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Endoreversihle heat enginc models are irreversihle thermal cydes where the who!c entrop~' prodllcrion is only ascribed to the couplings
hclween (he working l1uid and its heat rescrvoirs. This kind nf thcrmodinamic systcms have bcen extensively studied under diverse criteria
of lTlerir. In this work we rccover the so-called semisum propcrty for an endorcversible cngine working in tl regime that represents a good
compromise hctween high power output and low enlropy production ((he ecological regime) by means of a variational approach. We apply
variational calculus over functionals corresponding to thermodynamic processes.

Kl'.\"Imrds: f-lcal engine; endoreversibiliry; variational calculus

Los modelos de máquinas de calor endorreversiblcs son ciclos térmicos irreversibles donde la producción total de entropía se asigna al
acoplamiento entre cllluido de trabajo y sus reservorios de calor. Esta dase de sistemas tcrmodin¡ímicos ha sido estudiada en forma extensiva
hajo diversos criterios de mérito. En este trabajo recuperamos la llamada propiedad de la semisuma para una máquina endorrevcrsible traba-
jando en un régimen que representa un buen compromiso entre alta potencia saliente y haja producción de entropía (el régimen ecológico),
utilizando para ello un criterio variacional. Aplicamos el ciÍlculo variacional a funcionales correspondientes a procesos termodinámicos.

/)l'srripfOrrs: Máquina térmica; cndorreversibilidad; cálculo variacional

PACS: 44.60.+K: 44.90.+CS

1. Introduction

In 1975, Curzon and Ahlhorn (CA) [1] found that ¡¡ Jinite-
time Carnol-Iikc Ihermal cngine wilh a working fluid cx-
changing heat wilh its heat reservoirs by means 01' a lincar
heat transfer law ami working in Ihe regimc of maximum
powcr OU(put has an cfficiency given by

p

m
'/CA = 1 - V T;;' (1)

w

where TL and Tfl are lhe absolute lernperatures of the cold
ami hOI reservoirs respectively (see Fig. 1). Equation (1) has
heen ohtained hy means of different approaches [2-6J. It has
heen also dernonslrated that lhe resull given by Eq. (1) is
highly sensitivc lO thc transfcr law used for describing the
irreversible heal fluxes betwccn the working substance ami
the thermal reservoirs [5,7-10), that is, Eq. (1) is an exclu-
sive result for a CA-engine with a Ncwton law 01" cooling.
For another heat transfer laws, different resu1ts from Eq. (1)
are ohtained. Thus. thc CA-formula for lhe efficiency has not
lhe same class of universality Ihan lhe Carnol efficiency. A
very imporlan( ingredient in Ihe CA.thermal engine model is
Ihe so-called cndorcvcrsibility hypOlhcsis. which consists in
assuming that lhe working fluid undergoes reversihle trans-
fonnations 141 and thc wholc entropy production oC tht: irrc-
vcrsihlc cnginc is only ascribcd to the couplings hetwccn the
working fluid and its surroundings. that is. the lhermal resis-
lnnccs (sce Fig. 1). Thc concep( of endorcversible cycle was
coincd by Ruhin [4] hased in lhe idea lhat for many cases the

f

FIGURA l. Diagram of a CA endoreversible thermal cyele.

internal relaxalion times of the working substance are very
short cOlllparcd wirh the cvolution time of the whole proccss.

Many crilcria ofmeril have heen proposed 1'or the study ol'
a CA-cllgine. Alllong o!hcrs, l'or cxample Illinimization ofen-
tropy gcncralioll r 11, 121, maxilllization 01' powcr oulput /11.
Illinimization of cosl /121. and maximization of a kind ol' eco-
logical function [14]. This last criterion consis(s ofthe maxi-
mizatioll of a I"unct:on E that rcpresents a good compromise
he!wccll high power output ano low cntropy production. This
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function is givcn by

E = P - TUl, (2)

equivalenl!y he maximized the \vorkw since he took the cy-
cling pcriod T as ¡Ixed. thus. the work produccd in a cycle is
givcn hy

whcre i¡ is the heal Ilux and ú is (he rate 01' change 01' the in-
ternal energy 01' Ihe \vorking !luid. Since lhe process is cyclic
El]. (4) lllilY bc rcv.•Tiucn using Eq. (5) as

where JJ and v arc Ihe prcssurc ami voJume oí" the working
!luid ano 1', Illcans Ihe time derivativc 01' V. By using a local
equilibriulll condition, the lirst law 01" thennodynamics is

\\-'here r is lhe powcr output of lhe cyclc, a is lhe total en-
tropy production (system plus surroundings) per cyclc, and
TI. is lhe tcmpcrature 01' lhe cole! rcscrvoir. Whcn fUllction

E is m<lxirnizcd, lhe CA-cyclc rcachcs a configuration which
produces <lrouncl XO% of lhe maximum power. while entropy
productioll is rcduced clown to arollnd lhe 30% 01' (he cl1tropy
produccd in Ihe maximum power rcgime [141. Thc ccological
fUI1Cliol1has also lhe propcrty that when the CA-cycle works
al m<lXillllllll E, lhe therma! efficiency "'E is givcn by

1
IIE ~ ::2 (Ilr +llPM) ,

,
11, = ./ el,! (u.

o

(j ~ Ú + ,>t!.

(4)

(5)

1 ,1
Tu = ::2(TI! + 1 el +::2 (TI! - T,.) tanh1/', (11)

Thc endoreversibility hypothesis means Lha! the internal
cnLropy change of the fluid in one period is 7.ero, that is

wherc T is Ihe \vorking fluid tcinperallJfe. Thus, to maximize
w subjcct lo the cndorevcrsible cOllslraint, Ruhin [4] wrolc
Ihe following Lagrangian:

(6 )

(7)

(9)

(8)

(10)

,
1/1 ~ .1 (jdt.

o

(j = l' (Tu - T) ,

,

Ir¡Do ..•!/' ;::::. T dI ~ 0,
o

¡'[ (TR-T)]L =. l' (Tu - T) - Al' T di.
o

In lhe present paper we only will take into accollnt Lhe
pan s 01' the Rubin's method ncccssary to obtain Eq. (1) by
mcans 01' olle variational approach and wc will not disCllSS
his reasonings ahout the general optimal configuration 01' a
class 01' irreversihle heat engines [4]. Thus, for solving the
variatiolls 01' Ec]. (10), we take the same variable changc 01'
Ruhin. that is

whcre ). is Lagrange Illultiplycr. For the case where lhe heat
cxchangcs through the thermal couplings, PL ami PH (see
Fig. 1) are linear, (j is given hy

where (J is a thcrma! conductance and Tu is lhe heaL resel"-
voir telllperalure. Equation (9) provides both the heats cn-
tcring and leaving the working fluid hy lTleans of lhe use
of the Heaviside slCP function, for cxample Ch in Fig. I is,
q¡ = J (jO (Tu - T) di. Thus, by using Eqs. (6), (7) and (9)

o
in Eq. (8), one oblains

2.1. Tite I{ubill's approach

In his 1979 papel', Rubin rccovered Eq. (1) by rneans of Lhe
applicatioll 01' the varimional calculus (o certain thermody-
n<ll1lic l'Ullctionals. In fael, he treatcd a CA-engine with the
opcrational goal s 01' maximizing hOlh the power output and
lhe cnicicl1cy. FOI"the case ol' the maximum power regime,

whcrc Jlr. is lhe Carnal cffkicncy ancl1}M p is the crtlcicncy al
Ihe mi1ximum powcr regimc.lt has been recently showcd [151
ll1at lile scmisum propcrLy cxprcssed by Eq. (3) is indepen-
dent 01" Ihe heal lransfcr law lIsed for describing the heaL
rluxes at thc cOllplings 01' the enginc. As fal" as we know, this
is lhe first universal property found for endoreversible hcal
enginc modcls.

In tbe CA-paper [1], Eq, (1) was found by the maxi-
mi/alion 01' the pnwcr outPlll as a two-variahle-funcLion P ::::
I'(I',,IJ) witl],r = TII- T" and y = T,- TL (see Fig, 1), Later
De Vos [2,:l] also found Eq, (1) by means 01' an ane-variable
formalism. name!y P ~ P(1}), that is, the powcr depending
on Ihe cngine cflkicncy. It is usual in finite-Lime thcrmody-
nalllics lo staLe problcllls in the conLext 01' optimization crite-
rit!o GCllcrally. Ihe C]uantiLics lo optimizc are funtionals such
as Lhe work, Ihe powcr and lhe enlropy production which can
he expresscd as integrals over eertain Lrajeelories (Lhe thcr-
IlHH.iinalllic proccsscs). Thus, il reslIlts natural to use the vari-
alional calculus lo treat the optimization problems previously
I1lcnliolled. In raCl, Ihe alternalive deduction 01' Eq. (1) made
by Rubin [41 was by maximizing a Langrangian with the
po\Vcr outpuL as Ihe objective funtion ano the enooreversibil-
ity condition as lhe integral restriction. lhe scmisum property
[Eq. (3)1 has been obtained by both procedures, the CA-;ry-
fonnalism 1141 and the De Vos' I)-I()rmalism [10,151. In tbis
parcr we now calculate tlle semisum properly hy means 01'
varialional calculus 1'01" the case 01' a CA-cnginc with a linear
heal Iransl'er law ror describing the heat exchanges hetween
lhe working fluid and its thermal balhs.

2. CA-cn!:ine's properties and the variational
calcllllls

Re", Mcx. Fú. 44 (4) (l99g) 373-376
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\Vhcn IiL = O. Ruoin found that rol' p i- O. lhcre are t\VO
possihilities:

\vhere T" and Tr, are Ihe tcmperalures 01' the hot ami cold
rcscrvoirs aJ1(11./J is an unconstraincd variational paraJllclcr.
Taking lhe lirSI "arialÍon of L [Eq. (10)1 Ruhin gels

2.2. Thc ('(.'()Io~kal runction

(1 X)E = w - T¡JT.

\Ve lirsr pro pose a Lagrangian funclion L givcll by

Now. \Ve \vill oblainlhc sClllisUIll property of the lllaXilllUll1-
r; regilllc gi\'cn hy' Eq. O) hy Illeans a varialional approach
hased in lhe RlIhin IllcthoLl previously explaincd. The so~
caJ[cd ecological fllnction is dc!illed oy Eq. (2). Our ohjcc-
live is Ihe max.illli/.ation 01"Ihe I"unclion E = P - TLa, for a
fixcd cycling pcriod T. Thus we can replace the power outpul
hy the work pe!" cycIc 1l', ami rcwrite the ecological function
as

( 13),17" _ Tu - TI.
fl -..... 1 ., I .

¿,cos 1-1;1

or

T=A ( 14a)
( 19)

and in hoth cases,

( 14h)
whcre a is lhe 1I1liverse enlropy production. ,.\ is a Lagrangc
111l1ltiplieraJl(1 ~S1(' = O is again (he endoreversibility con-
strainl.

The enlropy prodllclion rale can be wriltcn as

Rcorganizing (cnns, we ohlain

_T¿(I(T - Tu)] dt. (21)
Tu

"
I~= / [1' (Tu _ T) _ '\(1 (T~"- T)

o

(20)
T- TRa = {l---
Tu

By Illeans oJ"Eq. (2()l, the universe enfropy change can he cal-
culalcu using againlhc Hcaviside step function. Tllen, suhsti-
tllting Eqs. (6), (7) ami (20), il110Eq. (19) yiclds

( 15)

The case givcn oy Eq. (14a) is discardcd, oecause ir T = >.,
then fmm Eq. (15), T = TJl and conscquently (j = o [see
Eq. (<Jl]. Furthcrmore, fOI"this case lhe sccond varialioll 01"
L corresponds to a saddle point 14]. Since TR necessarily is
in fhe inlervul TL :s Tu :s Tu lhis is un unilateral con-
strainl IIGJ. rhus it is normal Ihal Eq. (14a) will nol corre-
spond 10 a physical situalion since liT/( = O. ¡.e., Tu is fixcd
ror lhe hot and co1d rcscrvoirs (Tu and Td. In the following
suhsccrion \ve willnot takc into accounl this variation and we
will analizc jusI the variation of the fluid temperalure T. On
lhe olher hand, by using Eq. (14b) one oblains Tu = Tu
01' TI,. Ihat is, rhe temperatures of lhe hOI and cold reservoirs
respeclivcly. Thus one has Iwa SOIUliolls:

TI! = Tu alld 1/2T = T" = (,\Tu)

anLl

TI! = TL alld IrT = TI = (,\T¡J -,

( 16a)

( 16b) Taking the lirsl variation of L. \ve get

where TJ¡ ami Tt are dcpicled in Fig. l.
Since the inlernal cyclc of Ihe working !luid opcrating oc-

Iween T, and Th is reversihle (endorcvcrsible) (see rig. 1),
thcn its Ihcnnal efficiency is given hy

,
áL = ( l' {'¡Tu [(1 + TI, _ ~) _ T~ (Tu _ T)]

. Tu T Tuo

TI
'1= 1- -T'

h
( 17) . [ T¿ ATu]}+lJT -1 - Tu + T1 dt. (2.1)

By sllbslilution of Eqs. (16a) and (16b) in E'I. (17), one
immediatcly obtains

'/('\ = 1 - ;;:1'
Ihat is. Eq. (1), lhe so-called CA-cfficicl1cy.

Thal is

,
áL = /r' [STR'I (T. Tu, T¿. A)

11

+ áTf(T,TR,TL,A)] dt, (24)
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whcrc

TI, TR
J(T.Tu,h,,\) = -1- Tu +,\Y" (26)

As in thc Ruhin's papcr we ohtain two solutions. The f¡rst
one is ohlained hy setling 9 = O [Eq. (25)], hecause lhis is an
unilateral constraint [16]. which Icads lOa nonphysical solu-
lion and il is discarded. Thus.we keep our attention over the
st.x:ondsolulion which gives us

¡¡nd

,\ hT
.'/(T.Tu.h.'\)=I-f+ T'

R

(25)
0.8

'lE, + ('e + 7PM)
06 (,e + 7,M)
O, 7E

02

00 02 O, 06 08

TI!' = TII aw I T=T" = ( ,\TR' ) 1
1+ ..IL.-TR,

ami

Tu = TI, alld T = TI = (~)l
I+n..

TR

(27)

(2X)

FIGUI{A 1. Comparison hctween 11£ (Eq. 29) and che scmisum
propcrty ~ ('1" + 111'.\1)(Eq. 3). Thc horizontal axis is TdTh

3. Conc1usions
As in Ihc prcvious case (maximum powcr) the inlernal cyclc
is an elldoreversihle olle. and then

TI
'}E = 1- T

h
'

By suhSlilUtion of Eqs. (27) and (2X) inlo '/E. we immedialely
ohtain

'}I: = 1- [2~R (1+ ;;;)] l (29)

\vhich is the same rcsult obtained for lhe efficiency in Ihe
rcgil1lc of maximum ccological funclion in Refs. 10. 14 and
15 hy mean s of olher kind of approaches.
In Pig. 2, \ve see that Eq. (29) Icads practically lo Ihe samc

values than

The so-called ccological fUllction dcfincd in the contcxt of
tinite-timc thcrmodynamics has showed lO have some inler-
cSlillg properties. Alllong thcm the scmisulll property given in
an approximatc manner hy Eq. (3). In olher articles this prop-
crty has hecll ohlaincd hy means 01' algehraic formalisms of
hoth {wo.variahle (CA.casc) and onc-variable (De Vos-case)
treatlllents. In this papero we have also ohtained the scmisum
propeny hy mean s of a variational approach for the case of a
linear heat transfer law dcscrihing the cxchanges ol"heat be-
twecn the \\'orking fluid and its thennal reservoirs. Rcccntly,
it has showed that thc semisum properly is indcpendent of
uny !leal lransfer 1m••.. \Vc no\\' are working in this gcneral
demonstration hy Il\eans of a varialional approach.

'[' mwhere '1(' = 1 - 1t and 'JCA = 1 - v:jf;. Thus. we have
ohtaincd Ihe so-caBed scmisum property by means of a vari-
alional approach.

'/E = (11C + 'ICA) /2 (30)
AkIlowledgments

Wc thank Dr. F Angulo-Brown for fruitful discussions. This
work was partially supporled hy COFAA and E.D.D. (IPN).

1. FL. Curzon and B. Ahlhom. Am. 1 Ph)'J. 43 (1975) 22.
2. A. De Vos, fllc1orl'l'ersible Therlllociy"amics of Solar ElIl'I"K."

COlll'er.üoll. (Oxford University Prcss. Oxford. 1992).

3. A. De Vos. Am. 1. Phys. 53 (1985) 570.
.1 M. H. Rubin. PhvJ. Rev. A 19 (1979) 1272.
[,. D. Gutkowicz.Krusin, 1. Procaccia. and J. Ross. J. C/ll'lII. Phys.

(.9 ( 1978) 889X.

G. F. Angulo-Brown. Ri'l'. Mex. FÍJ. ,n (1991) 87.
7. A. De Vos. J. 1'11)'5.D: Al'plied I'h)'5i(:.\' 20 (1987) 232.
S. L. Chen ami Z. Yan. 1 Chem. Phy.<.'Xl (1989) 3740.
!J. F. Angulo-Brown and R. Púcz.Hcrnándcz. J. Appl. 1'11)'5. 74
(1993) 2216.

10. L.A. Arias-Hern5nJcz and F. Angulo.Brown. Rel,!. Jlex. Fú. ':0
(1994) RR6.

11. P. Salamoll. A. Nill.;1I1.13.Andrcscll. :lnd R.S. Berry. PhYJ. Ri'\,.
A 21 (19RO) 2115

12. 1\. [lejano En/ro!,.\' Gi'fIl'rarioll Milli",i:.:alÉoII, (CRC. Boca Ra .
IOn FI.. 1996).

13. A. Bcjan. /t1t • .I. 11t'(lf MlI.\".\' Translér JI (1988) 1211.

1.1. F. Angulo-Brown . .I. Apl". Phy.\.. (11) (1991) 7465.

15. L.A. Arias.Hcrn~llldcl. anJ F. Angulo-Brown. 1. A.1'1'1. PlIys. 81
(1997) 2973.

16. C.W. Kilmistcr :Iml J.E. Reeve. Ratiotwl ¡"'fechan/c.\". (New
York. American Elscrvicr. 1966).

Ni'l'. Mi'X. Fí.\'. 44 (4) (lt)l)X) 37:'-376


