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AGOSTO ]99H

\Ve analyze the contribution orthe excited states of the Higg.s fleld lo the solutioll of the localization prohlem 01'quantum theory. This has been
done withoUl introducing addilional fundamental conslants or extra hypotheses. as happens in some previous attempts already made in Ihis
direction. \Ve IInd. for (he electmn and Higgs tjeld, solutions that sllow solitonic hehílvior. This last fealUrc rendcrs, in the one-dimensional
('ase.;) solution to the localization problem.

Kl')'words: Localization problem

Se analiza la contribución de los estados excitados del campo de Higgs para la solución del problema de localización de la teoría cuántica.
Esto se hn hecho sin introducir constantes fundamentales adiciorwles o hipótesis extras. como sucede en tmbajos previos. Se encuentra que.
para el electrón y el campo de Higgs, existen soluciones que muestmll comportamiento solitónico. Esta última característica proporciona. en
el cnso uni-Jímensional. ulln solución al problema de localización.

/Jcscriplores: Problema de locnlización

PACS: m.65.w

l. Introduction

Although quantum mechanies (QM) is one oí"the most suc-
cessful predictivc theories in science, it had sillce its very in-
ccption profollnd conceptual prohlems [1]. QM is in perfect
agreemcnt with all detlnite experimenls ofPhysics, hut it con-
Iradiets our generalmacroscopie world vicw [2--4]. The quest
01'a more general QM lheory is an old one [51. bUI reeenlly
lhe inleresl in lhis seareh has waxed [6J and has propelled a
new momenll1m to the search 01'a non-linear QM.

One of Ihe old conllndrums 01' QM is related to lhe fact
thal Schrüdinger equation Icads lo lhe lInlill1ited eohercnt ex-
pansion of lhe eenter of mass wave funclion of any isolated
sysleml.I]. Al lhe rool o[lhis problem can be [ound lhe elash
helween lhe principle of superposilion and the experimental
evidence which supporls lhe existence 01'slales wilh far away
coherenl componcnts only in the case 01"micro-objccls [71.

Le] us explain lhis a liltle bil beller. It is already known
lhat qllantum physics predicts for a free non-relalivistic wave
packc!, which al certain lime is localized in a bounJed rc-
gion, its spreaJing wilh the evolution of time. Ir we lhink of
wave packet solutions as possihly the hest rcprescntalion ror
the free motion 01'a macroscopic hody, then the wave packet
corrcsponding lo its ccnler ol"mas s continually widens with

time, Ilcverwithstanding, al lhe same time, experience shows
that a macroscopic ohjecl has a well defined position. This is
lhe so called loealizalion prohlem [4].

Concerning the localization prohlem, the cfforts, that up
to IlOW havc been carried out, might be grouped in two op-
posite npproaches [8]: In Lhe first group are those moJels
thal assert that rnacroscopic hodies possess classical propcr-
t¡es evcn ir Ihey are perfeclly isolated, in olher words, clas-
sical hchavior is intrinsic to macroscopic bodies. In this seL
\VC Illay find the modei proposcd by Károlyházy [9], which
aftirms that there is a "coherence cell", the spatial domain in-
side which the superposition principIe slill holds ror the cen-
ter 01"mass wave fUllctioll of an isolaled solid hoJy. When
Ihis "cohcrence cell" cxpands to a certain size, then a sponla-
neous, stochastic reduction on the wave function takes place.
Thc origin of these rcductions is ascrihahle to the uncertainty
struclure of empty-space, in olher words, lhere are no exter-
nal ;¡genls involved in these reductions, i.e. it is postulaled
that Ihese redllctions are a fundamental hchavior of quan-
lum systellls. In the samc line 01' thought lie some olher at-
tClllplS [10-14], in which lhe main fcature is thal the slate
veclor undergocs a conlinllous stochastic and nonlinear evo-
lulion, i.e. Lheevolulion 01'a physical system is described as
a t\1arkov process in a Hilhert space. Ncverthcless, in con-
nection with thesc stochaslic reduclion theorics it has already
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2. 1\Iotion C(luations

\Ve hegin wilh Dirac equation ror an eleetron and the equa-
tion fOl"the excilct..l stales 01' the Higgs t1eld that appear in Ihe
standard lllodel[2S]. After sYlllmetry hreaking, where it has
!leen set (. = 1 and 1, = l. it is \'alid:

mass. and 011 the othe!' Olle, these particles show SOIllC c1as-
sical properties as conscquenec 01' their interactioll with this

licld.
The new lcrlll in Schrildingcr equation, responsihle for

(he clllergcnce ()f so me intcresling properlies in the solutions
he re oOlained. mighl he inlcrpreled as a self gravitational
inleraetion and has the fonn of Choquard equation. already
known fmm plasma physics.

\Ve will lind soliLOnic solutions, ror lhe clcelron as weH
as l'or the cxcited states of Ihe Higgs ticlo. for the three and
onc dimensional cases. Nc\'erthelcss. in Ihe latter case the
locali/atioll property \Viii he restricted 10 the direclion 01' mo-
lion 01"the chxtron's wave packet. For the former case the
localilalioll prohlclll disappears completely and the solitonic
velocilics of Ihe electron amI Higgs helJ are equal and fixcd
by Ihe nOfmali/a(ion of the eleclron's wave packe!.

(I)

(2)

(3)

;-,"0,,('1 - M(1 + <1.»(',. = O.

¡-'''¡),,(',. - .\J(I + o)e/ = O.

when: ('/. (',. are the leh amI righl parts orthe elcclron's wave
functioll, 1\1 and 111 the eleetron and Higgs masses. respec-
tive!y, and (jJ Ihe real valued excitcd Higgs tield. 1J2 the ex-
pectalion value of the vacuulll state 01" the Higgs ficld; fur-
thermOt"e. Eq. (3) has heen linearized with respcct lo $, This
Illc¡¡ns, ror inslanee. lhal those lerms appearing in the Higgs
pOlenl;al [281 [V('!') = -11"I,t,\, + ,\(<\,t'I»'1 lhal are of
scconl1 or highcr order in <jJ musl he neglcclcd. Upon the
exeitcl1 states of lhe Higgs f¡cld Ihe imposet..l condition is
IdJlrt+' < I(PlII. rOl"any natural numbcr n.

Lel llS now procced lo lake Ihe non-relativistic limit
01' (1). This is done through Ihe inlroduction of the condi-
lion [291 C",l == e-dlt Er,l. heing E",I a funclion that changcs
slowly wilh time, IIlcaning this condition that the cnergy 01'
Ihe particle is conccntraled mainly in its rest mass. \Ve may
undersland t!lis aprroxirnation from anotller point of view,
Ilamely we expand Ihe e¡eclran ¡¡eld in a series, v/here the
para meter used in Ihis expansion is \ ~J/c, being \'~ the group
vclocily of the particle. Thc employcd cul off in this series
implies Ihat the group vclOl.:ity of thc clectron ficld musl he
Illllch smaller Ihan the ve!ocity ol' ¡¡gh!. At this poinl it is
Iloleworthy lo tllenlion that in order to carry out Ihe nonrela-
tivislic limit we inlroduce no condition on O.

\Ve lIlay ."nle .[2Q] E = E,. + E, and E = (~). \n lhe

IlUnrclatlvlStlC 11I1lI!.the tcrm .\ IS much smaller than tp. the
ordcr 01"magnituJe hetwccn these two tenns goes Iike \'~/c.

hecll elaimcd: '"ir lhe slale vector Ihal precedes rcdm:tioll
is precisely reproducihle. ¡hen supcrlulllinal cOllllllunication
can occur in ccrlain circlJlllSlanccs" [111.

In ¡hese approachcs. lhe rc<.iuctioll of lhe \I/ave funclioll
is causcu hy (he inllucncc of a spccitic cnvironlllcnt. ami
in conscqucncc. contrary to lhe usual thought. Ihe classical
propcrtics are nol intrinsic lo macroscopic hodics. Il is Ilotc-
\\'orthy 10 ITlcnlion lhal in thcsc works lhe main idea ¡s. as
Zeh has poinlcd out 115 J, macroscopic quantulIl syslcllls are
never isolatcd from thcir cnvironmcnts. ami as a rcsult quan-
tulJ1cohcrcncc "Ieaks out"' jnto the cnvironmcnt IIGI.

The possihlc rclcvanee 01' a cosmic inllucncc OH lhe
gcncration uf t!lis classical hehavior was cOllsidercd hy
\Vigncr [1 il The role 01' gravity as a possihle Iriggcr 01'
lhe Ill'Clk'd dynamical supression 01' linear superpositions of
macroscopical1y distinguishahle states has already heen an.
alyzed 118-'211 bul. in order 10 avoid so me inconsistencies
thal appear in some of these modcls [191. a new fundamen-
tal length l'201 has lo he introduced. The non-cxistence nI' a
quantum theory 01' gra\'ity could pose an additional difliculty
10 the study 01' gravity as a feasible candidate.

There are some results 1221 in whi<.:h the interaction be-
t\'v'een classical allllquantum degrecs 01' frcedolll relHkrs. un-
der Ihe appropriate circumstanccs, the collapse 01' Ihe wave
function. Tite prohlem here is. Ihere are, hcforehand. c1assi-
cal propcrties, hut these works show, once again, that the non.
linear erre'.:l needcd in S'.:hrodinger equalion emerges from an
inlcraclion hetwcen Ihe quantum degrees 01' freedom ano an
cnvironmcnt conformed, in Ihis case. hy the c1assical degrccs
of freedom. Even lhe collapsc 01' the wave function caused hy
(he inleraction helween v,,'Ofmholcs and a microscopic system

has heen analyzcd [23].
The introduction 01' lerms in Ihe usual lIamiltonian,

where these tenns emerge frolll a c1assical white noise has
also produced somc progress 124.251 in Ihe search of sllch
Jynamical process. Notwithstanding. the rantloll1 l1uclllating
fllnctions includeo are inlroduccd hy hand and no explana-
lion for their origin has been advanced. Ihis l1earth mighl bc
considered as a drawhack. It is also importanl in connection
\'v'ith Ihe introl1uclion 01' ncw terms in Schrüllinger equalion
to consider the possibilily that non-linear terllls Illight !ead
to Ihe violation 01' the second law of therlllodynalllics [2GJ,
Ihough at this poinl it is noteworthy lo mention lhal the con-
cepl of enlropy in QM is nol sllundly foundcd [271.

\Ve may see in thcse approaches many possible "environ.
Illents" that render a feasible answer 10 this prohlem.

In Ihis work we show that lhe Higgs lield of elementary
particle physics. which is responsible for the mass of lhe par-
lieles, could represent an environmcnt leading to a feasible
localization 01' Ihe center 01' mass. \Ve wiJl nol need to intro-
duce !le\\" fundamenlal constants. and the cnvironment. the
Higgs I¡cld. rcsponsible for the emergence 01' so1ilonie solu-
lions, is not inlroduccd by hand. at leasl at this level. In other
words, in this conlCXt. Higgs field plays a two-fold role. 011

one hand, elementary particlcs are cndowcd hy this lIcld wilh
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(9)

muo
¡j'(I, ,,) = -12,\1"/' .'"eh [<t(.,. - t)J

x ('xp[i(wt + Me/' + 1!1 + <z)J, (8).,
n- ., J'!'(I 1") = --.- 'eeh -[o(e _1)", Al" '. ,

(see for exampJe: E. \Vigner, in Quallfum 0plies, E.\perimefl_
fal, Crm'itariofl{{/ {{lid fhe Mellsurement Theory. ediled hy P.
Meyslre anu M. Sa/ly, (P/enurn Press, 1983) or G. Gi/burn
anu C. Hoillles, I'hy.\'. Re\'. Lell. S6 (1986) 2237, in which
Ihe ill1porlance of SOIJlC cosmic intlucnce is analyzed}. In our
C.lse rhey arise aUlolll,lIicaJly (rum an inrcraclion wirh a very
illlponalH licld. name/y. lhe Higgs fieJd. which is responsihle
ror the mass nf lhe eJcclmn. They do nOI have lO be inlm-
duced hy hand. \Ve alsn do not need new extra fundamental
conslanls. as in sorlle previnus aflemplS [20j. Equalion (7)
is the so c.1JJed Choquard equalioll. and ir has hccn pmvcd
rhal this eqll.llion has slalionary nOfl1lL1Jized solutions in one
dimcnsion ¡¡nd in !hree dimensions for lhe sphericalJy sym-
Illelric case [3] J, even lhough. for lhe Ihrec-dimensional case
no SOllllion has oren found. Al lhis respccl, it is nOlewonhy
[o Illenriolllhar concerning Ihe eigenvaJue prohlem nOlhing is
known.

llowcver. \Virh respecl lo lhe loca/izar ion proh/cm. we
search fór solilon-/ike so/urions 01'Eqs. (4) and (5). Through
simple suhsri!lllion can he checked lhal lhe following sel 01'
funclions is a sohaion to Eqs. (4) ane! (5)

where \Ve have rhe rcl.lfion n."l== 2;\1 ...•...+ J/'2 +,.2 +,'2 oe-
l\veen lhe conslanl paramercrs 0', ""'. JI. ,.. and f. Cenainly,
il Ill11S{be Illenliol}ed lhat ror lhe case in which lhe solilon
vc/ocily reaches [he speed 01' light lhe vaJidity rcgion 01' lhe
1l0nreJ.:uivistic aproxirnarion may be ahandoncd. In rcJation
wirh Ihe localizarion leng"', 1, 0'- Ihis so/ulion il is reauily
seen lhall '" l/o and rhal ir is nol f¡xcd.

A seeond sollltion is given hy

(4)

(5)

(7)

HIGOS FIELD AND QUANTU~l THEORY

D¡jl I
i-D + -,-[,¡j' - 1\1q,1/J = [J,t 2,vl

( D') ., 2M[, - -., 1J - ,wq, _ --.,V¡j' = [J.Dt- v"l

The nOnvJnishing lcrm <p has l\Vo CompOllell!S, each one
of fhcm associaled ro one of Ihe {wo possihlcs valllcS uf Ihe
eleclron's spin.

Lel liS denore rhesc componenls wirhrj;, l.e. r,p ==
( 1)-'(1/'2) ). Thcreforc, lhe Iasl defin{ion cnrilles us lo wrire1"'(_1/'2)

Ihe rnotion equalions, nol considering spin, as

() M /CXP(-IIl/lI"_I",/I)1J 1" = - __ _~~_~ __ ~~
'''rv' /1 1" - 1", 11

x 1i>"(I",)1/J(I",) rilr, , (6)

DUI I M'
i- + -[,1/J + _-o ¡j;

Dt 2M 411"',2

/
exp[-1It /1 1"- 1", /I} • ,

x /1 r _ 1", /1 ¡jl(I",) 1/J(r,) d /', = [J.

From (4) il follows a conlinuiry equalion for lhe Schródingcr
tie/d ~I,. \\'hich lherefore can he nonnalizeJ, if lhe fllnctions
u' ¡¡nd l/> go lo zero suflicienlly fasl, in rhe space-like infinily.

Assuming in (5) rhat cP does no! present tilJle-dependence,
name/y tha! il is a slafic field. we obrain

and wilh il Eq. (4) goes over anto lhe integro-differenlialeqllalion

The integral lerm can be rcinlerpreted as a self imer-
acrion of gravitational type, and Ihis facI confirms an aJ-
ready known result [301. lhe exciled Higgs field mediares
a sea/al' gravilationaJ_lypc inleraclion of short range. COIJl-
l11on/y. such non/inear lerms are added in an artificial way

I

3m'" 1 ,[ 111 ( I')J { 2 [ '"'d-(t'I')=-----"n."seCh n'1'--lt eX/l"i _ .,
4,1h Ir 1" ,1 ,\1 ( ¡r )

I - '\1' 2 I - ¡\J' ., 1 - ,\1' ] }"n¿
- 4' t + 11./'+ í!l +e ,(I O)

whcrc wc 1l0W have ¡he rclmioll n"l = 1'"2 + ...,"l + €"l.

80th sels DI' sollllions represen! wavcs {raveling along lhe
.r-axis. which for lhe particular case,. = f == O can he nor-
malizcd wirh ,"especllo Ihe :t:-axis. Jt is rcadily seen lhal lhey
presellt no lime spreading amplitudc, i.e. !hey are solirons.

I
CVClllhough. lhe JocaJizalion property appears only in lhe di.
re(lion 01' mOlioll. In rhe first Case Eqs. (8) ami (9), rhc 50liton
velocily is Ihe spccd nI" /ighl. in rhe seconJ one. Eqs. (10) and
(11), ir is Il/M which ;mplies lhal/' :$ M,

NOleworthy lo lJlenlion is lhe fact thal the so/ution given
hy El/S. (10) and (JI) is rhe hes{ one, physicalIy spcaking, of
lhe l\\"o oOlained. occausc ir enlitles us lo choice any solilon
vclocily in the inlervill [O, 1]. <1nd in COllsequcnce ir SCIS. he .
forchand no kind ni" conJition lo (he v.l!ue ror lhe velocity 01'
lhe center 01" nwss 01" a nonrc/arivislic macroscopic hody.
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1I is nol surprising: al aH that we ohtain also solutiolls
that have. in our nonrclativistic limil. no physical Illcaning.
Even in lhe case of lhe thrcc dimensional Schrüdingcr cqua.
lion nI" a ol1e point-Iikc nhjccl nI' mass Jf tha! includcs a
nnnlincar lenn comprising a n0I1.1ocal sclf-inlcracling grav-
itativc ICfm lISI. lhe appcarcOl:C 01' nonphysical solUlions is
unavoidahlc.

An importJnt point rcgarding solulÍons Eqs. (10) and (1 1)
conccrns lhe Icngth 01' lhe ohtaincd localizatioll. Fmm Ihe
aforclTlcnlioned cquations il is clcm that Ihe Icngth 01' lhe 10-
calizatiol1 is I "'-' (1/111) \/1 - 111. / J\!:!.. with othcr wnnls. il
is lhe Compton Icngth of lhe Higgs ticld. 111 = 1/711, times
Ihe faclOr /1 _1,1./.\12. whcrc /1 is a constant ami wc lIlay
choose it such that Ihis locali:r.ation Icnglh hccnmcs 1 :s 11/.
which yields a vcr)' small loc;]lization rcgion and in cnnsc-
quencc a physically rcason;]ble nnc.

Lel liS 1'01' a l1lol1lcnt consider Ihe casc 01' a one.
dimensional systcl11. Hcre wc need tu COllll1lCnt thal the
phrasc one-dimcnsional case mcans nol only that we con-
s¡del" just onc space-like dimcnsinn in ElJs. (-1) ami (5), hUI
also Ihal Ihe normalization of lhe wave function is givCll by
lhe integral .C:.., Iv(.r)12 d.r = 1. This lasI expression has an
importanl conselJucnce. Ilamel)' '1 is dimcnsionlcss. as can he
secn rrom (:;).

\Vc have, once again, two solUliollS, in hoth 01' thclll Ihe
elcctron's \vave I"unction can he normali/.ed.

Thc tirsl set is given hy

\J";; [\J" ],.(1",.) = -'-- ,,'eh -'--" (,,. -1)
vJ2/1/P (11I1')~

[
. M" - (U/l')" ]

"XI' u\/( 2(11",)4 1 +,,.) , (12)

6(1,.") = _(M'),SI'('h [(M"),,(,r_I)] (1:1)
11I/1 ' 11/11 -

1I can he seen that in this case the solitonc vclocity
IS l. we are once again outside 01' lhe nonn:lativistic re-
gion. and the phase velocity hecoll1es \i~, = [- ,\1,1 +
(II/l') I )]/[(2(11I")' )],

The sl'cond solution has Ihe form

\¡,;; [\/" ],'(L.,.) = -',--,<'('h' " "(,,.- V,t)
2,,11' 3(11I/1)-

{[
'l\J" \J] }"XI'XpIJI _-_' ~\.2 1+)\/\",1 (1-1)

9(1I/l')' 2'

6(1",.) = -~ (~)' sech' [~('" - \,,1)] (15)3 II/l' 3(l/Iv)-

Thesolilonicvclocilyis, F~= JI - (D/.l)(",:1112¡'H:~r2.
and in order 10 remain in Ihe non-rclativislic region we must
have (9/4)(111"", /.\13)2 '" L The phase veloeity is in the
case 01' solutions ( 14 )-( 15) V" = - (2 /9)( M / 1/11')" ( 1/ \':.) +
\~, /-:.. 1I is c1ear that \ ~~2: "P'

The exprcssion just Jerivetl for lhe solilonic vclocity seIs
lhe following hound (2/3).\ti 2: III:IV:2 ==> 0.-147 Mev
2: 111 ,,'.!.¡:\.

Clearly, the ltH:alization length is 1", 11'1112 f.'\[:!1,2. where
I
f
• represenls lhe Compton length nI' the elcclmn. Ohviously,

1/1',2 f.\["!. » l. huI l' is in lile olle-dimensional case not fixed
and thercfore illllay he chosen sucil Ihal (/1/2 f;\I2)F2 'S lo

As a maller 01" rael, if \ve JemanJ \ ~ E R. and \Ve
must set Ihis condilion olherwise \Ve can nol idenlify t:.
\Vith a vl'lOl.:ily. Ihen Ihe fnllo\\'ing condition must he ful-
lilled I :;> (:\n)(1II',"/.\I') =:- ,1/""'/.\1'« 1 =:-1::; 1,.,
ami Ihcrcfore \Ve ohtain throllgh Ihis moJel a reasonahle 10-
calilation kngth ror Ihe elcctron. \Vith other worJs. every
physically meaningflll solilonic velocity implies a ver)' sm;]11
localilalion rcgioll.

3. COllclusiolls

\Ve began with Ihe equalions rOl" the elcclron and excited
sIal es 01' the Higgs-lield. this Iast one linearized. Ihat stcm
from the standard Iheory. \Ve have also shown thal Ihe elec-
tron 's Schrüdingcr equation contains a new tcrm thal might
11L' rcinterpreled as a self inleraclion of gravitational type.
The l'mm that Ihis equalion acquires is already known from
plasma physics. the so called Choljllard eqllalion.ln this work
Ihe Higgs lield can he Ileld responsiblc not only for the emer-
gel1cc 01' mass lerms in some elementary particles. but also
for the appearence nI' sOllle c1assical propcrlies, l.e. the wave
funetipn sllO\vs [lO spreading \vith lime.

\Ve fOlllltl. in Ihl' three dimensional case. solutions ror
Ihe e!eetron and cxciled states uf the Higgs ficld that in (he
direction of motion show no sprcading with lime cvolution.
bUIllllfortllnalely, lhe localil.alion property is reslrictcd 10 Ihe
alúrelllentiond direclion. The involvcd localization length is
01"the mder 01'magnitlltie of the Compton Icngth 01' the Higgs
licld, a very slllall olle.

For the Olle dimensional case the localization prohlem
disappears. In this case. cvery elcclronic physically mcaning-
rul solitonic velocity implies lhat ils locali:r.ation rcgion has 10
llave an order DI' magnitude similar to lile elcclron's Comp-
\011 length. once again Ihe ohlained length is smal1 enough
and cndowes the lllodcl with physical llle~it1ing. 11is readily
seen thal om solution has lhe character 01"a particular solu-
tion 01' the corresponding molion equalions. and thercfore il
can !lot describe aH kintl of c!ecll"nn waves.

The issuc nI' stability and the possihlc deslruction 01"the
soliton solulions hy a dissipative environmenl (strllctural sla-
hilily) musl he also addressed.

In Ihe case 01"the Sine-Gordon equalion [3~1.that in the
case 01' one-space-Iike dimension has the form ¡YófD.r2

-

rPÓ/{)f2 = sin (6) ami sho\\'s acertain"similitudc" with the
onc-dimensional case 01"(5), it is kno\Vn that the perturhalion
of a col1ision wilh anothcr soliton is hy no mean s guaranlced
to be smal\.

The possibility 01"annihilalion of IwO colliding pulses.
fOI"Ihis Sinc.('jordon cquation, and the existence of different
types 01" inestahililies l:l:lj. l.e. cOllveclive and nonconvec-
live which depend on Ihe algehraic properties 01' Ihe involvcd
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displ'rsion rl'ialion w(k). shO\ ••, that cvell for a simpler cqua-
lion than ours Ihe prohlcrn nI' slability is a very complicaled
one- amI that Ihc role playcd by the environment has lo he
L'areflllly invcsligalcd. t!lis dissipativc en\'ironmenl will ha\'C
an importanl part in lhe appearence of a possihlc dispcrsinn
rclation :..,..'(/,').

In L'onncetion \\'ith Ihis prohlem we must add Ihat thc sla-
hility t!lcory ror solilons has mílllY aspccls dcpcnding upon
lhe particular defillilioll of lhe tcrm "slabilily" ami UPOIl Ihe
Ilwlhematical Illt:lhods hcen cmployed [3-1].

Unc approach in thc invcstigalion of slability is to as-
sUllle a "slllal1 pcrturbalion" fmm our solulion anJ consider
whethcr this pCrlurhalion grows wilh lime. 11'the pl'r1urha-
lion is slllall L'nough, lhe nonlinear equation thal il obeys
lllay he approxilllatcd by a lincar cquation. More powerful
lIlcll10ds canlllcn he used to decide whether the approximatc
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linear cqualioll implies growlh or lIecay Wilh time. Nevcrthe-
Icss. olle lllust he very careflll. hccause Ihe Jrawll conclusions
frulll a sludy uf the lincar eqllation may differ fromlhe impli-
cations (lf Ihe c\<lel nonlinl'ar cquation Ihat it approximatcs.

/\ sccond appoaeh is In cmploy lhe nonlincar stahility thc-
my. that was dcveloped hy BClljamin 135J in eonneetioll with
lile KOrlewcg-deVries equalioll. In this case lhe questioll 01"
slahility is :Jnswered. out lile prohlem of "asymptotie slahili-
ly" rcmains opcn.

Tlle issLle oi" slahilily ror our model will be addresscd in
¡.¡ fUrlher papeL
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