples 01"¡¡ve. This ¡¡rises hectlusc the mode functions
(12) and (IX) lo he c.\ciled al Ihese frequencies have zcro
value al lhe posilion of lhe dipole. Thal is. we are placing lhe
dipolc al lhe lindes of ¡he normal lIlode. so that it will ha ve
no inleractioll wil!l the dipote,

Gcncrally spL'aking. ir the normali¡;eú positioll L'an hc ex-
presscd as a rraclion p/ (J./) and q inlegers. tilen lhae won'¡ he
Illode cxcitalioll ir lhe mode index n is an inlegral Illultiple
01"q, This propcrty can also he verilled from Eq. (33) in
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F[(;URE 3. As in Fig. 2 for 3 dipolc perpendicular to the mirrors (1/' = 90°). The radialioll is composcd ofTM and TE~1componcnls.

which lhe sine funclion vanishes ¡fwe sunstilutc :ro/d = p/(/
amI /1 I ()is an intcgcr.

Por the case uf lhe perpendicular dipolc (Fig. 3) \Ve !lave
a slrong singularity for 1,,;.,' ----7O as a conscqucncc 01' lhe TEM
lIIodc contribution givcn hy lhe iasllcnn 01'Eq. (34). Hcrc no
disconlinuities in lhe funclion cxist al aH hccause lhe cxprcs-
sion inside the cmly hrackets in Eq, (34) vanishes ror the nc\ ••..
molle cxcited (2(// /\ = 11). lcaving the summation unchanged
al lhe cxcitation frequcney, Therc are only discontinuities in
lhe !irst derivalivc as a eonscquencc of Ihe new molle excita-
t ion.

Ir..\ < < el lhen lhe radialion does not "sec" the mir-
rors. and PII and Pi. hoth tcnd to lhe free space valuc as
~d/A --> :N.

,,'
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(35)

PIGURE 4. Power radialed by a dipolc in front of a ~inglc rnirror.
The positioll is ;lIso norrnalized uividing by (he emiucu wavelength,
Hcrc \Ve can see lhat lhe powcrs for (he parallcl and perpendicular
dipole inclinatiolls are cqual \.\'henevcr .ro ::= T1,,\/-4 (" :;; 1, 2, ... ).
a result which hccomcs cxact in lhe I¡mil l'n/ A --+ ::o.

A similar proeedure can hc carricd out for the squareJ eo-
sine in Eq. (33), To ohtain lhe powcr radiated hy a dipolc in
fronl of a mirror. we suhslitule lhe Eqs. (35)-(37) in Eqs. (33)
ami (34) ami apply Ihe limil d ---4 oo. Thcn \vc find lhat the
frce-space Ilormalilcu power c.xprcssions are

6. Dipole radiating in front of a mirror

In on.lcr to find Ihe exprcssions ror the power radiation 01' a
dipole in fronl 01' a single mirror. \Ve shall sllow that the for-
mulas for PII ami p~can he obtained from Eqs. (33) ami (3-1)
hy laking careful1y the limil d -+ oo. First it is convcnienl to
pcrform Ihe slIlllmations in Eqs, (33) amI (34). The sqllarcd
SiIlL'sUlllmalioll can he cxpresscd as [141

I:s.' " 1\" cos(N + l)fJsinNH
:-:1lI- ,,8 = - - --------.

2 2sill8
11=1

By lhe use 01' lrigonomctric identilies. il is eas)' lo lind a
similar cxpress ion fnr the squared ensine summation. Tak-
ing Iwice Ihe dcrivalivc 01' Eq, (35) with respccl to 8. we nnd
lhat

where 11.11

,\'
'\' .,L 11- =
11=1

i\'(.Y + I )(~.Y + l)
(i

(.17)

_~£(N _ ros(N + 1)IISIUNB) (36)
,1 d¡F 2 2sill8 •

3 '111(0 :\ <"Os(O 3,ln(0
1'11= I - 2(~) ~(O' + 2(~)' .

:\(os(O :\slu(O
p, =1----+~ (O' (ü,.

(38)

(3Y)
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NORMAL1ZED EMISSION FREQUENCY

POWER RADIATION BY A GAS should. The real power (apart frolll a Irivial nUlllcrical factor)
is skelched in Ihe inset so \vC can see lhat. as the frequency in-
creases. the power is also growing. \Ve also ohserve that lhere
are discontinuilies for all integer values 01' lhe normalized fre-
quellcy. as can he expecled fmm the hehavior of Ihe density
01' slalcs ill Fig. l. Becallse Ihere are no preferences for Ihe
dipoles to have a certain posi(ion. nnne nI' the discontinuitics
is missing as in Fig. 2. No complele power supprcssion cx-
iSls. and the greatcsl powcr reJuctioll is 25 perccnl of the free
powcr emission for norlllalized frequencics nearly but less
than the unily. Experimcnlal results [101 reveallhallhcre is a
reduclion 01' anlllnd 25 percent. indeed.

s. Cnnc!lISinllS
"9 '0

2dl"A.
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FIGURE 5. Powcr radial ion duc lo an cvenly distributed gas. Thc
frcquency and power Ilormalizalions are as in Fig. 2. Here wc have
discontinuitics for aH inlcger valucs of 2d/ >., as for lhe DOS (Fig.
1), howevcr unlike Ihe case of (he parallcl dipolc. Fig. 2. Thc grcat-
esl rcduction 01'lhe powcr is 25 pcrccnt of lhe free space valuc. ano
lXCurS for lhe fundamental waveguide resonancc )../2 = d. In Ihe
¡ose! Ihe radialed powcr has beco normalized by dividing it by rhe
constan! J,2n4cj(2d1). so we can sce Ihe (me dcpcndence 011 Ihe
frequency.

\','herc ~ = 4.7í;ro/ >.. \Ve piar thcsc equations in Fig. 4. \Ve
can sec that, fUf hOlh poiarizations, there are positions for
which the dipole radiales as ifthe mirror were ahsel1t. namely
the normalized po\Ver is equal to one. This occurs because 01'
Ihe interference 01' the radiated tlelds wilh the fields rellccted
from the mirror. The same result, using lhe image Illelhod.
can he found in references !131 and [5].

7. Uadiation hy a gas

Herc \Ve consider an experilllenlally realizable situalion.
namel)' a gas 01' non.interacting. identical atollls occupying
(he spacc hel\Veen the mirrors. The positions ro 01' the atoms
and the directiolls 01' thcir dipole Illoments, givell by Ihe an-
gIl' W, are hoth randolll. Thus \Ve can average lhe tOlal power
emitted hy an atom. Eq. (32), over l/J and .fo. 80lh variahles
appear only in the argulllcnls 01' squared sines ami cosilles:
these we now simply replace hy 1/2. Then lIsing Eqs. (.12)-
(4) tile power emilled per atom is

1
:) ((PII) + (Pl.))

= ~ (~) (3N + 2)S 2d

_ ~ (~)" N(¡\. + 1)(2N + 1)
S 2d G (40)

wherc \ve have llsed E4. (37). \Ve plot the power pL'r atom
in Fig. 5. The normalized power approaches the limil l. as il

\Ve have prcsented a c1assical method for calculating the
powcr radiated hy a dipole in an inholllogeneous systcm. It
is important to llole thal Eq. (9) cannot he applied in Ihe case
01' a dipole illll11crsed in a dieleclric. for the radialed pO\ver
would be also rnoditlcd hy lhe local ncld. This lllcthod is
hascd on the dipole 'ield excitation 01' Ihe normal modes 01'
lhe mediulll, as descrihed hy the Helmholtz equation with a
posilion-dependent dielcclric constant. Resulls on power ra-
diation for a dipole placed hetween lwo plane paraJlel mir-
rors. considering (wo dipole orienlations were shown. \Ve
also explored lile cases 01' ti dipole in front 01' a single mir-
rOl' and Iha( 01' a gas 01"Ilonintcracling excited atoms.

Al! Ihe reslllts exhihil h01h enhancernent ami reduction
01' the power radiated wilh respecl lo (he free spacc power,
dcpending 011 the cmissillll frequcncy and Ihe dipole-cavity
arrangelllent. There is only Olle case in which a complele in-
hihition 01' lhe power ellljssion is achieved: this is Ihe case of
a dipole parallello the mirrors whose frequency 01' cmission
is such Ihal Wo < '""el d. This arises hecause. for a frcqllency
lower Ihan Ihe cavity clll-off. Ihere are no normallllodc solu-
lious of [\ilax wcll's eqllalions for Ihe given SYSICIll.

Tlle Illelhod presenled in Ihis paper can he applicd lo
otller cavily gcolllelries. provided Ihat their normal moJe .'10-
lutions are known. f'vloreovcr. jt can 'lIso oc used for the cal.
culation nI' the power radialed in Ihe prcsence 01' a dielectric
JIlcdillm, wilh (he restriclioll lhat (!lc dipole he placed in a
VaCLJlllllcavity. For eXtlmplc, \Ve can thillk of a sel 01' die lec-
trie laycrs wilh the sallle rcfraclive indcx and scparaled hy
vaellllm spaces. In this casco our radjalor shollld he placed in
(lile 01' Ihose clllpty spaces. so Ihal we may usc Eq. (9) to cal-
clllate the radialcd po\Ver. Thereforc. this method can al so he
applicd for power emission calculalions in photonic crystals.

As previously Illentioncd. sOl11e 01' our reslllts have al.
ready hecn dClllonslrated cxpcrilllcntally. Howcvcr, several
experimental limilaliolls and other clTccts involved, likc su~
pcrradiance and colleclivc phenol11cna. are always \'cry JiHi-
cult 10 eliminale.
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t. Tlll' '1'\1 and TE~llllodt's in I't'illily rlllTl'sfXllld lO a single po-
l;,ri¡;llioll of Ihc líghl, huI lhey are C\l!IsidcreiJ scpamlrly only
¡'llr l'I1Jl\'Cllienre rOl' Ihis parlirulary simple c(lilliguralion.
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