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\Ve calcuJate the resonant energics for linile range. anharmonic. potentiaJs. \Ve excrnpJify our Illclhod \vith lhe \vell known ~lorsc potcnlíal
amJ wilh ¡¡ potenliaJ givcn oy Deng {I] both of thelll wilh ti centrifugal barrier. In this v.'mk we calculatc the rcsonalll encrgies lIsing Siegcrt
houndary conditions 121. Starting with a cOl11plcxwavcnulllocr k. we integrate nUlllerically fmm the origin up to a matching point lIsing
Numerov's mcthod. The inward intcgration is pcrforllled using the corresponding Riccali equation. '('he complex eigellvalues are found hy
mai(:hing the lwo logarilhmic derivatives. \Ve hnd narrO\••..shapc resonances within the \Vel!' above the dissociation limil. as well as hmad
resol1ances ahove the centrifugaJ harricr and anli-oound states.

KI'I"II'OI~/s: Resonances; Morse: numericnl calculation

Calcularnos las energías de resonancias para potenciales anarmónicos de alcance finito Ejcmplilicamos Iluestro mélodo con el hien conocido
pOlencial de Morse y con un potencial propuesto por Dellg. ambos con barrera centrifuga. Para calcular las energías de la resonancias.
partirnos de un flIímero de onda complejo k e integramos de forma numérica desdc el ori!!Cil h;1.~Ullll\punto de traslape utilizando el método
de Numerov. La integración hacia adentro se hace usando la ecuación de Riccati COJTcSpolHllelllc.Los valores propios. complejos. son
encontrados al empatar las dos derivadas logarítmicas. Encontramos resonancias delgadns cn el pOI.Opor encima del límite de t!isociaciün y
resondas andms por encima de la barrera centrífuga. así como e.slndos anti-ligados

/)cscril'torC'.\': Resonancias: ~1orse; cálculos numéricos

PACS: m.65.-w: 03.65.Nk: 3(U..J

1. Introdul'\ion

The tvlorse potential has heen uscu I"requently to descrihe
ehemkal honus since. in contrast with the harmonic oscil1a-
lor mode!. il has a finite nllmber 01"hOllllU sial es allowing the
posihilily 01"dissodalion al high enollgh excilalion cnergics,
amI also hecause it lakcs inlO account Ihe quasi-harrnonic be-
havior 01"Ihe honu in the vkinity of the potcnlial minimum.
The analytical solulion of Ihe Schrüdinger equation wilh a
!vlorse pOlcntial has heen known rol' a long limc 13, -t l. How-
ever. in Ihese solutiolls it was Ilecessary lo eXlend Ihe uomaill
of the radial coordinale lo the nOIl-physical rcgion 01'negalive
\'allles. This is a result of lhe racI Ihat the Morse pOlential at-
lains a linile value when Ihe radial coordinale goes lO zero.
Recently. a stuuy 01' Ihe relevance 01' lhis approxil11ation for
lhe evalualion 01' Frank Conuon faclors was done showing
Ihal Ihe elTects are indccd small 151. The pOlcntial proposed
hy f)eng also has analylical solulion rOl' lhe case of zero an-
gular 1110mentuIll and has as an advalltage over lhe Morse
potentiallhe rael that it does go lo inflnity as lhe radial coor-
dinale approaches zcro. Thus, Ihe uOl11ain of lhe radial coor-
dinate does nol necd 10 he extendeu lo Ihe unphysical region.
In Ihis work wc makc a cOlllparaisoll hetwcen the hound. rcs-
ollanl and anli-hound slalcs of a Morsc potcnlial and a Deng

potcntial fOI"several valucs orille potcntial's deplh and nf Ihe
angular 1ll0mentulll.

Thc additioll 01"a mlational tel"ln lO " dialomic 1110lcculc
potemial produces a harrier allowing rOl' lllnneling ami the
suhsequenl predissociation of Ihe molecule. Thc energies al
which the tunnelillg is cnhanced are Ihe resollant energies.
Resonanl 01"quasihotlnd states are delined as Ihe solutions 01"
Schrodinger's equation rol' lhe corresponding potenlial with
purely outgoing wave houndary conditions asymplOtica!ly,
and regular al Ihe Ol'igin [G-SI.

The associated cigenvalues of Ihe nonhennitian pmhlel11
correspond lo the complex poles 01' lhe S-lIlatrix. wilh the
real pan representing lhe positioll of lhe resonance, ami Ihe
imaginary pan giving Ihe inverse ¡¡retime. The resollanl slales
are associatcd to lhe residues 01"the Grccn function at lhose
poles 191. Conlrary lo tlle case of hounti slates. resollant slales
diverge exponcnlially 1'01'large distances Illaking approxil11a-
lion lllell10ds awkward lo apply.

In the preselll papel", we apply a Illelhod hased upon the
combinalion uf Ihe usual radial equaliull and Riccali's cqua-
tion ['21. \Vc slarl hy choosing a malching radius 1'11I diviuing
the space illlO I\vo P;¡rts. Inlegrating Ihe radial cqualioll in the
inner region prcsellls no prohlelll since we ¡¡rc fa!"away froll1
Ihe region whcre lhe Solulion divcrges. In lhe ouler I"egioll. 011
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amI lhe inlcgralioll can be startcd fmm Ihe asymptotic rc-
gion inw~uds. In practice, we also inlcgrate oUlwards I"rom
the origin and lind lile corrcct cigcnvalue by matching loga-
rithmic derivativcs 01' the \vaVC funclions al an inlermediatc
l](Jinl [1 11.

An a1tcrnativc lo lile lIse of Eq. (2) is to transform this
radial equation inlO a llrst order Ilonlinear fmm. namcly
Ril'cati's eCjllation. Delining

lhe (lll1er hand, \VCtransform lhe radial cqualion lo Ihe Riccati
form ¡¡ud inlcgratc it as a nonlincar first ordcr cquation. \Vc
do 1101 continuc lhe intcgration into lhe ¡nner rcgion duc lo
lhe prcsence of notlcs of lhe wavc function [10, 11}. Mateh-
ing logarililmic dcrivativcs al rm givcs lhe rcsonant cncrgics.
\Vc prcscnt ¡he cOlllplcx cncrgics corrcsponding lo shapc res-
onances ror lhe 1wo po\clltials mcnlioncd aboye.

In lile llcxl ScctiOll \VC prcscnl lhe use 01' Ihe Riccati
Cl]Uatioll lo calculatc lhe resollan! cncrgics, t!len, a dcscrip-
¡ion 01' lile 11111llcricalintcgration melhods uscd and flnally \Ve
prcscnt our llulllcricai rcsults ami a hricf discussion.

," (r)
'1(1')=-'-.

dr)

Eq. (2) hel'ollle.";

(.1)

2. Resonances .'1'(1') + .'1'(1') + E - V,(r) = 11. (4)

in natural lJllits. tI = 2rn = 1. lis numerical integral ion for
proper resOllant slates. howevcr, hccomcs unslahlc asymp-
tOlically. This is duc 10 Ihe fact that the houndary condilion
El]. (1) illlplics an exponenliaJly growing bchavior with r.
Thc correct SOllllioll becomcs cOlltalllinatcd with Ihe ex po-
Ilelllially small componenl asymptotically.

In the case 01" bOllnd slates, k in Eq. (1) is imaginary
positive 181, the wave function decays exponentially wilh r,

\vhere ¡,. is lhe (complex) wave numher.
Thcse sIates include hound states as wcll as proper reso-

llant slatcs. rcprcscnting purcly oulgoing waves, with no ill-
coming componcnt. Although. strictly spcaking, these COI1-
ditions are nonphysical, Ihe complex energies associaled 10
these states givc a very good description of the resonanl ell-
ergies alllllheir liretimes.

The radial el]ualion ror an elTective potcntial Fj(l') with
angular 1ll0lllcntuIll .1 is given as

(8 )

(6)

(S)

1/'] .1(.1+ 1)---, + ., 'rl' _ r-

'1(1') --+ ¡le.

[ /"J"
\:/(1') = A (r' _ 1)2

whilc for lhc DCllg case:

Eq. (4) can now he illlegrated inwards starting frolll the con-
stallt il,'. i\ nc\v probklll arises now fmm thc fact that !J(r)
di\'ogcs al the nudal poinls or~:,(I').

In the present \vork we integrale Eq. (2) from Ihe origin
up to a Illalclling point rm . and Eq. (4) rmm lhe aSYlllplOtic
region inwards. dO\\,'n 10 the sallle poin( "m. Thc mUlching
point is choscll in such a way that \vc do not lind any nodcs
of~'{r) during the intcgration 01' Riccati's equalioll. Thc com-
plex eigenvallles corrcspollding to thc rcsollunl slates are de-
lermincd lllalching lhe logarilhmic derivalive uf lhe internal
solUlioll wilh tlle eXlcrnal solulion 01' the Riccati cquation:

("(/'111_ )

( ) - .'1(1'",+),(' 1,,,_

wilh h = ("'O - 1, ami \ve llave includcd the centrifugal poten-
tial corrcsponlling lo a 1I1OIccular rotal ion with angular 1ll0-
lIlentulIl .l. Thc centrifugal tcrm creales a hump in the cf-
I'ectivc pOlcnlial. allowing ror resonant states wilh posilive
encrgy, hesides lhe ordinary hount.l slalcs corrcsponding lo
llegalive cnergics. Using lhe pmceuurc describcd ahove, we
inlcgrate Eqs. (2) ami (4) llurnerically ami delcrmine lhe ell-
crgy cigcllvalucs.

Thc out\vanl integration 01' lhe Schrüdinger equation is
performed lIsing NUlllerov's lllclhou on a discretc mesh fmm
r = O to lhe 1Ili.llching poinl l' = rm. rOl' Riccali's eqllaliotl,

V/(r) = ..\ [1'-'1'-'01 _ 11'-1'-'01] + .1(.1; 1), (7)
1'-

3. Numerical intcgration

wherc E = 1,''2 is the complcx cllergy cigenvaluc. The purely
oulgoing wave boundary cOlldilioll rOl' q(r) is simply:

Thc potenlials we l'ullsidcrcd in this work hall \vell deplh A
i1nd minimulll at l' = r(J. For the Ivlorse case. lhe crfectivc
potcntial is given by:

( 1 )

(2)¡J,"(r) + [k' - V¡(r)],;!(r) = O.

A11 impor!ant phcnomcnon in scattering is lhe occurrcncc 01'
rcsonanccs in Lhe scattering cross scction. In Ihe ncighhor-
hond 01' a rcsonancc. Ihe eros s scctions ror all allmvcd rcac-
liollS ¡¡nd ror clastil' scattcring sllow pronounccd pcaks as Ihe
inciden! cl1crgy is varicd. Al! tl1csc pcaks have !learly idcnti-
cal shapcs. and Ihe angular distrihutions ror these proccsscs
generally !lave simple shapcs charaCLcristic of lhe angular
IlHHllcntulll associaled with Ihe resonance.

Thcsc ohscrvatiolls C~J.n he intcrprClcd as arising from
long-Iivcd virtual statcs 01' Ihe compound systclll tha! are
fonncd WhCll lhe projcctilc and lhe targct coalcscc. Thc C!1-

hanccd cross scctiol1 is a rcsult 01' lhe greaLcr prohahility 01'
illlcracting wbcll sucll long livcd stalcs can he formcLl. and Ihe
widths 01' lhe peaks are associaled with lhe f1nite liretimcs of
Ihese slalCs. via Ihe uncertainty relation ~E~t ~ TI.

A reSOllant state is defincd as a sollltion of Schrüdinger's
cqllalion fu 11illing Sicgen's houndary condition [ 1-41. FOl' Ihe-
case of spherically symlllclric potenlials F(r) \•...ith a li!lite
range. Ihis COlTcsponds lo Ihe asymptotic condition for lhe
radial wavc lünclion ~¡(I')as l' -----+ cx:::

,ji (r) ,
-- --+ lk.
\'( r)
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TABLE 1. Encrgy eigcllvalucs 1'01'Ihe lirsl (\\10 statc.s nI' a l\lorsc <lnd a Dcng porcn(ial wirll lixed dcpth .'1 = ,t and sevcral valucs 01' Ihe
angular l1111lllcntulllJ.

I/=U
./ Morsc Dcn!!
O -2.250nO -2.22216
) -2.H10.j -:U ¡G72
2 -l.a.3.1II3 -1.0fl7G9
;\ -1.62;\a;\ -1.[,989.1
1 -1.2200a -1.1DG71., -0.7;\1% -07111:]:]

11=1
./ Morsc Ikng
O (-().25000. 0.1](1000) (-0.2:lIa2. 0000001
1 ( 0.0.3:]18. -0."1687) ( 00:l812. ~O.02.11.l).,

( 0.On53 . -(J.5.'3729) ( ooasla. -0.5 ...1:312)
" ( 0.18415. -O,Cl(717) ( 0.18820. -().572:¡,1).,
.) ( 0.30150, -(U;OS4G) ( O.:W.I'i2. -().GO~J,~J~I)., ( 0.43857. -o.GlGaO) ( 0.IIU8. -0.G4%0)

:;E
-0.0278,1
-O.027:L~
-1I.1I2G:;.)
-0024aa
-0.02.118
-1I.02IG:I

:;E
( 001808. 0.11110(0)
(-0.1I04a.1. 0.00G27)
(-II.1I114GG. 11.110"8:])
(-1I.01l.1Oó. 1I.lIl1ó17)
(-11110:322.11.110.113)
(-0.00271. 0.(J()270)

onlhe olller Iland. \!,.'C use a rourth ordcr RlIllge-Kulta IllL'lhod.
1\1 thc slarling point rOl' Ihis inlcgratioll. ,. = R. WC r!lOOSC
lhe iniliaJ value .r1J( H) as;

<Ind)i is lhe Riccati-Bcssel runction 01"ortler 1.
The nUlllcrical valucs rOl"lhe rCSOllanl cncrgics were oh-

lailletl lllah:lling at "11I = I in lhis case. Using I\lathcmalica
\Ve solved I~q. (10) for several vallles 01" f" and roulltll!la(
\vith our il1legration procedure \Ve havc an a ccuracy (Ir (lile
par! in lO'"'.

where íl., represents lhe l<iccati.Hankel fUllction (+) (JI'()¡"der
.1. and lhe I denotes lhe deri\'ativc Wilh respecl 10 lhc al'gu-
Illen!. This is lhe asymplotic I"orm rol' the SolUlion \Vilh purel)'
(lulgoing wave characler in lhe case of an asymptolically vall-
ishing POlclllia1.

'Ve determine the complex wa\'e nUl11her f.' using a
Newton-Raphson procedurc ror Eq. (6). Thc reson:lnce en-
L'rgy is given as E = /.,1, Thc malching poinl is chosen to
Ihe righl orthe elassical turning poinl for hound slates. Inlhe
case uf propcr resonant slates. 1'111 is lo lhe len al' the elfecli\'c
potelllial maximum. hoth for rcsonanccs hclow and aho\'e lhe
pOlelltial harrier,

In ordcr lo validale our illlcgralioll pl'ocedure, \ve sol\'ed
lhe case 01' a square pOlelllial \vell 01"deplh U ami SICP al
/' = L rOl' , = O. 1. alld :2. antl comparcd wilh the solulions
of Ihe trascendenlal equalion:

4. NlIlIIcrical rcslIlts and disclIssinn

( 12)1,,, = -(JI- 11 - 1/2)".

In (mler lo Illodcl lhc rolalional pn:dissocialion 01"a Illolccule,
\Ve ch(lose a 1\lorse ami a Dcng potentials wilil differen( val-
lIes 01' A, and wilh thcir rninilllulll localed at "0 = 4. The
inilial point in lhe nUlllerica! intcgralinn nf El). (4) is taken as
n = J(), in the preselll unils.

F(lr.1 = f) IbL'f'.' are no resollances. Thc hound stalc ener.
gies correspontling lO lhe onc.dilllcllsiona! ¡\;lorse oscillalor
are gi\'ell by 11:21:

Our nlll1lericaJ inlcgralion gi\'es excellell! results in Ihis case.
For lhe casc 01' the Deng potelltial \Ve lIscd lhe salllC parallle-
ter~ as in lhe ¡\lorse case,

In Table I \\lC sho\\' lhc energies ror the lirst and second
polcs rol' o :s: .1 ::; ,J. \vith well dcpth A = ,1 lixcd, For Ihis
value 01' the pOlcllliars deplh lhere are not only hound hut
also resonanr slales. For (he Iirst pole \Ve sce that Ihe Morse
potcnlial hinds IllOfe slrongly ¡han Ihe Deng potenlial. (he
dilTcrencc bClwecll lhe two is a dccreasing rllnclion of the
angular IllOlllcnlulll .J. The dillercnces are slllal!, Icss Ihall
I (); rOl' lhis pole, rOl' thc second pole \Ve founu a hounu slale
Wilh .1 = O which is again Illore lightly hound rol' lhe Morse
caSL'. allll resOllanl slales ror all olher valucs 01" Ihc angular
lllolllcnlulIl. As ¡úr lhe case 01' hOllnd slales, lhe dilTcrcnces
in lhe energies of the resonances helween the Iwo mode! 1"0-
lelltials are a dccreasing fllnclion 01"lhe angular 1ll0lllcnlum,
Ihc relalivc magnillltlc 01"!hcsc dillcrences is larger Ihan in
lhe bound sI ate Case hcing 01' lhe ortler 01' up lo 10%.

In Tahle II \Ve "resenl lhe energics 01' (he lirst lhree poles
rol' IIlL' l\vO IJwdcl pOlenlia!s cOl1sidercd with () ::; .1 ::; ;)
illlll \Vell dcplh ..1 = ~J lixcd. For .1 = I \Ve nOlice tha! Ihe
!irs! lhrec stales arc hound. higher s(alcs are resonanl s(ales.
As \VL' increase lhe l"O!alional qllantull1 llul11her .f. lhe ener.
gies 01' the hound stalcs bccollle less Ilegative and approach
posilive valllcs. For inslancc. the lhird statc. \\'hich is nound

(9)

( 10)

( I I )

!Jj(I!) = k h~(kl!),
IU(kl!)

,. = J¡,.z + U.

l(,,) h;(k),. -'-- = ¡,. -,--o
.j,(,.) h,(I.')

whefC

Rl'I'. Mer. Fú . ..w (4) (1l)l)X) 1".1-.1."7
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TABLE 11. Encrgy t:igt:nvalucs En. Il = O. 1.2.3 for a ~lorsc ami a Dt:ng pOIt:lllial with lixcd deptil A = 9. and scvcr •.ll \'aluc~ of tbe angular

lllOlllentllm .J.
n = O 11=1

~lorsc Deng ~l(lrs(' Deng

, = O (-G25000. (1.00000) ( -G.20351. (1.000001 (-2.2.;000. U00000) (-2.18:)73.0.00000)

.1=1 (-G.13,32.000000) (-G.09118.000UOO) 1-2 1G~9S. O.OOOUO) (-2.1015,.00000U)

.I=:! (-',.912,3.000000) (-5.81i,2G. OIHIOOO) 1-1.9%1:>. 0.00000) (-1.93115. 000000)

.1=1 (-;~l.j7777. 0.000(0) (-S,53,32r,. (J.OOO(HI) (~I.,~j99. (I.OOUOU) (-1 1i8G82. 0.0011I)0)

.1= 1 (-:>13~,9. O.OOOUO) (-5.0914:1.0.0UOOO) (-1.118~:>. 11.0(000) (-I.:IG259. OUOOUU)

.1 = :. (-1.5.1~9G. OOOOOU) (-4.GS7U2. O,()(IOOO) (-U %7',3. O.OUOOO) (-1.0192(1. 000000)

n=2 11=3

~lorsc Deng Morsc Deng:

.I=U (-0.25000. U.OOUOO) (-0.22319. (I.{IOOOO)

.1=1 (-().202Q2 . 0.00000) (-0.177GO. 000000 ) (O.(J7GQO. ~(J.55843) (00,%30. -0.SG7D.1)

.1 :::: 2 (-0.11257. 0.000(0) (-0.090.1G. OOUOOO) iII J:102G. -O ..~)7J.17) (01:1910. -().:,8.158)

.1=:] ( 11.00999. -0.0(003) ( 0.02:>18. -O.O(lOGS) (0211l91. -O GOO:]9) ((l.21!)G:~, -O.(i()8Q.I)

.1 = .1 ( (Jl~50G . -(1.02:180) ( O.lJ.~,.3Q. -OO~O.I.;) (().:n788. -OG:32G,]) (lI.J2.j8!J. -OGI03.1)

.J :::: ,j ( 03080~ . -0.08925) ( 0.31~8,. -01ll009) iIIA~838. -O.G,OGG) (()..135GB. -(J,G771.1)

.0.5.0.5 .0.4 .0.3 .0.2 .0.1 O 0.1 0.2 0.3 0.4 0.5
Re(k)

FHiURE 1. Complex second JXlIe trajeclory in thc k-plane for a
Dcng potenlial wilh angular mOlllenlum .J = 3 varying the dcpth
A. Sele(ted values of A are shown.
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fOl".1 = (J. L ami:! bccomcs a resonant slalc for J = :~.
Ih real pan in Ihc cOlllplcx cncrg)' planc is nearly zero and
i¡ lakcs larger valucs as we increase lhe angular momenlllll1
.J. \Vilh rcspcct lo (hc imaginary part of the pole. we sec thal
ror.l = ;~it is 01' the ordcr of] x 10-'1 which is (he 1ll1~
II1crical a((:urac)' of this calculalion. for largcr valucs nI".J
it bccolllcs morc ncgative ilHJicating a widcr resonancc and
correspondingly a shorter Iived slalc. AIl resonant stalcs COIl~
sidcrcd in lhis tahle hchave in a similar formo the rcal part
uf their cJ1ergics illL'reasing with the angular momcnlulll <lml
¡heir imaginary parts going towards -00 as the rolational bar-
riel"increases. Thcsc general featmes appl)' to both model P()~

[cn(ials, The hchavinr of thc roles as a funclion of Ihe vo'cH
dcpth is nol so simple. In Fig. I ""'C show Ihe trajcctory nf
Ihe l1rsl polcs (11 = :l::: 1) in the complex k~planc for a tixed
value of the angular momcnlUm .J = 3 and several valllCS
of A ror Ihc Deng potcntial. Sincc both poles are syrnmclri-
cal ahout Ihe imaginary axis wc discuss the evolution 01'only
one of Ihelll. \Vc Ilolicc Ihm for small vallles of .ti thcre are
no hound slates (corresponding lo a positive imaginar)' J,-).
¡¡nd Ihe polc has a large ncgalivc imaginary parto as thc wcll's
depth is increased lhc imaginary part of thc pole diminishcs.
ils v.'idth hccollles smaller and lhe statc has a larger ¡ire(ime.
¡his kiml 01'hehavior is similar to Ihc one ohserved in lhe case
of;¡ square wcll pOlenlial and rOl' Ihe Morsc pOlcntial[2]. No~
ticc howevcr lhat lhe hchavior or Ihe real part 01' the rolc is
more complicated. Firsl it decreases with increasing A. thcn
il Imus hack and linally. for large enough values of A. il dc-
creases again going towards Ihe imaginary axis. \Ve hclicve
that this hchavior is duc 10 lhc asymmclry 01'the potcntial.
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In Fig, 2 \\'e silo\\" lhe hehavior 01' the pole (1/ = 1) ror
angular IllOlllclltum .J = .~}and different valllcs of (he \\"cll's
depth. As in Ihe previolls casc. ror small valucs of A ¡hcrc are
onl)' reson;lnt ",tates \\'ith a large imaginary part indicaling a
short livcd stale. As Ihe v.'cll dcpth is increased. lhc imaginary
pan of Iht: pole diminishcs unlil it attains the real axis. \Vt:

FHiUI{F 2. Complex second pole trajectnry in the k-plane ror a
[)cng pOlcnlial with angular momcnlull1 .J :::: !j varying the dcpth
:\. SclcCICd valuc,,-01'.--\"re shown.

nOlice (hat (he value of the \vcll"s depth rol' which Ihis hap-
pcns is l¡¡rgcr rOl".J = ;, than its vallle for .1 = :t Continuing
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lhe inCl"casc in the valucs al' A, \\'e gel lo a point where the
Iwo roles coalesce al the origino giving rise to a dOllhlc pole.
For even larger \'alues of A this dOllhle pole splits into a pair
01"poles moving in opposite dircctions along the imaginary
axis, ¡.t'. a hound state and an anti hound state (ABS).

5. Alltihnund statcs

wilh .J = O (pure Morse polenlial wilh no hump) there are no
resonances, htH only hound and antibound states. The pole
trajectory in this case is a slraighlline along the imaginary /..-_
axis l110vingfrom positivc lo ncgative values as we decre{/se
(he value 01'A. We can easily understand this hehavior [13]
fmm lhe exact solulioll (Jf Ihe l-tI Morse pOlential. Eq. (12).
The complcx 1ll0lllenluIll nI' Siegert slates is givcn as:
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Values 01"A < (1/ + 1/2)' present a negative imaginary pan,
corresponding lO ABS. Indecd, for shallow wells. therc are
no hound slates roe o < A < 1/4. Instead, the "zcro-point"
vihralion manifests itself as an antihound state for .J ::; O.
Thc corresponding cross section is anomalously large al the
Ihreshold in Ihis case.

Anlihound states have an exponenlially growing bchavior
asymptolically along the radial dircction. The corresponding
ellergy eigenvalue is real and Ilegativc. hUI it is localed in
lhe sccond Riemann sheel ofthe complex E-plane [i]. These
slalcs show up cxperimentally as an anomalously large valuc
01"lhe cross section for low energies. The classical example 01'
(his kind of hchavior appcars in the low energy end of prolon-
nculron scatlcring. The singlel "deulcron" stale turns out lo
bl' unhounded and appcars only as :1IlABS.

For Ihe present case 01' a Deng pOlcntial. we have nol
founo lrue resonances for J :;;;O. Apparently the hump in the
elfcclive pOlential [or .J i- O is necessary in order to ohlain
a constructive interference within the well, even in the case
01"very sharp resonances Wilh cnergies aboye lhe potcntial
harricr (see Tahle 1). On the other hand, for the t",Iorse case

l. = i( v::I - 1/ - 1/2). (13 )
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