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Using lhe reJationshíp helween lhe cartesian and the paraholic coordinates, il is showlI lh,lt lhe KepJer prohlem in two dimensions C<Hlhe
reJaled with lhe isotropic harmonic oscillator in two dilllensions in such a way tha! the f1l'nnann-Bernoulli-Laplace-RlInge-Lcnz vector and
lhe angular lllomentllm, as \\leH as Ihe dynamicaJ s)'mmelry group generated by thelll, are llhtained frolll lhe conslants 01'the motion of the
oscillator and its symmetry group. AH possible vaJues 01'the cnergy are considered nnJ it ís shown Ihnt the orhits in the Kepler problem nre
easi 1)'ohlained from those of the harmollic oscillator.

Ke.\'\\"(//"{I.\': KepJer prohlem: isotropic harmonic oscillator

Se muestra que, por medio dc la relnción enlre las coordenadas cartesianas y las parahúlil'¡¡s. el problema de Kepler en dos dimensiones se
puede relacionar con el oscilador armónico isólropo en dos uimensiolles de tal maner~ que el vector de Hcrmann-Bernoulli-Laplacc-Runge.
Lcnz y el momento angular, así como el grupo de simelría dinámico que generan, se obtienen de las conslantes de movimiento del oscilador y
su grupo de simetría. Se consideran todos los posibles valores dc la energía y .~emues!r,l que las órhitas en el prohlema de Keplcr se ohtienen
f;ícilmente de las del oscilador armónico.

Dl',\Cnjllort',\: Prohlemn de Kcpler; oscilador armónico isótropo

rAes: 03.20.+i; 02.20 .. a; 02.20.Sv

is a constant 01" lhe mol ion.

The Hamiltonian 01' a lwo-dimensional isolropic harmonic
oscillalor (TillO) is givell in cartesian coordinales hy

2, Thc twu-c\imcllsional isutropic harmunic us-
cillator rcvisitcd

(2)

pulsive inste,ld 01' atlraclive ami, in lhe seconJ case, wilh a
TIHO wilh zcro rrequcncy, ¡.c" a free parlicle. \Ve show ex.
plicitly Ihat the Hamiltonian 01" a particle in {wo dimensions
wilh a repulsive cenlral pOlenlial proporlional lo ,,2 posse.sses
a SU( 1,1) hidden sYlllllletry and that, thercfore, the Kepler
prohlelll wilh posilive energy has a 50(2,1) d1'namical sYIll-
l1lelry. \Ve also show thallhe orhits in Ihe Kepler problcm are
lhe images undcr t:1Ccomplex-variable funclion j(z) = z2/2
nI' lhe orbils corresponding lO a central pOlcntial proportional
lo ,.2 (see also Rcfs. 3-5).

where w is lhe angular 1'requellcy of Ihe oscillator. 5ioce lhe
pOlelllial depcnds only 00 ;[,2 + y2 = ,.2. lhe angular momen-
111m

1. Introduction

The Kepler problem for houndeJ mol ion and lhe isotropic
hannonic oscillator are relaled lO each olhcr in variolls ways.
They correspond lo lhe onl1' two central pOlentials \",hose or-
hits are all closed for oounded motion, in hOlh cases lhe orhilS
are ellipses and one can lInd conslants ofthe motion that sal-
isr1' lhe same Poisson hracket relations (see, e.g.. Refs. I and
2 anJ Ihe references cileJ lherein), Furthermore, by IIlcans of
lhe Kuslaaohcimo-Sliefel lransformation,lhe Kepler prohlem
can he relaled lo a four-dimensional isolropic harmonic os-
cillalm with a constrainl (sec, e.g., Ref. 2 andlhe rcfercnces
cilcd lherein).

In lhis paper we show lhat, by expressing Ihe lIamil-
lonian 01' lhe two-dimensional Kepler prohlem in paraholic
coonlinalcs, one can relale lhe Kcpler prohlem wilh energy
E < O lo a two-dimensional isolropic harmonic oscillalor
(TlHO), whosc frequency depends on E. This relatiol1ship
allows LIS lo derive lhe usual constanls of Ihe motion 01' lhe
Kepler problern from Ihose 01' thc TIllO and lo see !low lhe
SU(2) sYlllllletry 01' the TIHO leads to the SO(3) sYlllllletry
01' lhe two-dimensional Kepler problelll for bounded lIlolion
(see also Refs. 3 and 4). A similar analysis is givcn ror lhe
lwo-dimensional Kepler prohlern Wilh positive or I.ero en-
ergy. showing thal, in lhc flrst case. lhere exists a rclation-
ship wilh lhe analoguc 01' lhe TIHO wherc the force is rc-
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whcre .\ is ¡¡ separation constan( whosc llleaning can !le oh-
taincd by sllhlracting Eqs. (4)

The Hamilton-Jacobi cqualion for the Hamillonian (1) is
separable in (arlesian (oordinales; in faet, this cquation rcads

(9)-S,)
-5"2

al1(l

transfOl"m lindel" rolations in the planc as lhe cartesian COI11-
pOllcnts of a sY1ll1llClric tensor. The eigenvcelors nI" (Aíj) co-
incide willl lhe axes (Jf lhe orhil of Ihe nscillalor (which is
an ellipsc ccnlcred at the origin). ""'hcreas lhe eigcnvcctorsol"
([Ji)) biscct 11lL'axcs nI' the orhi!.

\vith delenninanl + 1, \vhieh reprcsents lhe rotatiollS in three
dimensions). As is weH kno\\'n. the groups SU(2) and SOn)
are 10eall)' isolllorphic: there is a t\\'o-lo-one hOll1omorphism
01'SU(2) OUIO SOn) sl/eo that ilT E SC(1). then l. and -C
correspond to lhL' same elelllenl of SO( 3). It turns out lhat lhe
group gellcraled by the fUlletions (7) is isomorphic lo SU(2)
(sec, C.g.• ({cL (l). wl1ich is related lo (he raet lhat if in the
transformalioll gCllnaled hy Si. lhe paramcler is sct equallo
27í, one oblains lllillllS the idenlity Iransl"onnatioll.

Frolll E'Is. (7) ami (8) it follows that {L" S, I = 15, and
{L;;.S"2} = -:'!S].whichl11eansthal

3, El(uivalcncc nI' lhe Kepler prnhlclll wilh neg-
al¡vc encrgy ami lhe TIHO(5)

(.¡ )

1 ., .) JI .•••,"!.., .,,\ = -(I'~ - Py) + --(.r- - !J-)
L\/l

[(iJS)" + (OS)']
,).r O!J

1
1.\1

. _ ¡ [(dI)" (dU)'] MW'(:2 ")2.\-- - - - +--.1 -1J
'2,\/ d.r ely 2 .

or, taking inlO •.K(Ount that dJ jd.r = DSjD.r = l'.I' and

d.'lI"!J = OSIO!J = /'v'

and lool\ing rOl" ;¡ completc solutioll 01' Eq. (3) 01' lhe fonn

S = J(.r) + !/(!J) - EJ. one gel s

_1_ (dI)" + jI w' :r' = E + ,\.
'2.\/ d.r 2 2

_1_ (dU)' + .\I~" 1" = E _ ,l.
.) \/ 1 .) j .)_. / Y - .:.

The use of Poisson's theorcm does not lead to I"urthercoll-
stants orthe motion. In faet, denoting the funetions L;; . .\ and
{L,. ,\I oy 15,. -WSI and -"-,S,, respectively, i.('..

(lhc delinitions (7) diffcr slightly I"rom (hOSC employed in
Rcfs. I allll 6).

Eqllations (X) imply that the Si arc gcncrating funelions
of a grouJ1 nf Iransfonnations in phasc spacc isomorphic lO
SLJ(2) (lhc group uf 2 x 2 unitary matrices wilh unil delermi-
nanl) or SO(~) (the group of:l x 3 rcal orthogonalmatrices

1 ,).) .}.,
1,\/(/';' + 1';.) - E(,,- + ,,-) = 2... (12)

is an auxiliary lIami1tonian (conjugale lo a liclitious time)
thal dcpcnds paramclrically on E ami is of Ihe fOl"ln01' Eq. (1)
ir E < (J, with 11 <lml 11 in place ol":r aml.'J, ami AJw:lj2 rc-
plaecd by - E (sce also Rers. 3-5). Thcrefore, making these

1 " ., -.., :l
11/.: '" 2"1(/';' + 1';.) - £(,,- + l' )

whcre Jiu and 1/1' arc lhe canonical Illomcnta nllljugate 10 u
ami 1'. r~.'ip~ctively. Hellce, lhc hypcrsurl":Ice in phase space
defined by JI = E corrcsponds to

ln olhcr wonls, H = E is equivalent 10 lhe <:onJition hE =
'2k, whcre

\vherc k is a positivc constant. In order 10 sho\\' a conneclion
belwcell the Kepler prohlelll and the TIHO, we express the
Halllil!onian (10) in lcrms 01"the paraholic eoorJinates /L, P,

defined hy.r = ~(Il"2 - 1,2), Y = Ill',

The Hamiltollian rOl"the Kepler prohlclll in t\\'o dilllcnsions.
\\Tillen in carlcsian coordinatcs, is

(8)

(7)

(6)

"{Si.Sj} = L'i)kSk
"'=1

~ 1 " ,) .\/ w:l :l
)1= --(/,- - Ir) - -(1/ -.r ). - ,L\L,}!I r ,j' '

_ ¡ Mw
/:)2 == - ~\/ PxPy + --;:;-,ry,

_, W .:.

S" '" ~(.rl'y - YI',).

(lne linds lhal

Thus, Eq. ()) givcs a second constant 01"lhe motion and, hy
\'irllle nr Poisson's theorcI11, the Poissoll brackel 01"L;; and.\
is also a constant 01' lhe motion. By means 01"a slraightfor-
ward compulatioll one flnds thal

1 •
{L,.A} = M1'rl'¡¡ + MW-.r!J.

R('v. M('x. Fú. ~ (4) (199Xl 333-33X



()N THE CONNECTION BETWEEN THE KEPLER PROBLEr-.-lAN[) THE ISOTROprC IIARi\10t'>:IC OSCII.LATOR. JJS

( 1 (»)

( 17)

.\l lo,.
A"'pxL---

r

(sce also Rcfs. 4 anú ), Frolll Eq. (12) it follows Ihal Ihe nr.
bits in Ihe Keplcr ~robh"l1l expressed in lerms 01"11 and /' are
cllipses cenlered .JI Ihe migin. COllsidering. for example, an
ellipsc Wilh sellli-axes (l. IJ (a ~ 11) such Ihal Ihe scmimajor
axis coincides ",ilh Ihe l' ¡¡xis. we have 1/2/1)'2 + /,2//1'2 = 1
oro equivalently. (¡l ('os:.! (¡~)/IJ:.! + (p2 ~i1l2 9)/112 = l. rv1ak-
ing use of Eqs. (17) one linds Ihal 11lis last eqllation amounls
«) 2r[co<' (H(2)(iJ' + <in' (H(2)(,,'] = 1. hence

is the Herlllalln-Ikrnoulli-Laplacc-Runge_l~elll. (HBLRL)
vector, \\ihich poinls in the directioll uf Ihe poinl 01' c!osesl
approach 01' Ihe orhil lo Ihe origill (sce, ('.g., Refs. I and 2).

Clcarly. the veclor (-82, SI) is orlhogollal to (SI. 5'2)' Thus.
as in Ihe case orlhe TIHO, S'I aml 82 dcterminc the orienla-
lion of Ihe orhil.

The racl thal Ihe orbils in Ihe Kepler prohlelll wilh nega-
live energy are,ellipses with a focus allhe origin follows fmm
lhe l~lCtIhallhe orbits ()fthe TIllO arc ellipses cenlcred al (he
origino Inl!eetl. hy wr¡ling Ihe cOlllplex variahles 1/ + it, and
.1"+ iy in polar f01"l11as 11 + il' = (J('j~~and ,1" + iy = ,.,.11/. we
seethat,l"+iy = h(u2_1'2)+illl' = h(u+i/'f = ~/,2(,214~.

lhereforc - - -

a given elel1lcnl 01' Son), the aClioll 01" Ihe Iwo corre-
sponding SU(2) lransfonnaliolls. lJ and -U, on the vari-
ahles (1I.1~./JIl.fI,') yiclds the salllc resull on lhe variahles
(,r.Y,fJ,r,/)y). In panicular, Ihe 21r rotal ion gencfatcd hy
Si, heing milllls Ihe itlentily Iransformalion O!l lhe variahles
(11. 1'. fllI' p,,). corresponds to Ihe idclllity Iransformalion on
(.1'. y. PJ" !Jy). [Nolc that lhe faelor 1/'2 connectillg S,;¡ and L:
in Eqs. (7). which is necessar)' in order to ohlain the relations
(8). is ahsenl in Eqs. (14); whereas in the laller Case a 'liT

rolalion generaletl hy S:l is Ihe idelllity, in Ihe former case il
lakes a -liT rolation 10 ohlain Ihe idelllity Iransformalion.j

Prom Eqs. (8) ami (14) \Ve 110\1,/ have th.lt {L:. SI} =
{S".S'¡ = S, and {C.S,} = {S,.S,} = -S,. whieh
ll1eans thal (.."11 • .)2) antl (-82• SI) Iransf(lrlll untler rolaliolls
in Ihe planc as !he cartesian componenls of;¡ \'ectm. In litCI.
(S,. S,) = (.'\, . .-1,,)() - 2.\l E. where

(13 )

(14 )

OL ,Ji- DL O,j=--+-.....:...
Oj. Oti D,Ij Oli

iJL
O'"

1 [l., ., .\1 £., ., ]
)-2.11 £ :¡(Ji; - Ji:,) - 2(1'- - w) .

- 1 [~/)"Ji" - JI £",.])-2.\1£ 2

1
)-2.11£

J
)-2,11£

82 =

slIhslitUliOIlS in Eqs, (7) olle ohlains Ihree gelleraling func-
tions 01"canonicallransformatiolls that leave lhc hypersurface
hE = '21t oro equivalcllll)'. lhe hypcrsurl~lCe 11 = E, invari-
anl. This Illeans Ihal we have at ollce three conslants of Ihe
mOlion rol' the Kepler prohlelll wilh negalive energy. which
satisfy lhe Poisson hrackel relations no. hy simply replacing
,l' • .11.Il.l'!'.ll ami ",,'in Eqs. (7) hy /l. 1" 1)1/0 PI' and J -2£ j.\f,
respecti\.ely. This gives

, J
,":~= "2(///)1' - 1'1'11)'

(lt may he Iloticed lhat. in onkr lo ohtain the equaliolls
ror ¡¡ four-dimensional isotropic harmonic oscillator fmm
Ihe Keplcr pmh/cm in thrce dimellsions hy Illcans 01' the
Kuslaanhcill1o-Sticfel lransformalion, il is also necessary to
introduce a liclitious lillle. A similar change 01' Ihe indcpen-
dCllt variahle was inlroduced in RcL 7,)

The conslanls 01"Ihe lIlotioll (13) can now he wrillen in
lenns of lhe earlcsian coonJinales using Ihe t~lcl thal

O./' Dy
= I'.r-O + l'yO"-

11 1/

anLl. similarly, PI' = -1'1'.r + 'Ul'y. SUhSliluling these rclations
into Eqs. (13) we gel. for inslancc. S,;¡ = HlI( -l'/'.r + lt/',,)-
I{IIPJ' + l'lly)] = ~(/l.2 _1,2)/'y - HI'I':.r = ;1'])1/ - YP.r' In !his- .
rnanner \ve find Ihm

(u,/'./Ju./J,,) antl (-II.-I'.-I'ln-PI') correspond 10 the
same poinl (.r.l/.I),r.l)y) of lhe pllase sp.lce. Iherefore, rol'

whefe \ve have lIsed lhat E = (,);+ /J;)/2i.H - 1.:/,..
EVCIl Ihough the cOllstanls 01' Ihe llloliotl (14) have been

oblained fmm Eqs, (7) hy means of coorLlinale transforma-
lions. Ihe group generaled hy the fllJlCtiollS (14) is nol SU(2)
bul SOn), Since;r = t(/12 _p2). Y = 1111.

which is Ihe cqualion 01"¡\Il ellipsc wilh (lile focLls at the ori-
gin and semi-axes (/,2 +h2)¡'1 ami 0/)/'2. The second equation
in (17) illlplics lhal an ellipse in lhe variahles /1 ami /' whose
major axis fmms :In angle 1Wilh the /1 axis, cmresponds lo
iln ellipse in Ihe variahles.l" and.ll whose nwjm axis forms;1II
angle '].-, \\ilh the.1" axis.

/J,,' =
I/I)u - 'l'lll,

/1'2 + p2 VII =
/11)1' + I!fll'

u2 + 1,2 •
(15 )

r=

02h2

(/2 + h2
//2 _ h2

+ -.,--., ('()sH
(J- + {I-

(1 X)

N,'I', M,'.\'. Fú . .u (4) (199X) 333-33X
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4. Dynamical symmetry 01'the Kepler problem
with positive or zero energy

According lo lhe preccding results. one can gucss that lhe
Kcpler problcm in (wo dimensions with positive energy is rc-
Ialcd wilh a TIHO wilh imaginary frcquency, whose Hamil-
lonian is obtained fmm Eq. (1) replacingw2 by _w2

:

which satisfy lhe commUlalioll rclations

(ef Eqs. (24», [he constants of the motion (23) can be ex-

pressed in the fonn

\,<'here w is a real conslant. 11 is convenicnt lo introduce lhe
two-componcnt complex vector

(28)

(27)1
h-¡ = -If IIll(I¡0'fT¡0),4 •., (.¡,,'

where 1m denotes the imaginary part and

The malrices Ti satisfy the condition T}'/ + "/Ti = O; lhere~
fore, Ihey fonn a hasis 01' lhe Líe algehra 01' SU( 1,1). Sincc
lhe only Ilollvanishing Poisson brackets hetwcen the compo-
nents of '~"ami lheir conjugatcs are {Wl,I¡0'l} = -2i.l.\1 w =
-{40'l,40I}, using Eq. (27), one can show thal lhe Poisson
bracket relations (24) rollow from Eqs. (26).

The rate 01' change of any funclion f under lhe onc-
parametcr group 01' canonical transformations generatcd by
a function G is givcn hy rlf/rls = {j, G}. hence. from Eq.
(27) il follows that under the transformations gCllcrated hy
¡{i, dl/J/d.<; = ~Ti~,'\Iherefore,

(22)

(21 )

(20)

(19)

'} 0= G ~1)
Proccedillg as in scction 2, one can obtain lhe following thrcc
eonstants of the molion lef Eqs. (7)]

1
H = 2J"vf ,pl'rlj;,

whcrc wt is lhe adjoint uf 1/J and

i _ ( Py + ipx )
i¡! = Mw(:r + iy)

(el Re!'. 6), in tcrms of which the HamiJtonian (19) can he

writlcn as

{JI}, 112} = -JI3, {II" Jl3} = JI"

{Jl3, 1I1} = JI" (24)

which llleans that lhe group 01' canonical transformatiolls gell-
eraled hy the J{¡ ís isomorphic lo SU(I,I) (lhe group 01'
2 x 2 compiex matrices with unit determinant. U, such that
[JI,} [J = '})'SL(2,R) (the group of 2 x 2 real matrices wilh
unit detenninant) or sot (2,1) (the group of 3 x 3 real matri-
ces with unit determinant, L = (Li]), such that £1'9L ;:;::!J,
where 9 0= diag(l, 1, -1), and L33 > O,which represents
the ';proper orthochronous Lorentz transformations" in 1wo
spacc dimensions).

Making use of the 2 x 2 compiex matrices

. 1.) ,) Afw 2 ,)
J'IO=--(V-V)--(y _:ro),4Alw '!I x 4

. 1 Alw
I\:! == ---f-PJ.:Py + --xV,2A w 2

_ 1 (
J\:1 == 2" :rpy - YJJx:).

Thcsc funclions sntisfy the relations

(23)

(29)

which, taking ¡nlo accounl that lhe Ti form a basis of the
Lie algchra of SU( 1, 1), means that the symmelry group 01'
lhc Hamiltonian (19) generated by lhe conslants 01' molÍon
(23) is isomorphic 10 SU(I,I) (which, in turn, is isomor-
phic to SL(2.R». Note that it can be dircctly vcrificd that
ir u E SU(l, 1), lhen (hc transformalion ~~t---+ Utb leavcs Ihe
Hamiltoniall (21) invarianl; the preccding computations show
Ihat these transformations are generaled by the fum:tions h"i
and Ihal tlley arc canonical Iransformalions. [No le also thal
lile Hamiltonian (19) is actually invariant under lhe group
50(2,2), bul not aH Ihese Iransformations are canonica!. The
groups SO(2.2) and SUr 1, 1) turn out to be reJated sinee
SO(2,2) is Illcally isomorphie to SU(l, 1) x SU(l, 1). Simi-
larly, the Hamiltonian (1) ís invaríant under the group SO(4),
hut nol a1l Ihese lransformalions are canonica!. Thc group
SO(4) is related with SU(2), which is a dynamical symmetry
group of (1), being Illcally iSllmorphic to SU(2) x SU(2).J

In the present casc, Ihe symlllctry axcs of the orhit. which
is a hyperhola ccnlered at the origin, coincide with the eigen-
vectors 01' Ihe symmctric matrix

(~~}T20= (~\
-1)

TI ::= O '

(-i (n, (25)T~::= O ['! Eqs. (9)].

Rev. Mex. Fis. 44 (4) (1998) 333-338



ON TlJE CONNECTlON BET\VEEN THE KEPLER PROBLEM ANIl THE ISOTROI'IC HARMONIC OSCILLATOR . JJ7

are constants 01"lile motion ami one nnds thalWc 1l0W turn to the Kepler probJem Wilh positive encrgy.
The hypcrsurfacc in rhase space detlncd hy H = E also cor-
responds to Eq. (12), which now is 01 the lonn (19) with ,r, y
ami JI 1N,2 /2 rcplaced hy n, ti and E, respectivcly. Then, fmm
Eqs. (23) \Ve obtain lhe constants of lhe motion

{N, ,Nd = 0, {N" N,d = N"

(3S)

1\':••= ~(/lPl' - vP,J.
and hy comparison with Eqs. (13) and (14) we find that, in
tcrms of lhe cartcsian coordinates,

[(2 =

__1_ [~(p' -li) __AI_E(v' _ U')] ,
V2M E 4 v " 2

~ [~p"l'v - M EllU] ,v2iVJE 2
(30)

Therefore, lhe group of canunical lransformations generated
hy the N; is isomorphie to SE(2), the Euclidean group 01 the
plane, forllled hy lhe rigid molions uf lhe Euclidean planc.
rhe orbits are straight lines and the oricntation 01'Ihe orbit is
determined hy lhe eigenvectors of the matrix

(36)

(37)

(3X)

Al;
JI'

.,
(l.~

l+cosf}'
,.

, 1 [ Mk"']'\'1 = :\f I)I/{;I']),II - yp,l.') - -,-. -

, 1 [ MkV]i\, = - -1' (.11' -'JI') - --- .11 .1,.11,.1.' ,.

(une eigenvectm is parallel lo the mbit and lhe other is Of-
Ihogunal to it).

Turning now lo the Kepler problem in two dimensions
wilh zero energy, using Ihe parabolic coordinates one gets
Eq. (12) with E = 0, which is ol'the lonn (33) with p" and
PI' in place 01"P.r anJ PiI' Hence, from Eqs. (34) il follows
Ihm

are cOllslanls 01"lh..::molioll fOf ~he Kcpler problem wilh zero
energy. In lerms uf lhe cartesian coofdinales. the funclions
(36) take lhe lonn

where we have maJe use of the fact that E = O. Thus,
again, \Ve obtain lhe HBLRL vector starting from constants
of Ihe IllOlion for lhe TIHO (in (he pfesent case wilh zcro
Irequeney).

According to Ihe prcccding results, in tcnns 01"u anJ v,
the orhils cOITespond lo straighl lines. Considering an orhil
givcl1 hy /1 = (J or ()('oscjJ = a, using Eqs. (17) one oblains
r = ,,' /[2 cos'(B/2)] or, equivalcntly

Thus, lhe orhits in lhe Kcpler prohlclll with zero cnergy are
parabolas wilh the focus al lhe origino

(32)

(33)

(34)

Ay
v2J\I E'

(3 I )

r=

I [ Mh].J2ME I'y (;rpy - yp,) - -- =2ME r

I [ MkV].J2ME -p,(.rpy - vp,) - --2ME r

1\'[ =

wherc A;r and Ay are Ihe nonvanishing componcnts al' lhe
HBLRL vector (16). Among olher things, Eqs. (31) imply
thal lhe HBLRL vector is conscrvcd.

Owing 10 lhe fact that (U,V,PlI'P¡,) and
(-11. -1', -Plt> -PI') corrcspond to lhe same point
(.r,l/,p;r,py), a transfonnation U E SU(l, 1) ami its ncga-
{¡ve, -ij. produce the same effect on a point (x, y, Px, Py), 01'
the phase space ami sincc lhefe exists a two-to-one hOlllomor-
phism 01' SUr 1,1) onto 501(2, 1) sueh that, lor U E SU(I, 1),
U and -U eorrespond to the same 501(2,1) translormation
(see, e.g., ReL 8), it lollows that the group generated hy the
constants (JI the motion (31) is isomorphie to 501(2, 1).

When E > 0, lrom Eq. (12) it lollows that the orbits
cxpresseJ in terms 01'/1 ami vare hyperbolas cenlercJ al the
nrigin. AsslIming thal Ihe orbit is given by 112 /b'2_v'2 /0'2 = 1
or (p2 cas' 4»/b' - (p' siu' 4»/0.2 = 1, using Eqs. (17) one
flnJs thal this equalion amounts lo

(l'2lJ'2

~
(1.2 + b'2

1+ , b,cosBa -
which means lhat lhe orhits in the Kepler prohlem wilh posi-
tive energy are hypcrbolas wilh one focus at Ihe origin.

Finally, we shall consider the Hallliltonian (1) with w = O

1 ,'2 .)

H = 2lvJ (1', + 1';).
f'rom Eqs. (S) and (6) it lollows that in this case

_ 1 .) .) 1
,\'¡ =: 4Al(Vy -p;), ,V'2 == -2 ..;UPxPy,

I
f\r3 == "2(:rpy - YfJx) ,
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5. Concludin¡!; remarks

\Vc havc shown tha! lhe scparahility of lhe Hamiltoll-Jacohi
equatiol1 in an appropriate coordinate system allows liS lo flnd
constants 01' lhe lllotion associatcd with hiddcn s)'mmetrics.

\Vhcrcas it is casy lo flod constants of lhe motion fOI" lhe
Kcpler prohlem and lO ohtain lhe Poisson brackct rclations
hctwccn them. it is a difficult task to idcntify lhe corrcspond-
ing symmctry group amI lo find lhe cxplicit exprcssion rOl" its
aClion 011rhase space; howcvcr. making use of lhe rclation~

1. 11.Gnldslein. Classical Mcchanics. 2nd ed. (Addison-Weslcy.
Rending. ~lass .. 1980).

2. O.L. de Lang.e and R,E. Raah. 011Crator Met!lod.,' il! QII(UllWlI
Al('c!lmúc.\'. (Oxford Univcrsity Press. Oxford. 1991). Chapo 9.

3. A. Cisneros and H.Y. t\1c1ntosh. 1. MarI!. Phys. 10 (1969) 277.
4. M. Moshinsky. T.H. Seligman and K.B. Wolf, 1. Math. PJ¡)...~.

13 (1972) 901.

ship hel\Vecn Ihe Kepler prohlem and Ihe T1HO presenlcd
here, olle can givc an cxplicit cxprcssion rol' lhe action oí"
SO(3) as a dynamical symmctry group 01'lhe Kcplcr problem
\I,'ith ncgativc energy.
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