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In Ihis \\'ork. \Vc (nnsider matroid Ihcory. AfIcr prescnting Ihree diffL'rl'nl (hui equi\'alcnt) dctinitiolls 01'matroids. \\C memion sumc nI' tbe
1ll0-.[importanl lheorems 01'such Ihenr)'. In particular, \Venote that ('ver)' malroid has a UUalm<llroid ami tlJal il lllatroid is reguiar il and only
ir il is hinary and includes no Fano Illatroid nr its dual. \Ve sho\\' a COIll\cL:tiolloclween tbis last tI1COl"('111amI octollillllS which al thc samc
linK'. as il is known. are rclated to lhe Englert's solution of [) = II sllpcrgravity. Spccilically. \\'c Iind a l'clalioll nclwccn Ihe dual 01"F:1Il11
l1l;llr(lidamI [) = 1I supcrgravily. Possihlc applications to M-IhcOl"Yare spcnJlated llpon.

¡":n'll'o¡-¡{s: ~Iatroid Iheory: F:1l10m:llroid

EIIesle trahajo. consideramos la teoría de malroides. Después de presl'nl;lr lres fmmas difercllIes (pero equivalentes) de definir los malroitles.
1ll1'1ll"i(lllaIllOSalgunos de los teoremas más imporlantes de 1<11teoría En particular. hacemos notar que ((ldo matroidc tiene un ma(roidc dual
y que un IlMlroide es regular si y s(ilo si es hinario y no incluye al 111all"oidcde Fano () su dual. ~Ioslramos L:úmo cste último teorema esl;í
1i~;lllo;1 los (lcloniones. los cuales al mismo liempo. como se saoc. esl;ín rclacltlllatlos con la solución de Englcrtl.k supergravcdad D = 11.
ESfX'ríllcallll'nlc. mostramos una rclaL:ión enlre el matroide dual de F:1Il0y supergravedad D = 11. Posihles ;lp\lcaciones a la leoría-l\1 son

especulad;ls.

/)l'.\'lTi¡'/on'.\'" Teoría (..lemalroil.ks: malroitle de Fano

PACS: ()-1.50.+h: O"'¡'.90.+z

A[ prl'senl. lhe concept of dualily is widely rccogniled
hy ils central role in non-pcrturhativc dynamics of super-
strin~s 1II ami supersymmetric Yang-t\lills 121. In particular.
lhe ¡iVl' kno\\'1l superstring theories (L'alled Type 1. Type IIA.
TYI1l' liB. IktenHic 50(32) and HClerotic EHx E~) may no\\'
he Ihought. thanks to duality. as dillercnt vacua of <ln lInder-
Iying lI11iquc theory called M-theory [:~-91.This featurl.' 01'
dualily in sllpcrstring Iheorics is so relevant that lead LISlo
helievl' Il1a[ lhere must he a dualily principIe supporting M-

111l'ory.

:-'1-1hl'nry is a llon-perlUh.llive [heory and in addilion lo
llll' tiw :-.upl.'rslring lheories descrihes sllpermcmhranes 1 10],
)-hranl's 1II1 and D = 11 supergravity [121. Althollgh Ihe
cumplell' f\l-llll.'ory is llllkno\\'n Ihere are Iwo main proposed
ruules lo conslrllcl it. Glle is Ihe N = (2.1) supcrstring tl1e-
(11)'1 ¡:q and lhe other is t\Halrix)-lheory 1 H], Recently. t\1ar-
lilll'l'II.~,llias Stl~~csted lhat lhese Iwo scellarios may in facl
he dosl.'ly rclaled.

In Ihis \\'mk \\'1.' propose an alternalivc formalismlo COI1-
slrllcl f\1-lhl'tH)'. \Ve pro pose thal Ihe malhematical formal-
iSlll Ill.'(essary to support the dllality principie in t\1-lheory
i•• malroid Iheory [lG]. As il is knO\\.'11, matroid lhcor:' can
he undcl"slood as a gencralizalion uf matrix and graph Ihe-
ory amI ;llllOl1g its remarhahlc fealmcs is Ihal ever)' matroid
has ilS dual. Sincc l\1(alrix Hhcory and N = (2.1) superstrin~s
haw had al1 important sllccess in descrihing sOllle cssel1lial
aspecls nf t\1-theory a nalural qucslioll is to see whelher ma-

lroid Iheory is rclated lo Ihese 1\\.'0 approaches. As a tirsl step
to ••nswer Ihis queslion we may attempl lo ill\'csligalc ir 111a-
lroid Ihl.'ory is cOllllecled sOlllehow lo D = 11 ••upergravity,
which is a COl1l11l01lfcaturl.' 01' hOlh approaches. In t!lis work.
wc lind Ihat lhe rallO rnalroid and ils dual are rcbIed lo En-
glcrt's compaclifkatioll 1171 01"D = II supergravity. This rc-
lalioll is physically intcrcsling for at Icast two reasolls. First,
since in matroid Ihcory lile Fano malroid plays a fundamen-
tal role [181 \Ve should cxpcct that malroids Illay he helpl"ul
lo describe sOl1le importanl propertics 01' 0= 11 supcrgrav-
ily. Secolld. il turns oul thal such a rclalioll allO\\'s 10 COllllect
Ihe FallO matroid with (lclonions (one 01' the di\'isioll alge-
hras [I~)D which arl' possihle rl'laled \\'ith Ihe four forces 01
lIalurC. In raet. SOIlll' lime a~u, Bkncowc anu Dull ¡~()]I"aised
Illl' qucslion whelher Ihe !"our force." 01' nalure correspond lo
lhe fuur division algchras. Il [his conjeclUre lurlls out (o he
Inll' lhell. according t(l Olll" l"CsullS. Illalroids must he dceply
l'ollllected with the rour rorcl's 01' nalurc.

1.1.'1LISstart with a hrid Ilislorical re\'iew 01' matroid the4

ory. 1I secllls Ihal the Iheory began in 1935 with \Vhilney's
papcl" [IGI. In lhe sallle )'ear. Birkholl [:21\ eSlahlished the
l'onnl.'l..tion hel\\"cell simple Illillroid .••(a!so known as COI1l-
hi nalorial ~col1lctries 1221) ;llld geolllctric lau ices. In 11.).'(l.
Mac I.ane [:nl g;¡W an inll'rprl'lalioll of l1lalroids in lerms
01' projcclive geolllelry, AmI illlpnrtalll progrcss was madI.' in
Il»)X. willl t\voTUllC's papers IISI. Al prcsent.lhcrc is a lar~l'
h{ldy (Jf infmlllatioll ahoul llIatroid [heory and the closely I"e-
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lated í.:omhinatorial geolllelries. Connetc arplicltions Illay
be fOlllld in circuít theory. network-flov..' Iheor)'. línear and
integer programming and lhe Ihcory (01 Hnatricc",. for l'\-
;ullple. For lúrther detaíls abOlll Ihl' hístory of malroid Ihe-
(lry ami related topics see. rol' examplc, the excellent books
hy \VeI,b 12.11. Lawlcr 12',1 and TUlte 12GI: ami also by \Vil.
sonl:.!71. KUllg 1281 and Rihnikov 1291.

AJ1 inlcresting reature (JI"Illatmid theory is Ih;¡{ Ihl'rc arc
Illany di/Terent hut equivalent ways 01' dclining a matroid. In
lhis respecl. it turns out inleresting to briel1y rcview Whit~
ney .... II(ij original discovcry of the malroid concept. \Vhile
working wilh lincar graphs. \Vhilney Iloticed thal. fOl"cer-
tain matrices. duality had a simple geolllctrical inter¡Jfl.'lalion
quill~ dilfen:nl that in the case 01' graphs. He also obscrved
tl1al an)' sllbset of columlls nI" a lIlatrix is eilher lineady in-
dependenlor linearly dependent and lhat Ihe fo!lowing I\vo
,'ilall'IllCl1ts must hold:

(a) an)' slIbset 01"an inoependent SI:l is indepcndclll.

(b) if NI' and NI'+1 are indepcndcnl seis of fJ and 1) +
t:olllmns respectively, lhcn NI' together with some colullln of
N,,+ I rorms an ¡ndependent sel of J} + 1 columns.

i\lorcovcr, \Vhitnc)' disL'overed thal ir thesc t\\"o \tate-
Illents are taken as axiollls Ihen thcrc are e.xamples uf sys-
h:lll\ .'iali\rying thesc axiollls but nOI representing any malri.x
or graph. Thus, he concludetl thal a syslcm obeying (a) and
(11)should he a new one and thercfore deserved a !lew name:
lIlalroid.

Tllc dclinitioll of a malroid (o pregeometry) in Icrrns or
indepcnocnl seIs has t1l'en relirwtl and il is now cxpressctl as
follows: A lllatroid!\l is a pair (E.1). where E is a non-cmply
linitc ..•el. ami 1 is a non-elllply collectioll 01' suhsl'lS (lf E
(callcd inoependent sets) satisrying Ihe I"ollo\\"ing propcrlies:
(1 i) any suhset 01"an indepcndcnt set is independellt;

(1 ii) ir I and J are indepelldenl scts \\iilh I ~.I. 1l1en Ihl:re
is an elelllclll (' contained in J hut nol in l. sllch lhat I u{ (' 1 is
independclll.

A base is dcfillctlto hL' any lIlaximal independclll se!. By
rcpealetlly lIsing lhe propeny (I ii) is straightforward lo silow
Ih;ll any 1\\"0 hases llave the same numner nI' elemellls. A
suh"el nf E i" said to he dependenl ir it is not indepentlenl.
A mini mal dependent set is c¡lktl a circui!. Contrar)" lo lhe
h,¡"cs not all cin:uits 01"a matroid llave fhe sallle numn('r of
clelllellts.

AIl allernativc dcfinitioll 01"ti mtllroid in lenllS 01"bases is
as follows:

A rnatroid M is a pair (E. l'). where E is a nOIl-elllply li-
nile Sl't and l1 is a non-empty collcctioll ofsubsets ofE (calk'd
hasL's) satisfying the following properties:

(ti i) no hase properly conlaíns allothcr hase:

(6 ii) ir 131 and Bl are bases and ir h is any elelllent 01
B l. thcn thcre is an elclllenl !I 01" B2 wilh the properlj' lh;.t
(11, - j¡'}) u {.'J} ¡, also a ha,e.

11i" \\"tlrlh point out thal ir E is l¡nite set 01' vectors in ;¡

\'l'l:lor space V, then \"'C can define a malroid on E hy taking
as hases all linearly indcpcndenl suhsets 01' E which span Ihe

\all1C sllhspace as E: tt lllatmíd ohtained in this \\'ay is call('tI
\'celOr matroid.

A lIIatmid can aiso hi.' delined in lenns 01' circuits:

t\ malroid ~I is a pair (E, C), where E is a llon-cmply
linilc scl. and e is a l'ollcction 01"a non-cmply subsets 01"E
(carled circuils) salisfying lhc fol1o\\'ing propcrlies.

(e i) 110circuit propl'rly cOlllains <Jnolher circuil;

(e ii) ifCI and C2 arc l\\'o dislinct circuitseach conlaining
<In('lel11enl c. t!len thcre cxists a circuit in el ue2 which does
nol contain ('.

Ir \\'e slart will1 any of lhe threc deflnitions (1). (l,) and
(e) Ihe olher t\\'o foHm\' as Iheorl:llls. For instance. it is possi-
hle lo pro\'c that (1) illlplil's (H) and «'). In otller words. Ihesc
[hree ddinititHls arc cqui\'alent. Then: are othcr deliniti(lIls (}l
a malroid also equivalenl lo Ihesl: Il1rce. hUI ror the purpose
uf l!lis work il ís 110t nccessary lo cOllsidcr all orthelll.

No[ice that even fmm 1f¡1:initial slructurc 01" a m<llroid
[11L'(1)'we find rc!alions stll.:h as illdcpcndent-dcpendent ami
hase-circuit which suggest duality. The dual of r..1. denoted
hy !\1'". is delincd as <Jpair (E. H.). \\'here l)- is a non-emply
colleClioll of sllhsets (lf E formed wilh the complelllents of
Ihl: bases of 1\1. An illlltlediate conscqucncc of this detinítion
is thal every malroid has a dual ami lhis dual is a unique Illa-
lnlÍd. 11also follows lhal lhe double-dual r..r- is cquallo M.
1\IOI'covcr, if 1\ is a sll!lsel nf E. l!lcn Ihe si/c nf lhe largl:sl
indcJlcndent SCIl'Onlaillcd in A is called the rallk 01"A allll is
dcnoled hy I,(A). Ir M = ~J I + M, "nd ['(M) = ['(MI) +I'(~U
\vc shall say lha! i\1 iS'icparahlc. Any lllaximalnon.sL'parable
parl of i\1 í..•a COJllpUIlCnl uf 1\1. An importanl theOl"elll due
lo \Vhilney IIG] is that il" .\/1. • JI" anJ JI;, . . JI;, are
Ihc í.:omponcnts of lhe 1IIt1lroids!\l and M' respcctivcly. ami if
.'1; is a dual 01' .\1/ (i;;; l .... ,p). IIlen M' is a dual of i\.1.COll-
versely, lel ~1 anol\.J" he dualmalroids, and lel .\11,. ,.\11'
he cornponenls of !\-1. I.et .\/;, . , ,\1;. he tlle corresponding

sllhllltllroids of 1\'1'. Tlll'll .H; . . , .'1;. are lhe compollcnls of
1\1".aml.H; is <l dual nf 0\/,.

Arnollg tllL' lIlost illlpol'lant Illalroids we lind Ihe hinary
and regular mi1lroids. i\ JIl<llroid is hinary iril is represelllable
m-cr Ihe irllegers Illodulo t\\'o. I.et us darify this delinilioll.
An important pronlclll in lIlalroid thcory is 10 see whidl Illa-
lmids CiJn he lllapPL'd jnto SOI1lI:sel of vectors in a veclor
space 0\'('1" a gi\'cn licld. \Vhell sucll a map CxiSls we speak
nl";t coonlinatil.<llion (or reprcscnlation) 01"Ihe matroid over
IhL' neldo This is equivalent lo rl:present a Illalroid hy a lIJa-
lrix ovcr ti given ¡ield. (1\11 cxample 01' a Illatroid thal C<lIl-
nol he represcnted as a lIlatrix is ;¡ Illatroid 01' rank J. whidl
has l) elclllcnts {1.1.3A.).ú,7.X,lJ}and the following 20 cir-
l'uits p.I.~}. {X.I.-1}.{'J.n}. {DA}. {O.r,}. {'H.)}.
P.5.6}. {X.~..'}: {1.('I. {I.YI. {6.Y}. {U}. {I.S}. {~A}.
{~.r'I.p..'}.{-1.6}. p.X}. p.Y}. {X.9}.) Let GF(q) dcnote
a linite licld nf nrder 11- Thus. wc can exprcss thl: ddinition
nf a hinary matroid as I"ollows: A rnatroid which has a COOl"-
dinalil.alion m'er (IF('2l is calkd hinary. Furthermorc, a m<l-
lroid which has a ctlordin<lli/.alioll over cvery lield is callcd
regular. 11 lllrllS out that regular lIlatroids play <In imporlanl
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But, as Gursey and TIC [;)01 nOlet!. these equalions are mcre
scptad-dressed, ¡.c. covarianl fonns llf Ihe algehraic idenlities

where !lo is lhe Si radius. Thl.: quantities '-PijNl can he idcllli-
fietl wil!l (!le fOllr-indexed gallge l¡eld slrength Fa/wll lhmllgh
Ihe limllula

where II~ = 11:
1
(.1'11

) is a siehcn-hein. Hcre, 1:/1 are coorJinates
in a patch 01' Ihe geolllelrical seven sphere Si. The quanlities
1. 'IJk can no\\-' he relaled lo Ihe Si lorsion in Ihe fonn

~1oreovcr. il is possihlc lO prove Ihat Englert's 7-dimensional
covariant eqllations can he sol ved wilh Ihe identiticalion
¡'~rlwd = ;\l[nlw''¡]' where;\ is ti conslanL Thereforc. >'7~lw =
..111111' is Ihe fully an!is)'Jll111elric ~augc Ilcld which is a funda-
mental ohjecl in 2-hranc Iheory IG],

It is important 10 Illcntionthat in Englert's solulionlo D;:;

11supergravity the torsion '/~¡/", salisf1es the Cartan-Schouten
eqllati(lllS

11. lllen \Ve have 1. '1 :l.1 ¡¡nd (.1) gives ~:l;¡lii which leads to the
circllil suhset {3 . .j. G. 7}.

No\\'. wc shall relate lhe aho\'c malhematical struclure 10
the Englert's oClonionic SOllltioll 117) 01' eleven dimensional
supergravily. Firsl, Iet lb inlroduce lhc Illelric

( I )

role in matroid Ihcory. among other things. hecause Ihe)' play
;¡ :->illlilar role a:->planar graphs do in graph Iheory [27). It
is "'nowll lhal a graph is planar ir antl only ir it contains no
sllhgraph hOllleomorphic lO K:; or K:~.:~. (Recall Ihat Kn is a
simple graph in which evcry pair nI' tlistinct veniccs arc ad-
jacellt. \\'hile K".s. wherc r ami s are Ihe 1l11lllher of venices
intwo disjoinl seIs VI and V~, is a complete hipartile graph
in \vhkh ('H'l)' vertex 01' VI is joinetllo every vcrlCX of V:l.)
Tite analogul.: 01' this theorem fOl"matroitls was provitletl hy
TUlle 118\. In cllcct. Tutte sho\\"cd Ihat a J11alroid is regular
il' antl only ir jt is binar)' and it indutles no Fano matroid 01
its tlual. In ortler lO untlersl¡:md this thcoreJ11 it is necessary lo
dclinc the Fano matroid which is so me times rcferred 10 as
pr;(2.2). lhe projective plane over FG(2). \Ve shall see thal
Ihe dual 01' Ihe Fano matroitl is Iinketl will1 oClonions \vhich.
al lile S:UllC time, are connected lo Ihe Englert's compactifi-
cal ion pj" () = 11 supergravily.

AFano matroid F is lhe matmid dcfined on the sel E
= {l. 2.:1. '1.:l. G. 7} whosc hases are all Ihose suhscIs ol' E
w¡lh Ihree elemenls exeepl f¡ = {L2.'l}. ¡, = {2.3.5}.
J. = {:l.I. G}J, = {4. 5. 7}J, = {5. G.1}. J6 = {G.l. 2}
antl 17 = ~7. 1. 3 }. The circuÍls 01' the Fano matroid are pre-
cisely lhese suhsels ami Iheir complcl1lenls, 1I follows Ihat
lhesc ('ircuils define the dual F* 01' Ihe F<mo matroid,

Lel us \\Tite the se! E in Ihe form r
{el. (':l. /':1,(',1,(':;, ('(i. ('i}. Thus. Ihe suhsets used to de-
tillc lhe Fano malroid now hccomc JI {('1, C2, ("l}.
I, = {,.,."",1,j. h = {e,.e.,.e,,}. /., = {e.,.e"e.}.
h = {"".",;,"¡}. J6 = {e6.e,.e,} ami h = {e,.e,.e,,}.
Thc ccntral idea is lO idcntify Ihe quanlities ej. whcrc
I = 1.:.!.:t.1. 5, G and 7. with Ihe octonionic imaginary
lInils. Spccifkally, we write an oClonion (j in the form
(/= 1/01'0 + (j1('1 + Q"2f'2 + (j3e3 + 1/4(',1 + I/r,('rl + CJ(jf'r. + (ji('i.

Here. I () denotes Ihe identity. The producI of any two octo-
niolls is delermined hy lhe formula

Here. á;) is the Kronecker delta and Ij'Íj~' are fully antisym-
llletric structure constants. By laking the tensor tI'ijk equals
I for e¡¡ch (lne 01' Ihe se\'en comhinalions f¡ we get all the

\'allles 01"th')N'

The oClonion (Caylcy) algchra is not associativc. hut it is
altcrnati\'c. This mean s that the hasic associator of any three
imaginary units is

where Y/jld is a I'ully antisymllletric tensor. 1f turns out IIlat
't'~'lkl amll 'ljN are relatcd hy the expression

where t' '.IJ./mll'- is the complclcly antisymlllclric Levi-Civila
Il'nsoL It is illlercsling lO note 1hat associating Ihe numerical
\',lIUl'S (elemenls) ofthc suhsets Ji 10 Ihe indices 01'1Pmm and
L1sing (.1) wc gel the other seven suhscIs 01' E (with four ele-
lIlellts) 01' the dual FallO malroid F*. For installce, ir we takc

respeclivel)'. Il is worlh it lo Illention Ihat Englert's solution
rcalil.e the riemannian cllfvature-lcss hUI torsion-full Carta n
geollletrics 01' ahsolule parallelislll 011Si.

LCI us conclude hy making sOllle I1nal commenls. In this
work, we have shO\\'n thal Ihe dual 01' lhe Fano matroid is
dosely relatcd to oclonions \vhich al (he same time are essel1-
lial parl 01' the Englerl's solUlioll 01' ahsolute parallelism on
Si of D = [ I supergravily. Tl1e FallO m<llroid anu its dual are
Ihe only minimal hinary irregular malroids. \Ve know fmm
Hurwill theorem (see reference 119)) that octonions is olle
01' the alternalive divisioll algehras (lhe others are lhe reals,
cOlllplex Ilumhers ami ~1Uaterni(llls), \Vhile among the only
parallelil.ahlc sphercs we lind Si (Ihc others are the spheres
Si and S:~ 131]). This dislinctivc and fundamental role playcd
hy lile Fano malmid, OCIOlliollS and Si in such a Jiffcrent ar-
cas in malhematics as comhinatorial geometry, algchra ami
lopology respectively lead us lo hclieve that the relation he-
Iween Ihese three concepls must have ti deep significate in

R('\'. Me.\". Fú 44 (4) (1l)l)H) JSH-3(,1
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nalllre. 01' course, il is known Ihat lhe parallelizability of SI,
S:i and S' has lo do \\'ilh the cxistellce nI" lhe complcx nUIll-
hers, qllalcrnions ami octonions respeclively (see ReL _~2).
11 is also known lhat using an algehraic topology called K-
tlleor1' [3:31 \Ve IInd thal Ihe onl1' dilllcnsions for division al-
georas slruclurcs on Euclidean spaces are 1, 2. -l. and X. \Ve
lila)' now add to Ihese relllarkahle results anothcr fundamen-
tal cOllcepl in malroid theor)': lhe Fano matroid. But hesidcs
the importance of Ihe Fano matroid in [) = I1 supergravity
lhe rnalroid theor1' oller us the possihility to provide the ha-
sis rOl"a duality principIe in 1\l-theor)'. This is hecause amollg
other rcasons evcry matroid has its lInique dual matroitl. It is
illlcresling lo mcntion Ihat in matroid Iheor1' therc is a dual-
il)' principie ¡:\.II. which eSlahlishes Ihal ir A is a SI•.llelllenl
in lhe Iheory 01' Illatroids that has heell pro ved Iruc. Iben also
ilS tlual A. is true. Perhaps a dllality principies sucll as "cv-
erything in the pl1ysical \\/orld is dual ror:lIl observe!"" or "Ihe
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For rurther research. il will he interesling to lind the exacl
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