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The unbounded molion of a particle in a Coulomb field is analyzed l'rom the poi ni of view of velocity space using both the hodograph and
Ihe propcrties ol' the Hamilton veclor. Many l'eatures of Ihe motion cvcn the da~~ical detleclion function and Ihe differenri;:ll scattcring cross
secrion in vclocíty spacc follow from simple geometrical considcratiolls. Ihe standard RutherfonJ scauering formula in conllguralion spacc
can theo be simply obtained fram them. \Ve address (he C011l1C('lionhclwecn initial condilions and the properties of Ihe scallering orbits wilh
Ihe help of the Hamilton veclor. \Ve al so discuss an approxilllate mcthod for cakulaling the efrect of a central perturhalion on Ihe properties
ol' the hodograph and on the Rutherford's differcntial scaucring cross section.

Keywords: Classical scattering; Hamillon vector: Keplerian's velocity space

Se analizan los movimientos no confinados de una partícula en un campo coulombiano d~sde la perspectiva del espacio de las velocidades,
empleando para ello a la hodógrafa y algunas propiedades del vc(tor de Harniltoll. Muchas características del movimienlo. incluyendo tanto
a la función de dellexión como a la sección eficaz diferencial ell el e.~p;¡ci()de \'eJocidadcs. pueden calcularse de consideraciones geomélricas
simples; la sección usual de Ruthcrford en el espacio de configuraciones puede ohtenerse también muy simplemente de lo anterior. Para
finalizar, eSludiamos el efecto de un lérmino radial de perturhaci6n sohre las propiedades de la hodógrafa y sobre la sección eficaz de
dispersión. empleando para ello una técnica aproximada que aprovecha las propiedades del vector de Hamilton.

/)C.I'CripfO"(,S: Dispersión clásica; vector de Hamilton; espacio de velocidades Kcpleriano
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1. Inlroduction

Unhoundcd orhits of mcchanical systems are very importanl
nowaJays since Ihey have the leading roles in scaltcring pro-
cesses and scattcring has bccome the fundamental 1001 for the
study of Ilw,ny physical phenomena. Perhaps thc mosl basic
scattering process of all is scattering in a Coulomh lleld [1,21.
Qne has ol1ly to remcmher lhe crucial role played by it 011

stablishing the existence of the atomic nucleus and, thus, in
shaping the currenl ideas on the structure 01' lhe atom. Thc
enorOlous interest in atomic. molecular and nuclear collisions
havc also conlrihuted to lhe importance of unbounded orhils
and lo lhe study of scattering processes in central force f1elds.
\I,/hich arc oftcn uscd as a first approximation 10 many inler-
aClions.

f'or ohvious reasons lhen, unbounded orbits in ccntral po-
tentials have heen widely sludied from the standpoinls ofholh
classical and quantum mechanics in the lasl 85 ycars or so.
Although lhe study 01"classical orbits always passes through
the study o, those 01' Ihe Coulomh problem. il is a curious
fact that they had !leen seldom discussed from the poinl of

vie\\' of vclocily space, using the properties 01"the hodograph
which. at least for the Coulomb prohlem. is known to pro-
duce so me simplifying features. As it was probahly known
hy Newloll. hy Bernoull; and hy Laplace, and cerlainly hy
Hamill"" 13) and hy Maxwell [4J, Ihe hodograph (i.e., lhe or-
hil in velocily space) of the classical Coulomh prohlctll is a
cirele lrí, GI. This faclmight havc hcell known cvcn lo Ruther-
ford <lmlcoulJ llave been usetl in dcriving the falllous scatter-
ing forlllula since it was sort of standard in textl100ks 01' Ihe
seeond hall' of the XIX ecnLury 14, 7J. 11is a curious faet thaL
this "cry hcautiful rcsult is almost unknown nowaJays.

Our point is that. apart from aesthelical considerations.
\'elocily (or momentum) space can be used wilh profit fordc-
scrihing some fealurcs 01' scattering procesess. al least ir lile
outgoing part oí" the orhits may he dcscrihcd using asymp.
loles (i.e., when lhe scaltcring angle have a simple rclation-
ship with Ihe direclion of the asymptolic velocity) as is the
case 01' the Coulomb and other related prohlems. This is a
roin! wc will try to make in Ihis article. On the other hand,
(Ilis appropriatencss oí" veloeity space for the study 01' cen-
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Iral proh1cms has hccn \\'cll uscd by Fallo ami Pano ¡81 rOl"

dcscrihing scallcring. ami hy Fcynman [DI ror discllssing lhe
Kcpkr prohkm inclutling a dcrivation 01' lhe conl1guratioll
"pace Ruthcrford scattcring formula. See al so GUllwillcr's
\lool\. [101 ror its rclalionship with other '-catures of lhe 11l0-

¡ion.
The artick is organizcJ as 1'0110\\'5.In Scct. 2 \Ve defin'

amI disCllSS lhe fundamental propcrties 01"the Hamilton vec-
tor amI cstahlish Ihe circularily 01' lhe hodograph. Ilcxl \I,T

use sllcll COllslnll'ts lo descrihe SOIllC fcalurcs 01' 1I1lhoundcd
orl1ils in lhe Coulolllh prohlcm. In Sert. =' \Ve cmploy gco-
Illctrical cOllsidL'ratiollS 011Ihe hodograph 10 descrihe a scat-
Icring trajl'clory ami nexl to deline and lo ohtain Ihe dilTer-
cntial scallcring cross scclion in vcloeity space. \Ve Ihel1 ar-
guc ho\\' lo gL'1RUlhcrford formula from the diffcrelltial cross
sectiol1 in \'c1o('ily space. In Se('l. 4 \\'e explore scaltering in a
ccnlrally pcrturhctl Coulomh lield using again Ihe lIalllillon
veclor. Scclion S gives sorne concluding rcmarks.

2. The hndn~raph fnr Ihe lInbnllnded nrhils nI'
Ihe Cnulnmh prnhlem

(a)

•

The c1assical Coulomh prohlem-\vhich is jusI <lnolher llame
for Ihe Kepler pmhlem whcn Ihe interaction is regankd as
elcclroslalil' instcad of gravitational-is a very inlercsling
prohlclll Ihal can he scell fmm many angles. For example, il is
KnOwI110 11l'(lne of lhe ralher limiletl class 01"superinlegrahle
prohlellls. This mcans Ihat Ihere are more 1han the standard
conserved quanlilics in it; in addilion lo Ihe energy and the
angular lIHHlll'nlulll. tl]L' Harnilton veclor can he found as a
funhn con ....lanl of lllotion as il is shown in what follo\Vs. The
nl11stall('Y uf la is I\no\\'11 to he closely rclated with lhe exis-
tellcc uf hiddcn syrnllletries in lhe Coulomh prohlclll [ 11-1,1 J.

The l'qualion 01"Illolion 01' t\\'o particles with masses /1/1

alHllII",! inlL'racling Ihrough an im.ersc squared inleraction ('al1
he. atlcr scparating the Cl'nlcr nf mass Illotion and introduc-
ing the reblin.' coordinatc l' = 1'1 - 1'2, cast in the fmm nf
lhe cqu<llioll of Illolion ror a single parlicle inlcracting with a
cenlrc of forcc localed al lhe ccntre oí" mass 01"lhe two origi-
nal partides whcrc we also aSSUIllC is locateJ Ihe origino Tlle
mass in this equivalcnt prohlcIll equals the reduced mass nf
lhc ori~ill;¡1 pan ich..'s 111=/1/1/1/"], / (m 1+ In"],):

(h)

F[(jlJRE l. The coordina.te systcllls llsed in Ihe artick, cartcsian
amI polar amI lhdr corrcspolloing unil veclors. are shoWII in 110lh
lhe conliguratiol1 (a) amI lile vclocily (h) spaces: lhe wallcring or-
hilS are also shown as (onlinllOtlS light curves. Tlle centrc 01' force
is located at the origin O in contlgllralioll space amI coincides with
Ihe external foclls of Ihe hypcrholiL' patli. Tlle incolllíng and OlltgO-
ing :lngks ;ll"t.'.respectivel)' ..•..~= ;1l"I"(,o~(I I() and -;. see ELls (9)
amI llO) in lhe lex( ror lhe ddinilioll 01 f. The origin in \'c1ocity
spal'l: i....bhckd (l.

tlll' inleraction which prC\.enlS il I"rom c\erling lorques upon
lhe :-.cauered particlc. !l lS thcrefore very ea"y 10 see Ihal the
molioll is conlined lo lile planc onhogonal lo L: in this or-
bital plane we may choosc a polar coonlinale sy:-.telll \\/ilh
unit vcctors ¡'t' amI efl as illuslraled in Fig. l. \l,'here we show
a scatlering lrajectory in oOlh lhe vclocity ami the ronfigu-
ralion sp:lce. \Ve can wrilc lhe pnsilinn vector as l' = re/'.
hencL' (he vclocity v ami the accelel"alion él becollle. rcspec-
livdy.

whcrc (l. r and (',. are, respectively, a charactcrislic conslant
of lhc inlcra('tion, lhe POSilioll vector, and lhe unit veclor in
the radial direction. Thc constanl n can he positive. as in the
rcpulsi\'c L'!CL'lroslalic case. or ncgativc, as in Lhe atlracti\'e
cleclro .....lalir or in Ihe gravilaliona! cases. In this worl\, we arc
lIlainl]' inlerestcd in Ihe repulsive case which corresponds lo
(l > ()¡¡lid hCIll:e the Illotion can be dcscribcd as scattering.

Inlhc prohlclll descrihcd hy Eq. (I),lhe ellergy E amI the
angular 1ll0lllcntlllll L = 1111' X vare conscrvcd. Thc COllser-
val ion of L is a consequence 01"lhe cenlral nalurc uf

as 1"0110\\'fmlll lhe polar idcntilies '\ = ';¡~f1.anu ~o
-iJt~I-' The angular ITlOlTlentulll can also he wrilten as L
IIIr"'!iJ(~~ = l.i.~.These equalions alJow us lO wrile Ihe cqua-
lion nfmOlion (1) in the formlG. i. ¡;-¡]

dv '. ...
a = - = (i' - I'H')i". + (I'H + 2iH)i,". (2)

di

n ,
/lIV = ---:;C1.

1'-
(3)0111 A

----¡:f'/I.

".e, + rHú/I.v=
di
dI'

ami

( 1 )
(PI'

111-- =
df2

R('l'. Mi'.\'. Fú . ..w (3) ()I)I)X) JOJ-J II
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providing LISinmedialely with a further conservcd quanlily.
lhe Hamilton veclor

it should he clear thal A is parallel lo Ihe position vector al
pericenlre as a conscquence 01"11hcing parallel lo the velocily
,here [1~I.

"h == v + -(!(}.
L

The magnitudc 01' lhe lIamilton veClor, h. is easily seell
lo he related with lhe cncrgy E ami wilh the magnitude 01' lhe
angular momcnlum L or v.'ilh lhc asymptolic speed at infinit)'
1',,-, = )2E/11I and L

(11)l'
/'=

( (,(lSO -

whnc \vc inlrodlll'cd lhe delinilion/) == L"2/lIIo. This is Ihe
focal elJuation 01' a hypL'rhola in polar eoordinates. IJ is l!lcn
lhe scmilatus rCl'llIlll and , plays (he role oi" Ihe eccentrieity:
Ilence. Ihe mhil in c()nti~urali()n space is unhounded. Al'-
L'ording lo (11) lhe scallcring lrajcclory is Ihe hraneh 01' the
h)'pcrhola whose exlernal foclls coincides with the centre nf
force (Fig. la). Note also Iha! Ihe dcnolllinalOr in Eq. (11)
relllains posilive as long as () remains contlned \vithin lhe in.
tel"valmenlioned ¡¡hove; helH.:e. ils asymplOles make angles 'r'"'
(oLltgoing asymptole) ami -~ (incoming asymptote) wilh the
.r-axis. (See again Fig. 1).

As follows I"mm lhe shadowcd tr¡angle depictcd in Fig. 2
(see also Sect. J helow) and fmlll lhe detlnilion 01' lhe Cl:l'ell-
Iridt)'. Ihe ellcrgy can he rewrillcll in terms 01"f and " or of (
and l.. as

to El). (l)) H can onl)' takc vallles hctwccn -.p and ¡,p.",here
Ihe tingle..,: is dclincd through ('os y = l/f. Ihal is. H ITlUS!
he hOllnded hClwcen lhe poinls al which lhe angular vclocily
vanislll.'S: as it perlains lo a scaltering Ilodograph ami sincc il
is just lhe angle lhe outgoing \'clocily llli.lkcs wilh lhe .r-axis.
lhe <Ingle !.p is caJlcd lhe (lutgoing angle (see Fig. J). This
l'orrohoratcs ollr previous c1ailll thal Ihe hodograph is nol lhe
complele cirele hUI jusI an are. As we will exhihil nexl. this
can onl)' happell if the tr:üel'lory in contlguralion space is
unholJnded ami requires Iha! (- > l. The trajcc(ory in l'ol1lig:.
uratioll.',pace follows trivially from (9) and the expression for
1'(/ in Eq. (2).

(5 )

(6)

.,
., 0-
I'~ + ["2'

A=hxL=vxL+ne".

the laSI cxpression can be applied only lo the E > O case
sillce U(X) has to he real and shows that whcn Ihe orbits arc
unhoundcd (which is (he only possihility ir n is assumed pos-
itive) h is ahvays grcalcrll1anl1oo'

11 is also easy 10 see that h is parallel to Ihe velocity al
pcricenlre vI' [compare \vith Eq. (9) heIO\\'], lhcrcforc. it c<ln
he always writtcn as v p = (h - n/ L )(10 01'. in other words.
thal h points along the semi/lituo\" rcct/ll1l in lhe conliguratioll
space mhil r 151. Morco\'cr, as can he secn direclly in (-l). h is
relatcd \vith the hodograph 01"lhe prohlcm. i.í'" wilh ilS trajt:c-
IOry in velocily space. Besides. the constancy 01"lhe Laplace
veclor [l. 11. lG). also known as Ihe f{unge.Lenz vector. A.
lúllows as a simple consequence 01' (hal 01"h and 01' L

2.I. The sf..'attcringhod()~raph is a circular are

Equation (4) shows also Ihal, as the lIlotion proceeds.lhe \'c-
lodly lIloves according lo the l"ollowing cqualion:

",.(8) = l/sinO, (X)
alld

"0(8) = "h ("os H - -: (9)
L

lhe hodograph of lhe c1assical Coulomo problem is lilus a
circular arc of radius 0./ L \I,.'hose centre is al the tip of II. as
illustratcd in Fig. lb. To visuali/c \\:hy it caunol be Ihe COI11-
plch.' cirele (hink oí" lhe angular rauge allowcd in scattcring.

\Vilh lile hclp 01"Eq. (7) lhe polar componenls 01"Ihe ve.
!ocily are casily seen lo he

( 12)

.,
///0. ( "2 .

~F ' - 1).

",(, n')-¡,--
:2 L"2F-

Ihe condition ror unhollnded m'hits is thus explicilly seen lo
he E > ()ami f > 1.

The pre\'ious analysis does no! clllcompass every possihlc
scatlering motinn. thcre exist a limiting case rcquiring a sep-
arale analysis: a hcad-on collision \vilh lhe centre of force.
This is Ihe case 01' degeneralc Irajeclories with L = O where.
as follows fmm (9). lhe only angle permilled in such a case is
H = O; thercfore, l!le hypcrholic Irajcclories degenerale inlo
slraight lines. The hodograph :lIso hecomcs a straighl 1ine in
this case [5. G]. As il llIust he ohviollS, lhe constant f can no
longer he inlerpreted as lhe eccclltricity of a conic in the limit
01' vanishing angular 1ll01llL'nlulIl.

(7)"v = lt - - (!{/.
L

\Ve call also \!"'file down Ihe speed as a funclion 01' B rol' lhe
'\cattering oroits

( 10)

whcre \Ve defillcd f == hL/O'. Expressiolls (8) ano (9) are
the paral11ctric cqualions 01' a cirele, hut nolicc Ihat according

2.2. J)rawin~ lhe hoclngraph

To draw Ihe hodograph if ¡:; and L are known.lcl LISconsider
a circle with radius 1'"" centen:d al the origin ami lel llS call
i¡ lhe rcference cirele [llll. Ir the inleraclion is replllsive. ror
a givell E, and as ¡, is always greatcr Ihan voo• every poinl
(lutsilie lhe reference eirclc determines a possible Hamiltoll

Rev. Mex. Fú -l4 (3) (1 99X) 3113-311
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compare Ihis result \vith El). (23) below. It 15 lmportant lo
pinpoinl lhal ir \Ve were dealing wilh an attractivc intcrae-
lion, lhe spccd al perieelltre woulLl have had lo be given by
1'" = h + It / L ¡¡mi nol by Eq. (1.1).

tice that. in 111(:case of an attractive inleraetion. with o < 0,
it is the otiler way mundo the periccnlre is the poinl on the
hodograph l'arther from lhe origin). On lhe other hand. lhe
complementary are, oUlside lhe referenee circle, corresponlls
lo lhe hodograph I"orseallering in an allracti\"e potential with
Ihe samc vallles nI' lhe cnergy and the angular momcnlum as
in Ihe previolls case. This is illustraled in Fig. 2. were \ve
have malle h poi ni along lhe y-axis. You may also easily see
in Ihe figure. or frolll Eq. (8). that lhe speed al pcricentre is
always given hy

/

(

\

\

\

/

/ ,
\

\
\

I

I
I

I
/

/

PI' = 11 - n/L, ( 13)

3.1. Tite fundamental triangle in \"elocit.y space

3. The Rulherford scattering formula

( 16)

(15 )

(I~)and

(//" = - t.an tp,
"=

('>bE)<.p = arrtan =;-- .

Ihis is the well-known RUlherford relalion [IJ. On Ihe other
hand, llolicc that sueh Ir¡angle also implies that tp can be al.
lcrnatively calculalcd as

Furthermore. using again Hg. 2. \Vecan see lhat ~/2 is com-
plcmcntary lo 'P. Ihus we get f.. the detleclion angIe. as

.1b"2E"2
,= 1 + --,-: (IX)

n

Ihis expressioll shows Ihat a head-on collision (¡.e., a collision
with 1) = O) corrcsponds lo ( = l.

where b is Ihe imp¡¡el parmJlClcr (sec Fig. la for an illuslra-
tion). eonlains all the informalÍon nccdcd to calculatc the
propertics 01' a seatlering orhit. For cxample, the energy
El). (12) simply I"ollows fmm Pythagoras theorem applied to
the shadowed triangle, and the outgoing angle, <p, can bc rc-
laled to L and P('X) lIsing simple trigonometry:

this is lhe classieal dellcclion function for the Coulomh proh-
km. Fcom the cncrgy El]. (12) and the rclation h = tu/L.
Ihe eccelllrieily can he r.:wrilten in lhe form

(
2/JE) ( 2LE )f. = ir - :! aret a1l -- = ir - 2 arctan --- :

el lHVooO

( 17)

In Fig. 2. note any one of lhe righl triangles formed by v +00'

h alllllhe veclor markcd -oc..;/ L (e..; is just Co hut eval-
uateLl at e = <;). oro by v_oc., h and lhe veclor marked
-OiL...,/ L: in the figure, the first IriangIe is shadowed. Any
one of Ihese triangles IOgethcr with the relalÍons

veclor whieh eould then he used as lhe centre oí"a particu-
lar hodograph. Let us seleet one of lhese points, ¡.e.. selecl
a valUt: ror h. sinee Ihis is equivalent to choosing the direc-
tion anLlrnagnilude of the vcloeily at pcriccntrc, we are also
ehoosing the orientation of the orhil. From lhe chosen point
draw langcnls lo the reference drcle, the lenght of any of
these tangent lines is lhe radius of the hodograph, ¡.e .. has the
value n/ L. The lenghl 01' Ihe tangents together with lheir Ji-
rcclions givc Ihe Iirniling values ol' lhe velocity at t = :!::oo,
(hat is. Ihey give v::!:00 , Ihcrcfore lhe vector con/ Lis orthog-
onallO V:t:<Xl and the Harnihon veclor always bisects the angle
helween the asyrnptolic velocilies. (Sec Fig. 2).

Sinee the referenee eirele. intcrsects lhe hodograph. it nat-
urally gels divided illlo (W(l complementary ares. Thc are in-
side Ihe referenec circlc is Ihe hoLlograph for scattering in a
repulsive potcntial al a ccrtain E and L. this is so since lhe
lenghl of cvery possihle spccd in lhe problcm must be Icss
Ihan thal 01" IJ(X). This also makes clear that lhe point on lhe
hodograph closcr lo the origin in velocily space corresponds
to lhe pericentre 01" lhe orhit in eonflguration space (hut no-

FIGURE 2. The complete hoJograph for a scanering orbit in a re-
pulsivc Coulomb problcm is the dark circular are shown. the dashed
lighlhcr are is the scaucring hodograph with (he same values fOf (he
energy and Ihe <lngular momcntum bUl in an attractive field. Thc
centre of (he hodograph is al the tip DI'the Hamillan vector h. hcre
assumed as in Fig. 1. 10 point in (he positive y-direclion. The rcf-
erenec c¡rele nI' radius l.'oc: = J2E/m is shown as a dashed dark
are: (he centre nf any scattcring hodograph should !ie outside Ihis
rcrerener ('¡rcJe. The VC(tors V:too are tangent [O the hodograph.
orthogonal 10 the referenec c¡rele and rcprcsent the asymplolic \'31-
ues ofthe vclority at t = :f:oo. hcsidcs h bisects the angle betwccn
them. The vector vp stands for the velocily al pericentre. ~ is the
deflection angle. notice Ihe relationship (/2 + r.p = 7r /2. The kcy
fOI" many cakulations in the lexl is cither one of the similar right
triangles formed hy Ihe Ihrec vcClorsh. V+o::> and -ne<p/ L. or by
h. v -c"Xl ami -oe_<p/ L: c<pand e_op being just el! but evaluated
at H = ;,pamI H = -r.p. rcspcclivcly. Dne nI' these fundarncntnl
triall!..desis shadowcd ror a hcllcr idenlificalion.

Rev. Mex. n,. 44 (3) (l99H) 303-311
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.1.2. Thc diffcrcntial cross section in H.'lnrity sp:u.'c
B

A

FIGURE 3. Two 01"Ihe (circular) hodogmphs in the incident hcam
nI' pnrticles are showll logclher \-....¡Ih Iheir common asymptolic in-
comíng vel()Cíly V_c.:,. [K'reassumed lo poifll in the +.r direclion-
<lnd 1101 ín lhe dircclion shown in Fig. 1. \Ve show IWDdiffercnl
I-Iamilton veclors h ami oUlgoing velocities v +00 nssocialcd wi(h
lwo 01' lhe incoming partic[es in (he hram. 01" lhe whole circ[cs
shown, lhe parliclcs i\clllally Iravcrse jusI Ihe darkcned seclions
which are inside (he refcrcncc circlc. here shown as a lighl con-
tinuous cirele ccnlcrcd al O. Tlle lIamilton planc is shown. jusI
in a scclion. as Ihe conlilltlOllS slrnight line A-B. Given Ihe as-
sUllled axial symmelry. on lurning (his Jrav.'ing: arolld lhe J'-axis.
Ihe hodographs spall a Ilcstcd set of lori (all having: v -00 as a ('(}1Jl-
IJlOllpoint). whcreas Ihe Ilamilton vcClors span a righl circular nlllC

whose hase lays (In (he l!ami1ton planc. Sec Fig . .t for n schemati("
3D vir\\."01'Ihis ....ilualíoll.

( 19)

•

.,,.-
=:!;¡ ---:-,dL

/.

cross seclion da bUl Ihe \'c/ocily space cross scelion d~ and
lhen use Ihe Iatler lo gel (he forme!".

KeeJ1ing in mind lhe fundamenlal triangle rcfcrrcd lo in
f'ig. 3, \vhich on laking inlo t1(count lhe axial sYllllllelry
hecotllcs lhe righl circular eone, making an angle ~/'2 he-
l\veen ils generalrix (dcfillCd by la) ami its axis (delinco by
v -xJ. l!lis is shmvll in Fig. 4. No(e lhal every incoming
hodograph (e;¡ch havin~ lhe same incollling velncity "C<J and
hence Ihe same ener!:!). J 1" characlerilCJ hy a Hamilton vec-
tor h = V-x + ¡'_.-"IL ¡\Vhere e_y = e.(-oo)l. Next,
lel us say 1l1al lhe panicles \Vhich se alter through angles he-
t\\ieCIl ~ and r. + IJ.~, have lIamilton \'ectors het\\'cen h and
h + rlh: all uf IhcsL' h's have lheir lips laying 011 the Hamil-
ton planc. hUI, as Ihe process is axially symmelric around lhe
ineoming ,"elncily. lllc lips 01' sllch Hamilton veclors lrace Oll
lhe Halllillon planc <.In annulus houndcJ hy cireles wilh moii
"1L ;¡ntl ,,1L +"(" I /,)-scc E'I. (X) "ntl rig. 4. Thence, the
normalizcd Ilux (JI' incollling particlcs oro as \Ve are calling il
here, lhe vcloL"ily spacL' LTllSS seclioll d~. is just lhe area (Jf

l!lis :l1lllulus:

Now. if \vc arc sludying seattering in a realistie seuing. \ve
have lo dcal nol with a single parlicle Illoving in a scatter-
ing lrajcC(ory hut \vith a whole heam 01' idcnlical particlcs
fnllO\ving slightly ditTerent lrajeclories. Thc only asslllllplioll
lIsllally made in this ease is lhal all lhe particles in lhe heam
have (he same energy and that they come fmm "inlinily" (in
practical lcnns, lhey come from far away lhe seaucring cen-
Ire). Tllat is. we have 10 consider thal allthe parlicles have a
COI1JIJIOII incoming velocily v _('>:J' The particles dilTer hy the
\'<llucs nI' h and 01' L, tracc differenl hodographs and lhere-
fore are scallcrcd lhrough different angles. NOlice that all lhe
hndographs lraced lInder lhese assumplions should he lan-
gen! to v -XJ amllhcreforc lhal. as \••'c pninted ou( hcfore. lhe
(!//lt / L \'cctors associaled wilh them are always orthogonallo
lhe asymplotic \'elncily. This implics that Ihe Hamiltoll vee-
lors nf every scattering Irajcclory in lhe heam have lheir tips
on a ¡¡ne orlhogonal -01' on aplane, Iikewise orlhognnal,
ir we lake into aecounl lhe axial symmelry nI" the scatlering
prohlcm-lo V_C<J' This line (nr plJne) can he considered
also orlhogonal lo v +00- as can he secn in lhe fundamen-
lal lriangles shown in Fig. 2 and in Fig. 3. Bul he aware lhat
in l!lis last figure. lhe asymplotic velodty al v -00 is no! nri-
enled in Ihe same direelion as the one displayed in Fig. 2 alld,
lhuugh there is no asymplotic ve¡ocity explicilly displayed in
Fig. l. il lleilher corresponJs to Ihe case illuslralcd here.

As Ihe whole scaltering proeess can he assllmed to have
axial sYlllmelry arollnJ v _('>:J' it is ralhercasy lo see Ih:lI cvery
11associaled with a particle in lhe heam. musl lay on aplane
or(hogonal to lhe asymplotie incoming velocily; \Ve shall caH
t!lis plane lhe Hamilton planc. The axial symlllelry :lIso im-
plies thal lhe reference circle wilh radius Voo has lo he con-
sidered. in lhe scaltcring prohlem under analysis. as ti 8phcrc
wilh lhal S:Ulle raJius and cenlered al lhe origin in velocily
space. Such sphere can he thoughl 01' as lhe loclls 01' every
possihJe oulgoing velocity; t!len. it is imporlanl ror lhe cal-
clllalion we are lrying lo perform. alle has 10 realile lhal lile
H:ul1iltoll planc is Ileccssarily langcnt lo lhe rcfercnce srherc
precisel)' al the tip of v -C<J' as is illustraled in Fig. 4 and,
also. al!hough jusi in a cross scction. in f'ig . .1.

Nole lhal lhe whole huneh of seatlering hodographs with
l. nxel! form. on turning lhe syslcm around v -(X" a IOm.'O:
11ll'only seclion nI" whieh actually Iraversed hy lhe particles
is in.'ii(/c Ihe refercncc sphcre. Ir \Ve lake inlO ilccnunl all po.'O-
sihlc values or L at fixcd E, lhese Inri can be seen lo piJe up
inside onc anolher having always as a comlllon poinl lhe lip
nf v _rQ' See Figs. 3 and 4 for schemalic illuslraliolls.

T{)prtlperly descrihe a scattering process \Vith experimen-
lal silualions in mind. olle needs lo evaluale Ihe su.c:llled cf-
fccli\'c cross seclion: lel us remind lhe rcader thal lhe elTec-
live cross scclion is basically Ihe Ilormalil.el! partiL"lc 1l11111hcr
Jlux in Ihe heam 111. \Ve calculate this in lhe following bul. al
differcncc wilh other Ireatments ami in accorJancc ",ilh lhc
spiril 01"Ihe anicle. we evaluale not Ihe configuralioll space
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FIGURE 5. The scattering situation from cont1gumtion space. Wc
can reprcsent Ihe incollling hC<lmnf particles in configuration spacc
as a solid cylindcr whose widlh corresponds lo Ihe impact parnmc-
ter '1(which must he regardcd in the limit /) --7 (0). Parlicles incorn-
ing wilh slightly dil"l'erenl impart paramelcrs are represented by the
annulus with raJius /1 and width dh. A sphcre 01' radius r is also
shown. This standard figure isjllst shown here forcomparison with
Fig. 4. We also sito\\' (WO 01' th e scallcring trajeclories. A derivarioll
01" RUlherford cross rcquircs simply raking the ralio 01' the arca of
Ihc <l1H1ulusshown da = 2Tr1Jd!J to the arca 01' (he section on Ihe
rcfercllcc sphcrc dn = 2rr sin ~d~ to gCllhe standard formula (1]
for the dilTcrential scattcring: cross scclion in configuration spacc
dalfin = (!JI sin O Id1J/d~l.

lhe main dil"rerence hcing the l~lctor

(22)(L/¡¡¡t'=f
(a/L)2

/
.,,-

I
• I

I

I
I

(n / loJ'

I
clcp21tbdb

PIGURE 4. Thc sL'attcring prohlcm secn in a 3D vicw from vc-
locily spacc. 01" lhe fcaturcs Illcluioncd in Fig. 3 and fUf lhe sakc
01"cbrill', \Ve lk~(idcd lIol lo show lhe ncslcd torio The reference
sphcrc, ¡.l'" lbe Im:us 01'lhe tips 01'any possihle outgoing velocity
for lhe incoming particlcs whosc lIamilton vcc(ors aH lay on lhe
Hamihon planc. This planc jusI touches U.e., is tangent to) lhe ref.
erenee sphcrc al (he (ir of v -00- Particlcs incoming \Virh slightly
diffcrent Hamilton \'cctors are rcprcscntcd in vclodty space by (he
gray annulus with radius o/ L (i.e .. Ihe radius 01' lhe hodograph)
and width d(nl L) on lhe lIamilton planc. In configuration spacc
Ihis corresponds to the dark annulus with radius b (b is Ihe impacl
paramctcrl and width dfJ shown in Fig. 5. The oUlgoing partidcs
associated wilh this seclion of Ihe incoming reamo corresponds to
the annulus with radius t'= sin ( and widlh t'=d( which lays on
the spherc.

(he absolule value is necessary since Ihe flux must bc posilivc
and Ihus \\'e need lo avoid Ihe minus sign coming from Ihe
differenlial. For comparison with the slandard configuralion
space descriplion lake a look al Fig. 5.

As il was lo he expeclcd from lhe starl, dE has lhe dimcl1-
sions nI' an arca in velocily space, ¡.c., il has dimensions nI'
112. 11'we further considcr lhal aH lhe particles coming in lhe
hcam ano l1aving Hamilton veclors hctwcen h and lt + dh
(thal is, particlcs in Ihe ahoye Illcnlioncd annulus) arc scal-
lercd lhrough lhe so lid angle dn = 2rr sin é,dé, in vclocity
space (which corrcsponds lo Ihe shaded seclor on the refcr-
cnce sphcre shown in Fig. 4). Thus, Ihe diffcrcntial scattering
cross seclion in vcloci(y -"pace can he evaluated as jusI the
ratio 01' d'r. lo d!2 11J. In this way we gel

(20)

(here cxpresset.l inlwo alternalivc forms) which tranforms Ihe
velocily space lo Ihe connguralion spacc expression by sim-
ply dividing Ihc velocily space cross seclion by lhe squarc
01' a lypical velocily: the radills 01" Ihe hodograph (conslant
rOl"e¡¡ch scaltcring Irajectory or hodograph anJ used in lhe
ahove derivalioll 01' Ihe velocilY space cross seclion) ami mul-
liplying il limes 1111.":square or a typical distance: the impacl
paralllcter (also <.:onslallt rOl" ea<.:h trajeclory or hodograph
and uscd in the cOlTesponding derivation ol' Ihe configura-
tion space <.:ross seclion, st:c, ror cxample Landau and Lif-
shitl [11 or the eaption 01' Fig. 5). The drawbaeks 01' (20)
are the explicil appearancc 01" o and the (related) relation-
ship 01' its derivation lo h: formula (20) thus appears 10 be
valid rOl"Coulomh inleraclion only; though, using the pertur-
halive schcll1c dcscrihed in SCCl. 4, its rangc 01' validity can
he eXlended lo celllrally pcnurhed Coulomb interactions.

Using (15) and (17), (20) can be evaluated as

the ahsolulC valuc is again nccessary for assuring lhe posith'.
ily 01' Ihe Jiffercnlial cross scclion. This is the explicit 1'01'-

Illula rOl' cvaluating lhe ditTcrential scatlering cross seclion
in velocily spacc. Nolice lhe similarity of (20) wilh Ihe stan-
dard cxpression rnr Ihe ditlercnlial scattering cross section in
configuration space

i\llhough correcl Ihis exprcssion is not YCI IOtally cvalUaled
hecause pan 01" the angular depcndencc is slill 'hiddcn' in-
side nf L, it is llevcnhclcss inlcrcsting because it cxpresses
Ihe vclo<.:ity space cross sectioll as a factor which is basically
Ihe ratio of two velocily spacc quanlities and hecause it ex-
hihils Ihc angular dependence or Ihe well-known Rutherford

da
díl

1 I lo dLI
1112V~ sill é, dé, ,

(21 )

1\',~
.111

~_(n_I_L_)I _
1 P&:. ~ill-l £./2

(2.1 )
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(24)

from hcrc. lhe hodograph's radius 01' curvaturc fol!ows illl-
IIlcdialelyas

lhe unly disadvantagc 01' this equalion is Ihal lhe inlegration
IllUSt incorporate lhe solutioll lo Eq. (26). Il is usually lllore
lIseful to express the integralion in (31) in terrns 01' () using
angular 1ll0lllcntulll conservalion, so

This is as t:11" as \Ve want to gel without an cxplicil cxpressioll
rOl"f(I'). Rut, i( is easy to obtain fllrlher infoflnation if we
allmv for approximations, as we show nexl.

Let LISnote thal Eq. (27) can he at leasl formal1y solvcd
lo ohlain the change in h dlle lo the perturhalion

(30)

(31 )

(32)

" ( .»R" = L 1 + j (1')1'- /n .

I ;+=i;h = - f(r(I))", di,
/1/ . _(Xl

1!~oi;h = - r(H)' f(r(H))", d8,
L. <Pi

d". (E) 1
dn = 2m cos4 U2;

(l1is is RllthcrJ(mJ cJiJTcrel1tiaJ sCilltcring eross scction in ~'c-
locily SJ1ilCC.

.1.3. Diffcrential cross scction in configuratioJl spacc

It is not simple lo pUl lhe complete formula (24) to a direct
cxpcrimcntallest hecallsc scattering expcrimenls are dOlle in
configuration space-we just happen to inhahit lhis ami not
velocity spacc amI rurlhennore we are not used lo lhink in
tenns 01' il. Multiplying (23) times the dimensional factor
(22), \Ve easily gel the usual Rutherford expression ror the
dirferenlial scatlering cross section in a Coulomb field [1,2]

da (Ljml'=)' (d".) (n)' 1
dn = (n/L)' dn = 4£ Si1l4~/2. (25)

In the Rutherford scatlcring formula (25), or in (24), il does
nol Illattcr whether the interaction is repulsive «(t > O). as we
have heen assuming, or atlractive (o' < O).

scatlering formula [1, 2J. On using again (17), we finally get

4. Scattcring in a pcrturhed Coulomh ficld

(33)

(34 )

- ;. e,
<lh = e,. r,.(H)' f(r,.(8)) cosBdH.

L . _y,

. <1/, 1;. ~,
,Icp = h = -I,-L. _Y. r,.(H)' f(r,(H))cosHdH,

where !.po ami <Pi are, respectively, thc incollling and the
ougoing angles in the perlurhed prohlelll. ff \Ve further as.
sUllle thal Ihe perturhalion is smal!, il hecomes valid to ap-
proximate (32) hy evalualing it along lhe rmpcrturbcdtrajec-
lory; then, noting the inlegrand's parity. coming in parl from
e,. = e.e ('os H + ey sin O, we get

where <Pr' slands ror the asymplOtic angle in the unperturbed
Coulomb problcrn givcn in (16). In facl, \Ve are lIsing a suh-
script (' in every qllalltity evalualed on lhe unperturhed trajec-
tmy and \Ve use (5, instead (Jf.:1. lO indicate the approximation
made 0.('., the use 01"á means, for exatllple, 6h ::: ~h). Note
tha! Eq. (33) ,ay s that, if the perturhation is smal!. lhe net
changc in 11occurs in the ;t-dircction. f.C., il is orthogonalto
h and has very littlc clfcCl on ils magnilude. Hence, we can
visualize Ihe clTecl of the pCrlurbation (..~a c10ckwise rotatiol1
in lhe orhital planc (in the case 01' an allractive interaction the
rotation is counterclockwise) 01' Ihe unpcrturhed hodograph
hy the angle

where \Ve have malle lhe approximation tall (5¡,p ::: (59 (val id
sincc wc are asslllJling áY' « 1) ami whcrc l'e(8) mllst he
taken fmm Eq. (11). Thus lhc hodograph in the pertuhed
Coulomb problelll can be illlagineLl as an interpolating curve
betweell lhe circular ares of two Coulomh-likc hodographs
wiJose cenlers are displaced (jh as is iIIustraled schcmatically
in Pig. 6.

(26)

(28)

(29)

(27)

L/u _
1 .'j.()/ Cu;+ r- r o'

u
v(t.) = h(t.) - L eu,

dv ] dv
J(}¡ = - = -- =

dl' a df

fvlany scattering processes cannot be approximated as result-
ing fmm interactions with Coulomb-like forces even \vhcn
Ihe (orces are central; Lhen it is 01"importance to he capable of
studying scatlering in perturhed Coulomb fields. In lhis sec-
tion we exhibit that, even in such a case, the Hamilton vector
call still be useful 1'01'getting information onlhe process.

L.,et us consider then a Coulomb field perturhed by a ra.
dial tcrm f(r) = f(r)",. Wilh a cenlral pcrturhation 01 Ihis
SOfl the equation 01' motion for lhe prohlem reads

d'2r o
rn~.) = -, cr + f(,.),
dl- l'

which illustrates that h is no longer conserved, its equalion
nf motion hecomes [6) 171

dh f(r) _
di = --;;;-el"'

The velocity, however, can still he exprcssed in lhe fonn

in (28), as in (7), thc cocfficicnt 01' eo is a eonstant whel'eas
the Hamilton veclor is no\\' a quantity whose lime evolutioll
is detel'mined by (27) and (26). Although we cannot give ex-
plicitly the shapc 01' the hodograph for lhe general case unless
\ve f1rst give f(,.) and thcn solve Eq. (27), \Ve can, at lcast,
evaluate SOIlle of its geomclrical propcrties. For example. lel
llS compute lhe hodograph's curvature in velocily spacc [181.
lIsing the uenllilion ofcurvature ami keeping in mine! that lhe
hodograph's are-Icngth is just lhe speed t', \Ve easily get
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(39)

(3R)

",.."••

(TI - ( - )-oiill t.)
COI"2t./'2

11
á~= E"n-

0,0

(da) (" ) (da)á - = -.tr5~ ese- ~/2 + eott,/'2 -,-dn , !1 "

o .•

o.•

••

\Ve can. lIsing Eq. (17). express lhe change in lhe differen.
tial cross section in tenns 01'e in this fmm we linally gel the
ralher general expression

FIGURE 7. Plots of the differentiaJ scaltering cross seclions of (he
unperturbcd Coulomh (slllid line) logelhcr wilh Ihe Coulomb pcr-
lurbed by n #/,.3 (erm wilh ti> ()(dasheu líne.labclcd perlurbcd+)
and (3 < O (finely dnshcd line. laheleo pcrlurhcd-) against (he de-
llcction angle hetwecll O ami n. As you cal! see. under a smal! re-
pu[sive pcrturhalioll Ihe crllSS section diminishcs respcct Ihe pure
Coulomh case and increases ir Ihe pcrtllrhation is allractive. In Ihe
ploHing. Ihe vallles (l = l. ¡-J = :l:0.02[), /11 = 1 and E = 2. in

arhitrary units. \Vere uscd.

for lhe differcnlial scallering cmss scclion. Thus. wc only
nccd to evalualc (.34) wilh Ihe chosen perlurhation 10 he able
10 get Ihe perturhed dilTcrential seallcring cross seclion in this
approximation. Lel liS pinpoinl Ihal, starting from (20) or
from (24).:ln exprcssion analogous lo (3K) for lhe differcn-
ti al scatlering cross seclion in \'elocil)' spacc can be ohtaincl!;
although perhaps the casicsl wal' 10 do Ihis is simply 10 mul-
t¡ply (38) times lhe dimensional factor (22).

for pcrturbi ng tcrms 01"lhe form f (,.)= ;-J / ,.,~, ,,,,'here 13
anl! s are constants. a general expression for r5~ is ralher easy
lo obtain: however, suc!"'. exprcssioll is cumhersome ami of-
fers Jiulc insight. Thus \Ve havc decidcd Ihat. as an examplc,
it is I1lUch hetler ro write JOWIl cxplidtly ;;~ for lhe speeilic
perturbing lield: Ij/r:~. \Vilh the perlurbationjust Illenlioneo
Ihe integral (34) is elelllentary and il is r¡¡lher easy to get

Vy

;-

/'

"-/ "-
I \

I oh \
I s s' I
\ h I

" J
\ I

/
',/,

V_

O
Vx

1 /' ~<+ - ¡',.(H)'J(r,(B))co,HdB, (35)
hL , -o.;:c

\Vilh Ihis result il is possihle lo correct the RutherforJ
scattering cruss seclion rol' the cffecl or Ihe pcrturbing lcrm;
lo tltis CIHJ we can use as starting poinls any une of Ihe expres-
sions (20). (21). or even the more explicit RUlherford formu-
las (24) or (25), But. given Ihe standard use 01' RUlherford
cxpression in conflguration space. 'I,.'e llave dedded lo derive
lile correctioll starling fmm (25). So. using (/2 + fJé./2 in-
stead 01' t./'2 as argumcnl 01' lhe sine in (25). expanding the
rcsulting cxprcssion in powers 01' fJt" ami arter a slraightfor-
wanl if a hit horing <:a!clll:llion, \Ve oblain the approximate
scatlering cross sectioll (to first ordcr in ¡jO in Ihe perrurhcd
probklll as

\Vilh thcsc rcsulls. il hccorncs casy lo ohtain thc dcllcc-
lion fUllction for the pcrturbeJ Coulomb prohlcm. As we can
sec in Hg. 6, the Jellection angle ehanges by 6( = ¡j~(al
least ir \Ve assull1c that L ami E do not change respcct the un-
pcrturhcd case) and lhus Ihe dcl1ection angle in Ihe pcrlurheJ
prohlem. f.. can he ""Tillen as

_ (20£)E. = t,r + r)f. = r. - :2 aret aH -,-,-

FIGURE 6. Schcm<1lic rcprcscntation uf lhe hodograph of a scat-
(cring mhil in Ihe pcrturhcd Coulomh prohlcl11. To oraw lhe hodo-
graph il is assurneJ thal lhe penurhalion is smalL so lhe !lel cffccl is
similar \(1 a small shifl of Ihe unperlllrhcd hodograph centre hy Jh:
Ihe original alHllhc displaced hodographs are ShOWll as (hin das bcd
lines. The pCrlurhcd hodograph is a sor! nf inlcrpolating curve hc-
{weell thrlll. Tlle dark ('urvc frolll U lo B' rcprCscllts schcl11Jtically
lhe trajcclOry nf h uuring Ihe molioll. Thc magniluuc 01' Ihe changc
in the outgoing tingle is ()<.p.

(;;~) = Ic;~),+ J (;;~) 1, (36)

which is lhe RlItherfnrd cross seclion (da /(Hl)r, given In
Eq. (25). plus lhe correclion ter m

,(da) Jh ( (l () )') (da)" - - -.1- 1 - + - -<ill - 1, + 2/,£ 20£ dll" .
(37)

An analysis of Eqs. (3X) and (31)) exhibit thal the scal-
tering cross scclion decreascs ir the perlurhalion is rcplIlsivc
(íJ > O) and increases iflhe perlurhatioll is atlraClivc UJ < O)
as Fig, 7 illuslrales. Eqllation UH) shows how the Hamilton
veclor ami Ihe hodograph are llscflll even in Ihis approximale
aprroach. sincc the change inlhc se:lttering cross seetioll c:ln
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he wrillcn in IcrlllS lhc rclative change in h. The results oh-
laincd in this section. can he showll to he rather succesful
olll'omparing with several kllown results. sOllle delails 01' the
disl'ussioll can he found in Gonl.álcl.-Villanucva el l/l .. rGI
amI in Aglliar and Barroso lEn

Keep in lIlilld though Ihal the ahove results are jusI an ap-
proxilllalioll to lhe process valid ir lhe perturhalion J(r) is
reasonahly slllall and if it makes scnse describing lhe oulgo-
ing lIlo1ion as rollmving asymplotes. Under such condilions.
and if lhe pCrlurbation is repulsivc. ¡.e .. if f(r) > O. it is easy
lo \el' lhal Ihe deflection angle 01' the scattered particle dc-
creases: namely. lhe outgoing asymptolc rolales by lhe angle
-S~; ir. on lhe other hand, the perturbalion is altraclivc. lhe
dcl1eclion angle illcrcases by r5~.

5. Conc!lIding rcmarks

\Ve ha ve showll how lhe scatlcring orhits in the Coulomh
problclIl can he understood using the Hamillon vector h. This
¡;onslanl nI"1Il01inn is rathcr impOrlanl sillee. besides being re.
lated wilh the hidden syrnrnelries ami superinlegrability prop-
erties 01' lhe prohlem (11. 12, 141, allows a very simple solu-
lion lo il. 011 the other hand. we have exhibited thal h nol only
determines Ihe spatial orientation hut can casily convcy olhcr
gcollletric features ol' Lhe orhit. The hodograph 01' the proh-
Icm is closely rclated with h ando as we have exhibiLed in lhis
anicle. they hOlh sufficc lo sol ve lhe prohlem and to gel the
angular th:pendence of lhe differential scatlering cross seclion
in a COlllomh field. \Ve have shown also how Lhe scauering
prohkm can he discussed fmm (he poi nI 01' vie\v 01' veloc-
ily space and have obraincd an expression for the differential
:-,catlering cross section in lhat space.

t. 011 s;lhhatical leave from Departamcnto tic Física. UAtvl-lzta-
paJapa.

t. 011 sahhatical leave from Lnhoralorio tle Sistemas Din;ímicos.
Departamento de Ciencias Básicas. UAJ\1-Azcapotzalco.

1. L. Landau and E.J\1. Lifshitz. MecJum;cs. (Pergamon. Oxfonl.
1'176). Chapo IV.

2. L. Landau and E.M. Lifshitz, QU(IIIlUm Mi'dumics. (Pergarnoll.
Oxford. 1977).9135.

:1. W.R.llamilton. Proc. Ro)'. lri.~J¡Acad .• ' (IR46) 344.

,1 J.c. Maxwcll. M(lul'r(llld motiOlI. (Dovrr. New York. 1(52). p.
107. Originally printcd in 1H77.

5. A. González.Villanueva. JI.N. Núñez-Yépez. and A.L. Salas-
Brito. Ew: 1. Phys. 17 (1996) 168.

b. A. Gonzálcz-Villanucva. H.N. Núñcz-Yépcz. and A.L. Salas-
Brito. Rel'. Mi'X. FiJ. -l4 (1997).

,. \Y. Tbomson and P.G. Tait. Trmt;se Orl Natural Philo.\'Of'hy.
(1962 rcprint) (Dover, New York. 19(2).337-338. Originally
prínled in 1879.

S. U. FallO ano L. Fano, l/a.\'Íc I'h.v.úcs (~f AtO/1/S (ll/(I Mo/e("li/es.
(\Viley. Nc\',' York. 1958). Aprenoix 111.

FlIrlhcrrnore. \ve have showll Ihat, taking advantage of
the propertics of h. \\'e can nntain somc basic geornelric in-
formation al1oll1 lhe hodograph 01"even a perturbed Coulomh
pmhlem. \Ve have <lIso disclIssed 11m\' the Hamilton vector
lila)' olTer a general framework for studying classical scalter-
ing in slIch pcrturhed case in <In approxim<lle fashion. The
cOlllplete analysis 01' specilic examples is bcyond the scope
of this paper, bUI YOll call consulto for example, (G1 wherc Lhe
del1ccrion angle for lhe cx¡¡clly solvable perturbation ¡ji,.:1 is
calculalcd and comparcd with (he result obtained using Ihe
approximate schcme dcscribed here. A relalcd approach to
scauering in a perturhed Coulomh field \\'ilh examplcs can
be round in the artic1e of Aguiar and Barroso [19]. Bu( (he)'
use Lhe Laplace vector insLcad 01' H<lmillon's in the discussioll
and do 110t touch on Ihe use 01"lhe hodograph rO!" discussing
lile prohklll nO!" OH sludying lhe scattering prohlelll rrolll Ihe
poi nI 01' vie\\' of velocity spacc.

Acknnwlcdgmcnts

This \-vork has been partially supporled by CONACyT (gran(
U-lW-E96(7) and is dedicated to our late friends M. Mina.
M. Gluckhen. M. Mizton. G. Candelita. B. Minina. Q. Motita
and M. Mizlli. \Ve \VanLLolhank also lhe Fundación Ricardo J
Zevada ror contrihuling lhe software with which lhe graphics
wcre done. In rcvising Ihe typescript the hclp and lhc userul
COllllllcnts 01"U. Ek. K. Quili, T. Rayita. l\1. Billi ano G. Tigga
werc eXLremely lIscflll amI are gratcfully acknowletlgcd. Lasl
hui nol least. /\GV wants lo acknO\vlcdge with (hanks Luis
Gonl.<Ílez y Gonzálcl. and Armida de la Vara ror all (he aca-
dcmic suppon and encouragclllenl given lo him.

9. D.L. Goodstein amI J.R. CJoodsteill./'l'YIIIIUUl\ los/leet/m', /111'

1II0/iOIl Ofl)!tllu'rs ([mll/ul the .\"111I. (Norlon, Ncw York. 1996).
Chapo .¡

10. l\1.c. Gutl.willcr. ('JUIO.\ ;n da.nical {lf/(I q/laflttlJII I1U'c/lllflicI'.

(Springer. ;\:cw York. 1()90) !i12.-1.
11. KV ¡\lartíncz-y-Rollll'ro. II.N. Nüflez-l'épez_ and A. L. Salas-

¡hito, Ew: 1. Ph\'.I. IJ (1<)92) 26

12. R.P. l\Janíncl.-y-Rolllero. !t.N. Núñez-Yépez. and A.L. Salas.
Brilo. FIlr..I. Phy.\'. l-t (11)9)) 71.

lJ. O Campuzano-Cardona. I1.N. Nüiicz-Yépez. A.L. SaJas-Brilo.
ami (J.1. S¡Ínchez-Ortil../~'III:.I. I'hy.\'. 16 (1995) 220.

H. AL. Salas-Brito. n.N. Nlíiic/.-Yépcz. ano R.P. J\.1artíncl.-y-
Romcro. hl1/. .1.Moe/. I'hv.\'. A 12 ( 1997) 271.

15. D, Moreno. Grm'ifllciáll N('1I'1otl;WW. FCUNA~t. México City
(t~~O).

IG. v.1. Amold. Math('lIwlim/ .-\terllOds of Clw;siml Mecllll1lin.
(Springcr. New York. 197X).

17. J. SivarJil:'l'c.l:'w:.I. 1'/n'.I. IJ (1<)92) 64

18. J. l\lcClcary. (/('(J11I('lry/mlll (/ d!fft'1"('//tiahle l'iewl'oillt. (Cam-
hridge Univcrsily I'rcss. Camhridgc. 199-t) Chapo 7.

la. CE. Aguiar amI M.E Barroso. Am. 1. PlJys. (..l (1996) 1042.

Rel'. M('x. Fú. -l4 (J) (II)I)X) ~O~-311


