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Using the fact tllat tbe Schrüdinger equation for the two-dimensional Kepler prohlem with negntive energy is equivalent to an integral equation
011the unit sphere in lhe three-dimensional space. the eigenfunetions and Ihe generators nf n dynarnical symmetry group for this prohlem are
ohtaíned frorn the usual spherical harmonics and the angular 1110mentullloperators on the sphere. It is shown that ir the sphcrical harmonics
;lre eigenfunctions oí"Ly• inslead of Lz• the corresponding eigenfunctions of Ihe Schrüdinger equaliun are separable in parabolic coordinates.
It is also sho\','11Ihat in the case of zero energy, the Schr6dinger equation for Ihe Kepler problem in two or Ihree dimensions is equivalent to
;1l1illtegr<Jlequation on the Iwo- or three-dimensional EucJidean spaee. respectivcly.

KI'-"","'ortls: Kepler problcm: dynamical symmctry group

Usando el hecho de que la ecuación de SchrOdinger para el problema de Kepler en dos dimensiolles con energía negativ<J equivale n una
ccuación integral sohre la esfera de radio I en el espacio tridimensional. se ohtienen las eigenfunciones y los generadores de un grupo de
simetría dimÍmica para este prohlema a partir de los armónicos esféricos usuales y los operadores de momento angular sobre la esfera. Se
mucstra que si los armónicos esféricos son eigenfunciones de Ly• en lugar de Lz, lns eigenfullciones correspondientes de In ecuación de
Schrüdinger son separables en coordenadas parabólicas. Se mueslrn tamhién que en el caso de energía cero. la ecuación de Schrodinger
parn el problema de Kepler en dos o tres dimensiones equivnle a una ccunción integral sohre el espacio Euclidcano de dimensión dos o tres.
rcspcclivnmente.

/)l'.HTiptoreJ: Problema de Kepler; grupo de simetría dinámica

PAes, m.65.-w: 02.20.-a: 02.30.Gp

1. Introducción

II is a wcll known fael lhal in ¡he Keplcr prohlem (in elas-
sical or quanlulll Illcchanics), hesides the angular lllOlllcn-
turno Ihcre exists another conserved vector, known as lhe
Hennann-Bernoulli-Laplace-Runge-Lcnz (HBLRL) vector;
\vhereas the conservation of Ihe angular momentum follows
from lhe invariance of the potential under rotalions, lhe con-
servation 01' (he HBLRL vector is associated wilh a "hidden
symllletry". that is, with transfonnations that mix the posilion
and 1ll0lllcIltum variahlcs, Icaving the Hamiltonian invariant
(scc, e.K., Rels. 1-5).

In lile case where the encrgy is negative. the commuta-
lion relations (or the Poisson brackets) hetween lhe compo-
nents of lhe angular Illomentum and 01' lhe HBLRL vector
coincide with lhose 01' a hasis for the generators 01' rotal ion s
in lhe four-dimensional Euclidean space (or 01"the rotations
in Ihree dimensions. if olle considers the Kepler problelll in
tW(l dilllcnsions) (sce, e.R .• Refs. 3-10). Fock [11 showcd that
tlle corrcsponding Schrodinger equation possesses, in effect,
a sYllllllclry group isomorphic lo the group of rotations in
four dimensions hy transforming this equation into an cqua-

tion 011 lhe unit sphere in the tour-dimensional space, where
the symmetry hecomes ohvious. This transformation allows
to I1nd tlle energy Ievels amito express the eigenfunctions in
lcnns 01' hyperspherical surface harmonics [1,3.4].

\Vhen the energy is positivc, the COllllTlUlatioll relations
hetweeIl Ihe components 01' (he angular mOlllentum and of
lhe HBLRL vector correspond to those 01' a se! of generators
01' the Lorentz group and Ihe Schrodinger equation can be
transfonncd jnto an equation on a two-sheeted hyperholoid
in Minkowski space wherc the glohal action 01' lhe Lorentz
group can he seen explicilly r 1.41. Finally. when lhe energy
is equal to zero. Ihe COlTImutation relations of the angular mo-
lIlentulll and Ihe HBLRL veclor coincide with those 01' a set
of gCllerators 01' tlle Euclidean group in three dimensions and
in Ref. 4 il is shown Iha! Ihe Schrüdinger equa(ion can he
transformed into an equation 011 a paraboloid. Howcvcr, since
tlle rotations in four dimensions are the isomctries of the uni(
spherc and Ihe Lorcntz (ransfonnations are the isolIlctries of
an hypcrholoid in Minkowski space. one would expccl that
in Ihe case 01' zero energy the Schrüdinger equation could be
transformed into an equation on (he Euclidean spacc, where
the sYlIllllctry 01' Ihe Schrodinger equation woulcl be Illani fest.
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11' - l' 1 = (1_ "Jl/'(l _ ,,;)1/'

(., ., '1)
'/') = -/JO!)j'.-I.,}OPy,.,p - /Jo .
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Undcr the correspondenc.: between p and n given hy El)s. (4)
alld (6). lhe planc is mappcd onlo (he unit sphere and making
use 01' Ihe spherical coordinales H, 1J, 01' n, frolll El). (-t) \Ve

lind lhal

01", cquivalclllly.

In Ihis sec(ion \ve givc a Ircalmenl 01' (he Sduildinger cl)UJ-
tion 1'01'the Kepler prohlem with negativc cnergy in I\VDdi-
Illcnsions parallel lo lhal given in Refs. 3 and -t rOl' the Ihrec-
dimensional case, following a simplcr procedure.

In Ihis paper \Ve use Ihe fael Ihal Ihe Schrbdingcr equa-
lion for lhe two-l1imcnsional Kcpler prohlcm wilh ncgativc
cllcrgy can he transformcd ¡ntn an cquatioll 011(he unit spherc
in Ihree-dimensional spacc lo fInd lhe cllcrgy Icvcls and lhe
cigcnfunctions cxplicitly. ohlaining a rclationship hClwccn
lhe gcncrating functions 01' lhe associatcJ Lcgcndrc fUIlCliolls
anJ 01' Ihe associatcd Laguerre polynomials. Wc sho\\' tha!
Ihe HBLRL vector (in 1\\'0 dimcnsions) can he dcrivcJ fmm
lhe cxprcssions ror lhe usual angular mOlllcntulll opcrators
ano lhat the cigenfunctions 01' one 01' lhe componcnts of Ihe
HBLRL vector are lhe separahle solutions 01' Ihe Schrüdingcr
cquation for lhe 1/1' polcnliai in parabolic coonlinatcs. Thc
analoguc of Ihis rcslllt in c1assical mechJnics is givcll in Ihe
Appcndix. \Ve Jlso considcr the Schrildingcr cqualion for
lhe Kcplcr problcll1 in t\\'o and thrce dimensions \vith zero
energy, showing (hat {his cquation can he transfonned into
olle on the two- or threc-dimcnsional Euclidcan spacc, re-
spectively, whosc solutions can he easily ohtaincd.

2. Thc Schriidilll:cr eqllatioll filr Ihc hOlllld
slalcs of Ihe Iwo-dimensional Kcplcr proh-
Icm

2.1. Invariancc of fhc Schrodingcr c(luation IlIHJcr fhe
Ihrec-liimcnsional rofafion group

where 11' is the unil veclor corrcsponding lO p' according lo
Eq. (6). Suhsliluting Eqs. (5), (X) and (9) inlO Eq. (3) one gels

By expressing thc solution 01' the Schrüdinger equation 1'01'
Ihe l\Vo-dimensional Kcpler problem.

,,(11) .\/1,. l'esC"(II'/2)'¡'(Il') ,ese - '¡'(u) = -- -_. dn,
:! 2rrflpo . 111 - n'l

llsing Ihe faet thal./'(I/r)('i(P-p'),r¡Tld1r = 2;r"/lp - pi!.
one ohtains the inlegral equJlion

hencc, hy detining
ft:l:l k

--\7 1/'- -1/;= E1/;,2M ,.

as a Fourier lransfonn.

¡j>(r) = _1_!,~()e'p'l" d'p
2rrh . p ,

(I)

(2) (lIlC arrivcs al lhe integral cqualion

. .\/ lo l' ,j,(u')
'¡'(u) = -- --- dn'.

'2;rfll'n. In - n'l

( lO)

( I 1)

whcrc p == ¡pi. Throughoul this scetion. \vc shall eonsider
houlld slales only, for whieh E < O. Then, hy mcans 01' the
sh.-'rcographic projection, the vector p can he replaccd by a
unit vector n = (11 J" //y. Il:) according lo ll,3]

., Mk J 1>(1") ",(1'- - 2,\f E)>I'(p) = - 1 '1 d-p .;rlt p - p
(3)

(~)

Thc constant faclors includcd in Ihe uefinilion (10) are cho-
sen in such a way that ,Í) is dimcnsiunless anu ~ is norrnal-
izeL! ovcr lhe sphere if and only ir l/J is normalizcu over Ihe
planc [31. Since lhe dislance between poinls on lhe spherc
and Ihe solid <Ingle elemenl d~! are invarianl undel' rotations
nf the sphere, Eq. (1 1) is cxplieitly invariant under Ihesc
Iransformalions, thus sl10wing lhal lhe rotalioll group SO(3)

is ¡¡ sYllllllctry group 01' Ihe original Eq. (1), ror E < O. Sub-
stituting Eqs. (7), (8) allll (10) inlo Eq. (2) ane ohtains lhe
wave fllnclioll IJI(r) in lertns 01' the solulion 01' the integral
ct¡u<llion (11)

R(,I'. /o.1('X. F{, .. ..w (4) (199X) 344-352
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1'" j" (11)<"(r) = --- <1>(11.Ó) c,c :-., 0_1 )-v..;" I . -

x ,.,1' {i1'" '(JI (11/~) (.c nlS CJ+ Y ,ill Ó) / I'¡ dn. (12)

The integral eqllalion (11) can he casily sol ved using lhe
ract that lhe spherical harmonics rorrn a complete sel r,!r Ihe
functions ddillcd OH Ihe sphcrc. Iherefore the fllnction (1) can
he expandcd in Ihe form

degeneracy 01' the cnergy level ( 14) is '21 + 1: all Ihe spherical
hannonics of degree / are solUliollS of ELJ. (1 1). correspontl-
ing 10 lhe ellerg)' (14) antl the solutiolls of Ihe hOlllogclleolls
inlegral equalion (J 1) are prccisdy Ihe eigenfullctioHS 01' L ~.
the squarc angular 1ll0lIlentulll operalOr.

2.2. Explicit form nI' the ei~enfuncti()ns

According 10 Ihe prcl'eding rcsults. the solutions 01" [he
Schrüdingcr equation (1), for E < (l. are given hy El]. (12).

~ ,
<1'(11.0) = I: I: ",,,,li,,,(II.O).

I=[J 11I=-1

( 1.1) 1'0 j' ~ (11),,'¡'r. !I) = ---o.:- '1' (11. Q) •.m :;/'J.., " . -
Substitutillg El]. (J 3) inlo El]. (11). making use nf the expall-
sion

rx, I

-1_1 '1 = I: I: .,/'1+" ¡1',:,,(11'. q/)Y,,,, (11,\».
11-11 _

1=0111=-1

where e. 9 ami (-)'. 4/ are the sphcrical coonlinales of 11 and
111• rl'spl'clively. amI 01' lhe orlhonormality of the sphcrical
harlllonics olle obtains

wherc (Í'(H. 9) is an eigcnfunclion of L~. The rolalionai SYIll-
melry 01"the Hamiltoniall (1) suggesls lile use 01' polar COOf-

dinates, in tcnns of which El). (15) takl's Ihe forrn

\\'hich implies that, in urder lo llave a nontrivial solution.
2.\1 k = f/fJo('21 + 1). rol' sOllle 1; hence. acconling lo Eq. (5).

j. =
/'0 .= -- '«(11. ó) '\'

l~¡;f¡. L.
1I1'=-'X

[
/>ot. (11)] (0)x .Tm, T ("{)t ~ ('OS '2 dH d6. ( 16)

(ef Rcf. lO). Thl' '21+ 1 cOl'rtkients tllm. (111 -l. -1 +
1... ./) are arhilrary and (J/'m = O ror alll' 1: l. Thlls. lhe

I

~.\fk'
E = - II'(~{ + 1)"

( I~) \l.:hcre \'':C ha\'c made usc 01" Ihe expansion el.cSillO =
:L:=_x;('ifllll.l/l/{'I') (sec. ('.g .. Ref. 11. SCi..'1.4). Taking
(f.( H. o) as a spherical harm(lnic. }i"l (H. o). which are the
nonnalized separahle eigcnfllllctions of I.:! in sphcrical co-
ordinates. from El]. (16) \ve ohtaill

1 j')

1'0 [21,,+ 1 (1-11I)] - (_¡)'" {/., ['/"(('0,8).1", [/101'mI (~)] "os (~) dll} e""'.
" -" (1 + 111.) • o [, - -

( 17)

which shows that Ihe separable eigcnfllllctions 01"L'2 in spherical coordinatcs correspond lo scparahle eigcnrllnclions 01' Ihe
Hamiltonian in polar c{)ordinatcs. Denoling hy 11m lhe inlegral hetweell hraces in El]. (17). and intmdllcing <In auxiliary
paramcter f \Ve have

f(~l + I)I""I' = l' f(~,+ I)JI/"(m,II)I' x .1", [/I~r nll (~)] m, (D dll
1=0 . (J l=O

lhcrcfore. making use of the recurrence relation (2l + 1) sin (J P,lll (ros (-))= P/~il (eo."8) - /)/~i 1(n)" H) alltl of Ihe gelleraling
rUllctioll 01' lhe associaled Legendrc runctions.

Rel'. Me.\". FlJ . .w (4) fJ9lJK) 344--352
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('> )'(1 '")"'/" 00
_111. -.1 = 'pm .(,r)tk

')111 1(1 _ ')1 + t1)11I+1/1 L m+"
- /1/. - .1' k=O

(Sl'e, e,g .. Re!". 12). forlll 2: (J, \ve find

wherc L~;dellote (he assol'iate'l.l Lagucrre polynomials (see.
C',g .. Re!". 1.3), il follows l!lal

~
2::(21 + 1)/

"
,,1'

/=11

,~ j" (1 - t")tm2::(21 + 1)I/ml' = . 8
n Sl11

!=1I
x f>t'" CJ;~'Y
k=ü

Ihcrefore

• . -1/1 m(l-l11)! m
USlng Ihe relatlons P, = (-1) )'~ and .J_m(/+IIl.
(-I)IIl.Jm. from Eq. (17) it follo\\'s Ihar

,)m+l (11 r)m (°/'01')= ----f -Pul'/" ~o_ [2m _-_
2l + I 11 1-m f¡

alld the Ilonnalizcd eigl'llfllnctiolls nf (he Hamillnnian. rOl"
/11 2: O. are gi\'cn hy

(211I + 2)'( I - cas" 8)(m+I)/"x----------------
2n1+1(11I + 1)!(1 - 2feosB + (2)m+:~/1

["or (8)] (8)x.lm ---¡;- I"ot 2 cos 2 dH.

Replaeing ,he variable 8 by l' '" mt(8/2) one IinJs that

';;' .) /_ r" (1 -1')1'" (211I + 2)'
L-(-I + 1)/'ml - Jo (1 - t)2m+" (11I + 1)'
/=0

1''''+' .1m [("or / 1,)"J
X ) / d'Jo

[.. (1 + 1)'] m+' ,
w+ 1=1

" (. _ 11" [21 + I (1_ "1)'] '/'
" ,,,, I.'P) - 1 .)- (1 + )'

/ ~ 1I . 1//.

')"'+' (/' r)'" (')11 r)'x (-1)'''----1'-1'111"/', _,,_ [1m ~,
'JI + 1 f¡ 1- m 1I

(1 ~)

The last inlegral can he evalualed hy firsl differerlliating
wilh I"espect lo .') (he equ:llion (20)

Using now Ihe racl Ihat ¡"X¡ f(;r).l
1I

Cr!J).rd,l: y(y)
.0

;lInOlln[s [o (00 g(.r).I" (.rY)J'd.r = !(!!) (see, e.~ .. RcL 11.Jo
Seet. 13). from Eq. (1 X) onc gels

(sec. ('.~ .. ReL 11. Sect. 15), which yielJs

¡.~ (2m + I)'s
,-nrfJl+l] r £Ir =

. [) f • • m (,), 2//1111!(.<;2 + l)m+3/1'

(21 )

, (iJ D)L,,. = if¡ sin 4,- + col. f} ('os Ó7\7 .no "9

. (iJ D)Ll/ = il, - ('()s (¡) DH + cot B sin </J DdJ

, D
L, = -i1,-.- Do

As \Ve have shown. Eq, (J:)) givcs a correspondencc oClween
Ih\? sohuions 01' the inlegral cqllalion (11) anJ thosc 01' lhe
Schrüdinger cquation (1). As rcmarked ahoye. Eq, (1 1) is
explicitly invariant under lile rotalions 01' the sphere ando as
is well known, a sel nf generalOrs of these rolalions are Ihe
angular 1ll0rncnlUIll operators

23. Thc gcncrators 01' IIIl' s~.ltllnctr'y

wherc the - indicales Ihallhcse operators act on funclions Jc-
Iined on lhe sphere. Then. hy means of the corrcspondencc
(12) we can llnd the operalors on lhe wave I"unclions thal cor-
rcspond (o Ihe generMors nI' rotaliolls (21).

From Eqs. (2), (7) amI (10) il follows Ihat the fUllctioll el'
on Ihe sphere corresponding lo a givcn wave functioll ~}is

(1 Xl

(2m)'
211l'llI!(s:.! + 1)m+l/2

(') + 1)' . m+' I (. )_In ,,".1" • ni .1!J 1 _,111 _Y"
, , (') '») +"/') ( ,r _,Ij e:,::111111• .1'- + :-j- m , -
¡.oo

.0

00

¿('2l + 1)11111fl = 2111+1f.1H(J}(Jr/I,fn
/=0

lhus

(,- (21/01'/lr.)t/( 1 -t)
X e-l/Ol'/'I -------

(l - t)1m+1
, /)0 I
'¡'(n) = -----.--

,I-/!"I, ,in"(O/2)

and rl'calling thal

e-x.::/(I-.::)

(1 - Z)'+l '" ¡'(I')-"= L ~n' ~ •

11=0
By arplying. rOl" exarnplc. L,r lo holh sides 01" lhe last equa-
lion Dnc obtains

Re\'. Afe.\". F{ ••. .w (4) (199X) 344-352
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" ¡/lo 1 j' [ (&) . . ;1'0 ., (&), . . ., ,¡Jio ]L;¡,(I)=~, '¡ 't,0(r) -3cot :- Sll}(p+-('ot- :- (2,naIlcP('osr,?+yslIlwc/>-ycos cP)+-y
Sv2JrT, 51/1' (&/2) 2 T, 2 TI

x ('XI' { - í1'0 ('01(& /2)(.1' ('Os l' + .'1 sin <p)/"} ¡{' •..

which can he rewrittcn as

___ T_'__ j~)(..) [3~+2:r~~ +.'1 (_D_'. __ D_',)
S)2Jrsin.J(&/2) Dy D:z:Dy Dy' eh-

T, /' -qH/" [ D D D ( D' D' )------ e -+:1'--:-+1/ ~---
s)2Jr 5in3(&/2) . Dy D.I' Dy . Dy' D.I"

., ]Po ' ,)- ,y ¡p( •. ) ,(-r,
T,-

whcrc we have integrated hy parts. Now, assuming that '0 salisfies Eq. (1). Ihe las! lerm can he replaccd accorJing lo P50 =
T,'\,',,', + (2Mk/r)~', hence,

1'0 j' -ip,l" 1 [T/'(D , D D . O') MkY] '()I'
4)2JrT!Sin" (8/2) e Jio '2 Dy + 2.1'0,z: 0.'1 -1.'1 D.I" - -1'- éJ" / •. ,

where L = •. x p anu l' = -iTl\' (el Rcfs. 3 anu 14).
In a similar manncr, ooe flnds thal the operators £1/ ami

( corresponel lo -(l/Po)A, anel Lx. respeclively. Thu;, one
concluues Ihallhe components 01'lhe HBLRL veelor (23) are
associateel wilh Ihe 50(3) symmelry 01'Eq. (1) anu Ihal Ihe
operalors (¡h'o)A", - (l/Po)A, anu L, ohey (he same eOIll-
ll1utation relations as Lx, ty and Lz.

M(k-A) 1-~-~ = 11, +" (26)
Tipo -

ordcr lo have well-hehavcd solutions 01"

= /tI + ~,

¡{'V "1' 2:\f(l.- - A) l.'--- +Ir' = ----.
d/¡'2 tiPO'

thcrcfore, in
Eqs. (25),

M(k + A)
t/.f)o

t/ ¡PU ., ,) .
-~- - £n-0 = (l' + A)U'J..U dll1 . , .

tl"2 (p\, '). ,"
~~- - E"-1 = (l' - A)1 (25)
'lA! 111'1 '.

wherc ,\ is a scparalion conslanL Each of Ihese separatcd
cqu<llioIlS, ror E < (J, has lhe form oí" the Schrüdingcr
equalion for a hannonic oscill<ltor (el Refs. 6, 7 and 15);
making use 01"(he dimensionlcss vmiahlcs E. == JIJO/tl, l/, and
'/ = ¡po/T, v. I"rolllEqs. (25) we gel

d'U "[' 2M(I;+A)U--+1;-1=de tiPO'
(23)

1 Alk •.
A = -(1' x L - LxI') - --,2 J'

hy

which ts 01' Ihe fonn (22), wi(h 4' replaeeu
-'- [,~2(f!- + 2;r..fL..JL _ 211 f)2 ) _ !lfkU] .1,1'11 2 dy [)r 8y .-j ¿¡¡:r r '/,

-'- ['12 (rJl.... _ '1 .i!...) lL + 1"1.
2 i!.... (TiL _1..fL.) _ MIni] )

fin :! 'ily J Eh {):c 2 eh . ()y Y ih ,. 1/ .

Thus, under the corresponden ce given by Eq. (22),
reslric(cd 10 Ihe solutions oí' Eg. (1) for a tixcd
value of E. LJ. corresponds lo the operator

-'- [re (Ti!... _ 1 ..fL.) .Jl.. + 1"¡2.!L. (:r..fL. _ 1 lL) _ Mkl/]
I'u :! . iJy .J (J:r: n,e '2 [)x . ay ,'J (}:r r'

\••..hich, apan from Ihe conslanl factor (l!J>o), coincides with
Ay, one 01'the cartcsian components of the HBLRL vector

2.4. Separatioll uf variables in parabolic coordina tes whcre ni and H'2 are llol1-l1egative integcrs. and

The Sehrüelinger equalion (l) is also known lo be separahlc
in parabolic coordinates (see, e.g .. Re!'. 6), In faet, in tcnllS 01"
Ihe paraholic coorJinates u and v deflned hy:t: = ~(u:.!- v2

),

.IJ = l/l!. Eq, (1) takes the form
x H",( ¡polT, ,,). (27)

°k
.• . 1/; = EIjJ (24)

'/1.'2 + '/)2

Suhstituting ljJ = U(n)V(v) ¡nlo Eq. (24), one ohlains Ihe
scparatcd equations

where the l!,¡ are Hcrmitc polynomials and e is J normal-
ization constant IG].

Sinee H,,(-.r) = (-l)"Hn(.r) ¡¡",llhe eouples (u,v)
alld (-II, -'11) corrcspond lo lile SJme point el', y). in orJcr
lo have a singlc-vJlued wave functioll il is necessary that nl

Rev. Mex. Frs. 44 (4) (1998) 344-352
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i1nd "'2 he hOlh odd or even; hence. 111 + 11'2 musl ahvays he
an even nUlllher. 2/. say. and. ror a fixcd valuc of l.

/I/y == (11] - 11'2)/2. (¿X)

owing lo the results 01' Ihe preceding subscction, the opera-
lors 1,;::1: (i/1)0):\.JI (\\'hich correspond lo i;:::!:: ¡ir) raise or
lowcr Ihe eigcnvaluc II/,r¡ uf Ihe \vave functions

can lake rhe (21+ 1) integral valucs -l. -1 + l ..... 1.Thell.
adding El]s. (26) and rccalling Eq. (5) we ootain again E =
-2.\1 k" /[11"(21 + 1)2J amI suhlracling Eqs. (26) \Ve tínd lhal
Ihe separalioll constant ). must oe quantizcd according lo

(29)

_ (' .-I'(lU:!/'l.tl}{ (r-¡;://¡) -l'ot.2/"!.tl
1.,"/IJl~ - I 1+1Jl~ V POI 11 II e

(31 )

[see Eqs. (27) ami (2g)j hy nne uniL In fael. a straigh[for-
ward computalioJl. lIsing again Ihe rclation ¡;¿l'l = ;¡h::;;'l.I.' +
(2.\/ 1.'/,.)1.\ gi\'cs Ihe simple exprcssion

(NOle Ihat the cxislencc nf 21 + 1 diffcrcnl values 01' III Y for
a given valllc uf 1 lllcans Ihal the degeneracy 01' lhe cnergy
Ievels is 21 + l.)

The Illcaning 01' lhe separatioll constant ). (ami, hence, 01'
11I y) can he fuund by multiplying the lirst equation in (25) hy
1''2\", Ihe secoJld one by u'2U and suhtracting, which leads to

i /, (ff,,'1l Rf' 8)/ x -.1 - x- -11 'f --":: l/o' IJ - i 2;/ 2po Du

(ff,,'o Rf' O)x -t'::!::--
2;/ . 21'0 Dv (32)

3.1. Explkit SE(2) ÍJl\'ariancc of lhe lwo-dimension.al Ke-
pie.' prohlelU with zcro encq:~.y

3. Thc (Jllantllm-mechanical Keplcr problem
with zcro cr:ergy

(34)

(35)

(3)

2M",!
p=-/---:¡,

/ q-

"I() .\1 /;! <¡>(p')> ,1,11 P = -- ----d-p.
rrll. Ip - p'l

The opcralors in t11~right-hand side 01' the last equation can
he rccogllil.cd as raising nr lowering operators corresponding
10 the linear harlllonic oscillators descrihed hy Eqs. (25). Lct-

ling fll == Jl/()/~!t 11 + JIt/2po D/Du, ot == )1'0/2;1 u -

JII/2/,,,0/iJ,,. "" '" JJlo/2i,,, + Jil/2po8/8,,_ ,,1
J/,,,/2/,,' - JII/2/,,, o/O,.. \Ve have

These equaliullS cmrespond 10 Ihe well-known Schwinger"s
reali/,atiol1 ur lhe Lic algebra of Ihe rotation group in terms
01' crcatioll and <I11llihilalioll operators.

\Vhcn E = 0, Eq. (3) gives

;vlaking now lhe change 01' variahle

I [ 11" O (O O )
- .\1 - 2 0.'1 ./"0.'1 - Y O./"

11" (O O) O JI k.r]-- ./"- - .'1- - - -- ~,=,\,'.(30)
2 Oi¡ O./" 0.'1 "

m, el)uivalcntly,

\Vhich isjusllhe condilion (-I/;\I).4,t/; =).t/; [el Eg. (23)].
Hcnce, Ihe separahle sollltions of Eq. (1) in parabolie eoordi-
nales are eigenfunctions 01' (-lJ¡Jo)Ax (which is the opera-
1m on the wave functions cOI'rcsponding to Ly), wirh eigcn-
\fallle JI )./1'0 = /l/y". Thus, whereas lhe functions on Ihe
sphere, (1', correspollding Iby tI1cans 01' Eq. (22)] to Ihe sep-
arable solutiollS (19) of El]. (1) in polar coordinates arc the
eigcnfullctions 01' £z ami L'l., those corresponding to the sep-
arable SOlllliollS (27) 01' El]. (1) in paraholic coordinates are
Ihe eigcnfllnctions nf L" and L2.

It should hc remarked Ihat, as we have seen in Ihe prc-
ccding paragraph, the conservation of the HBLRL vector 1'01-
lows fmm Ihe separability 01' the Schrodinger eqllation (1) in
parabolic coordinates. (As shown in the Appendix, in a sim-
ilar maUller, the conservation of the c1assical HBLRL vector
follows from the separahility of lhe Hamilton-Jacohi equa-
tion rOl' Ihe lwo-dimensional Kepler problem.) [n this COll-
teXI. the HBLRL vector arises in a very natural way (compare
\••..ith lhe derivalion 01' the classical HBLRL vector given, e.g.,
in ReL 16).

We close this section pointing out Ihat from the com-
Illutarion relalions 01' (he angular momentum operators (21),
[ti. L)] = ihEij/.;L"" it follows, in the usual way. lhat lhe
acrion of Lz :!:: i£:r on an eigenfunction of £2 and L1I yiclds
another eigcnfunction of L'2 ami £11 wilh the same cigenvalue
01' L'l. and Ihc eigcnvalue 01' i1l shifted hy :!::f¡,. Therefore,
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whcrc q is a dimcnsionless vector in lhe plane and q = IClj,
\Ve gel

2Mk
p=--.

I/(J

') 4Jf:2k2")
rl-p = -.-, - d-q,

11-'14

1 '1 2Mk 1<1- <]'1p-p =-- ,t, lJf/

,1lHI rmm El]. (34) il 1"ollows tha!

'() 1 ./' '~(<[') ,., ,
'1''1 =" (-'1-" 1'1 - <['1 '

(.16)

. J1I.' /''1'(1" H) = -',-. \'(.1'. y)
ntl- ¡rl .

x ('xp{-2iMk(.r('osH+ ysiIlH)/It'p}r1'r, (.1R)

\\lhere, again, (1, () are Ihe polar coordinalt:s 01' C). On lhe other
hand, the generalors 01"lhe rigid motions 01"the planc can he
ehosen as

, . ( a sin Ha)PI = -111 ('osH- - --- .ap p iJl!

(.19)

/

. . ., 1 Jj' f(,)eis q' (¡2s d'<['
j(s)eJS q l/-s = - -~----~

. 2" 1<[- <['1

f f(s)eisq .,= ~~-d-s
. ...•

Equalion (36) is cxplicitly invariant under SE(2), lhe group 01'
r¡giL! transformaliolls of the EuclidcD.n planc onlo itself tha!
do not changc Ihe oricntation.

Thc homogcncous integral equation (36) can he casily
sol ved. Substittiling 'H<[) = f f(s)eisq (¡2s into Eq. (.16)
we gel

henee. f(s) l' (J only ir [si = 1; thus. ,~(<[) = clS q is a
solution 01' Eq. (36) for any (constant) unit vector s. Thcsc
solutions are separahle in cartcsian coordinaLes: (~lS-q =
('i.",,,f('i',,y, with q = (;r.y) and s = (sx,Sy). Sincc

(,i".q = .¡;;:--X' j1He-imftcimO J1H(fJ), where (1', B) are the
f-..III.=-X.

(40)

u{r.y)d'l'iJ iJ]- '2IJ--
. iJ.r iJy

[P,. IÓ,J = O,

[1", Í'¡J = ild',.
lÍo. 1\1 = -¡¡,PI.

[
i! ( i!' iJ' )X --+.1" ----
¿/)' Dy"l ih."2

The operalors nll (he wave fUllclions corresponuing 10 lhe
gellerators nf (he symlllelry lransformalions (39) can he oh-
lailled following the same stcps as in Serlo 2.3, making use 01'
Eq. (38). Dne tinds, ror instance,

helll'c, rccalling Ihal in lhe prcsenl case h"2y"2ljJ +
(21\1 k/r)-I./." = 0, the operator corresponuing lo the gcnera-
lor nf translaliol1s J\ is

¡¡" [iJ a' 2M i.' a iJ]
2M k - iJ.r + 2,]; iJy2 + ¡¡'r .r - 2.'1 iJ.r ay =

;, {I,z[( iJ iJ)a
Mi.' 2 .r iJ.lf - Y a.r iJi!

+.£.. (r.£.. _ (¡.£..)] + ,\li.'.r} = -..!'..-A
/)y Dy . D.1" r ¡\l Jo: .r

[see Eq. (23)J. In a similar way, Ol1e flnds tha! the opera-
!ors corrcsponding lo P"l and Lz are (-hj.\l k)"4.y and L::.
rcspectivcly. Thus. A.r., .411 amI L:;: gcnerale symmetry lrans-
ronnations of the Schrot.linger cquation (1), as in lhe case
wherc E is ncgative.

Thc raet Ihat L:;: is lhe operator corrcsponding to L:;: un-
der the eorrespondence (38) implies tha1. under lhis rela-
tionship, the separahle solutions in polar eoordinates 01"the

PI and P"2 generate lranslations in the.r and y direclions. re-
spectively, and L:;: generales rolalions ahoul (he origino The
cOllllllutation relations 01"the operators (39) are(.17)

, 2Mk ;,'1'''
'T'(q)== --<l'(<[) = --., -. '1>(1').

1/(1' 4M-k2

polar coordinales 01' q and s = (ros 01 sin o), il follows thal
(Í'{'I,e) = Jm((1)r.imO is a separable solulion in polar coor-
dinatcs 01"Eq. (36), ror any inlegral value ofm. Hence, the
degeneracy 01' the energy level E = O is infJnÍ!e. It may he
Ilolieed that Ihe solutions to Eq. (36) coincide with those of
Ihe Helmholu cquation y:.q) = -(~. A somcwhat similar
rcsuli holds in the case of the inlegral equatioIl (11), which

• A "2 ~
is equivalenl to the eigenvalue equation L:2(1' = f(l + l)tl (P.
silH.:e _t¡-"2 L"2 is the Laplace operator of lhe sphere; !low-
ever. in lile latter case, aH non-negative integral vallles 01"¡
are allmvcd, while in the case 01' the Laplaee uperator nI" lhe
planc, only ol1e uf its eigenvalues is relevant, which is relaled
to the rael thal E only takes lhe valuc zero.

"mm Eqs. (2), (35) amI (37) it follows (bat Ihe solulions
of the Schrüdinger equation (1) with E = O are related with
Ihe funClions 1) through

\vhcrc
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Sehriidinger equalion Wilh E == () correspond lO the separa-
hh: solulions in polar coordinales 01"Eq. (36) [which are orlh~
Itlrlll .!m(p)(,imOI. 011 the oth~r hand. since Eq. (30) holJs hu
any vallle (Ir E. lhe separahle solutions in parabolic coordi-
!lates 01' the SchrüJinger cquation with E == () are eig~llrunc-
tions 01'A.r ami. Ihercfore, lhey corrcsponJ to eigenrunetiolls
01' i,¡. \vhieh are the separable sollllions in cartcsian coordi-
!lates 01' Eq. (36).

The resulh uf See!. 2 slww. among othe!" lhings. that
Ihe usual spherieal harlllonics are rCI.:lleJ wilh Ihe associated
Lagucrre polynornials and lhe Hefmite polynomials. whi<:h
rOl"m hases rol' representations nf the rotJtion grollP; Ihese
results also sllow Olll' or Ihe many cOllllectiolls hetwcell Ihe
Kepler prohlem \,<'itl1negative energy ami tlle isolropic oscil-
Iator (el also Rcf. () ,uld lhc rcfcrcllces eited lhcrein).

J.2. Synlln('tr~' 01'the Schr(idin~cr cqualion ror tln' Ihrt.'c-
dinu'usional Kepler prohlcm with zero cncrgy

Considering now Ihe Sehrüdinger equalion (1) in Ihr~e di.
Illl'nsi(lns. \\:riting

Al'kllowlcd¡:mcllts

Thi.s \Vork \Vas slll'¡}()I"lL'din part hy CONACyT. The aUlhors
would like lo rhank Pro/". K.B. \\'olf fo!" cOlTespondencc re-
lating to the topic (lf this papel' and Profs. H.Y. ~1clntosh and
E.ei. Kalnins rOl' uscfull'ollllllcnls.

\lile ohtaills lile integral equation AJlJlcndix

\\'hieh I¡¡kes lile place 01' Eq. (3). l\laking E = O anJ
p = "2JII,'q/(tl(/), \\'here q is a dilllensionless vector in
lhr~e dirnensions, one linds Ihal Eq. (41) is equivalent to

Equalion (42) is Illanircstly invarianl lindel' Ihe rigid IrallS-
fllrJlJatilllls ()r Ihe threc-dimcnshHlal ElIclidean SP.:lcc. wllich
IIll'<lIlSIhat lhis group 01"lransfnrmations l:onstitule a symnh,'-
try grollp 01' Ihe three-dilllensional Kepler prohlcm wirh zero
l'llcrgy. _

It can he c.:lsily scen lilal thc funclions (1)= pIS-'! .. wllerc

s is a conslanl veclor wilh ¡si = 1, and (1) = j/(p)1ílll(f).ó)

are separahle solutions 01"Eq. (42) in cartesian coordinales
;lnd spherical coordinales. respeclivcJy, ami (hese runcliolls
are als() s(lluliollS nf the HelmiH)111.equation \7"2(ÍI= -,jI; lile
l'xislencc of these sets nI' s~parahlc sollltiolls corfespollds lo
1l1l'separahilíly 01' Ihc Schrüdinger equation (1) in paraholir
"lid sphcl"ical coordinales.

Evell tllough 00111coordinates are nOll-ignorable. Eq. (A 1)
admits separable sollltiolls of the fOfm

(A.I)

(A.2)

lk iJS
--- + -D-' = (J11"2 + p"2

S(u,,'./) = -"" + J(u) + .'1(>-).

- [( ',JJ""")' + (',J¡,,',) ']"2.\/ 11"2 + 1,"2 \ .

The scpar.:lhilily of Ihe Sehrih.linger eqllation ~lIld of Ihe
Ilamilton-Jacohi equalion f¡lr Ihe Iwo-dilllellsional KepJcr
prohkm in polar l'oortlinalL'S is a conseqllence nI' the in\"ari-
ance 01' lhe lIamiltonian under rol;llions abouI Ihe center 01'
force (as in the case 01"an)' cenlral pOlential) which, in turno
is etluivalent lo lhe cOllscrvation 01' Ihc angular mOlll~lltllm
l.:;. The ti!" potential is distinguished hy lile exislcnee 01'
,lll(llhcr ClHlserved recI(lr-ll1c III~LRL veclor-which tUI'llS
out lo he rclatcd with the separahilily oflhe ahove-lIlenliolled
eqllatiolls in paraholic CI)(mlinales.

The Hamilton-Jacohí equation rol' the (\Vo-dimensional
K~pler prohlclll writlen in Ihl' paraholic coonlinales II, /'. de-
lilll'd hy.r = t(lI"2 - 1,"2) • .11 = 1//'. ís

In raet, suhstiluling Eq. (A.2) illlo Eq. (1\.1) une oblains lIJe
sl'paratcd eqllaliolls

HI)

(42)

(
~.\/k):l/' «.(,,)

11 I} I

t ~,/"2

(--') ,,"¡'(p).2.\//,.

. I J' .¡.(,,'),,--- IJI1(,,) - ,)., I '1" q.
_7["-. q - q

, '\/kJ' '¡'(p') /"
(,,- - 2.\[ £)<1'(1') = -", I l" ( p.

¡r- t. P - p' -

Whl'l\' ,\ is a separatillll constan!. Multiplying lile first equa-
!ion in (1\.3) hy 1,2 and the scc(lnd one hy tl"2 and sublracting

4. COllcludill¡: rcmarks

The Gl.ses considcfed in l!lis papel'. as well as Ihose trealed in
Rds. J and 4. s!low the usefulness 01' cxhihiting Ihe undcrly-
ing s)'lll111clry 01' Ihe quantum Keplef prohlem. whicl1 alJows
lo cl1angc lhe Schrodinger equatioll hy;¡ simpler conditioll.

I

l."
1
~.\/ (A..\)
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olle flnds that

G.F. TORRES DEL CASTILLO AND J.L CALVARIO ACÜCAL

DS/D" = IJ" = -"IJ, + "¡J", from Eq. (AA);I follows Ihal

thcrcforc, sincc u2 + v2 = 2r, d! /du = as/ou = Pu
jJ,.(D.r/D,,) + Py(fJ.y/o,,) = "Px + VPy and di//dv

2M [,(dI)' 2 (di/)2]/.' - -1[ -
du dv

+ k(n' - v2) = .\(,,' + ,,2), (AA)

whcrc A :;:: p x L - Al kr/r now denotes lhe classical
HBLRL vector [e¡: Eq. (30)1. From Eqs. (A.3);1 follows Ihal,
if E:S O, Ihen -/" :S .\ :S /" [e¡: Eqs. (26)1.

In a similar way une I1nds that Ay corrcsponds to a scpa-
ration constant llsing the coordinatc systern.IJ = t(v:2 - tl2),
,1: = 'l/V.
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