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\Ve 1'C¡'ll.1I"ta ~eneralization of the derivation nf the Stokes paramclers Illeasurcd with a Jivísioll 01"v.'avcfront rolarimeter. This novel arproach
allow", t'0I" arhitrary seuin!!s of three polarizers and one quartcr wavc relarder. Thc transrnis",ioll (:ocftlcients 01"non-ideal polarizers and
IC[;m!cr Ila\'e heen eonsidercd. An e.'w.:pcrimenlalvalidation was ~rf()rrned with a llher oplil' hascd polarization scn<;or and an analngue-to-

di~ilal reeei\'cr system,

I\('nt'ord.,: PoJarimeter: polarized Jight Slokcs parameters

Reportamos llna generalización dc la derivación de los panímelros de Stokes medidos con un pol;lrílllclro de divisiún de frente de onda. Esle
lratamil'nto innovador permite que Jos tres polarizadores y una placa rclard;ldora de un cuarto de onda sc posicionen con ;íngulos arbitrarios.
S~ consideraron los coet1cicntes dc Iransmisión para polarizadores y placa retnrdadora no idc;lks. Se veritkaron expcrimclllalmente los
rc\ultados uliliz;mdo un sensor de polarización hasado en libras {¡plicas y un sistema de procesamicllto digital.

n¡',~lTil,/()n'.c Polarímetro: luz polaril.ada; parámelros de Stokcs

PACS: 07.60,Fs

1. Inlrodllction

In a di\'ision 01' wavcfront polarilllcler, or DO\VP, the inci-
denl oe:\lll is di\'ided al Icast into four segments Ihat evenly
iHumillate Ihe leSI sample. Then, a polarizing dcviee. lIscd
as <In analyzer. is loeatcd in e¡¡eh 01' Ihe heam paths hcfore
Ihcir intcllsitics are detected 11). The polarimeters reported
in the lileralUrc during Ihe pasl decade [2-71 require one lill-
C;Ir poladler (LP) in two 01' Ihe ehal1l1els, one quartcr \\'a\'e
rclardcr (Q\VR) foll<m:ed hy a LP in another 01' lhe cllall-
nL'ls. aul! olle cleal' chanlle!. DilTerell1 dcsigns divergc prac-
tically, allhough not fundamenl:llly, in lhe orientations 01' the
Iransmissioll a.xes of Ihe polarif.ing elements used. In L'onse~
quence, (hey also di1'fer in lhe 1'orlll in which the Slokes pa-
ralllelcrs are extracled and the polarimeter is calihr:lIcd. AII
polarilllelers 01' Ihis type lllust loealil.e Ihe oriental ion 01' lhe
LPs amI relarder at specillc angles. Thercfore, this produces
in:lccur;Hc rcsults derived frolll errors caused hy positiolling
1Ill' LPs anl! O\VR at diffel'cnl angles Ihan those required.

Thc DO\VP that \Ve designed and developed is a gcner-
alil.alioll lo Ihe ahovc Illcntioned lllethods (See Fig. 1). Our
instrlllllellt does not require setling Ihe LPs and Q\VR in tlle
s(,'nsor head al unique ami predelefmined al.irnllth angles. In
additioll \•.'e h:\\'e 'considcretl lhal Ihe LPs ;md Q\VR are no(
ideal by incorporating their respective transmission cocfli-
ciellts inlo Ihe theory.

rlGURE l. Sehcrnatic (Jf lhe oplics in the DO\VP.

2. Tllcor)'

An arhitrary polarif.alion state is charaeterif.ed hy the az-
imutll, cllip(ici(y ;111(1Ilantlcdncss 01' a polarilation ellipse (in
Iwo dimcnsions ami ohserving onl1' a eross section 01' Ihe cl-
lipse). Thc a/illlulil (o) is lhe angle that lile major axis of
the cllipse lllakes wilh lhe .1' axis. Angks are positive when
Illcasured anti.clockwise frolll the .r axis. The elliplicity (e)
is dcfined as the ratio 01' Illc Icnglh 01' lhe scmi-minO!' axis (b)
01' Ihe polarilalion L'llipsc 10 Ihal 01' the semi-lIlajor axis (a).

Acconling 10 Fig. 2. the elcctric field components
(EJ" Ey) of an arhitral)' fully polarizcd source are given hy
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InLregraLing Eq. (3) ovcr a Lime period T = 27T Jw :lllllllsing
Eqs. (1) amI (2). Ihe a\'erage SOllrcc inlensity is given hy

whcre conslanls fauors T" anu TH represent the intensily
lransmission paramelcrs for the LP in Iransmission mode and
extinclioll mode respecti\'ely. Replacing Eqs. (1) and (2) into
Eq. (5) \ve ohtain

(3 )

(4)

(5)

(., ") /11, = (¡- + f¡~ 2.

E" = \rr;;(E,r ('osO + Ey siuH) .

E., = .¡r; (E, sin H - Ey ('()s H) •

\Vhon lhe eleetrie lield given hy Eqs. (1) and (2), tra-
verses a LP inclined al an angle H. its components are pro-
jectcd over Ihe LP parallcI ami perpendicular a.xcs (p and ..,
respccli\'ely). The cle(trie field cOllllHHlents emerging from
Ihe LI' ¡¡re Ihcrefore given by

/'

E.r = 11 ('os n sin (:..Ji + Óo) - bsin (\ ('os (u.-'I + 90)' (1)

EJ. =- (/ sin () sin (:..;1 + ¡Po) - bcoso eos ("""1 + 00). (2)

PICiURE 2. The polarization cllipsc.

where w is Ihe wavc frcquency, ami cIJo is a phasc constan!.
Whcn Ihe sourcc is fully polarized, the eorresponding aver-
age source intensity can he ohLained as the average in Lime 01'
lhe sum of hoth squared components of Ihe electric lield.

EJl = vr;; {('os B [a ros o sin (wf + <Po) - ¡, sin a cos (•.•...'! + 00)] + siu H [u sin () siu (u..:! + (0) + b ('OS (l ros (..•.Jf + Óo)J }, (6)

E.~ = \I"T";{siIl8[acosn siu ("""1 + <Po)- h:;inncos(u.-'I + (0)] - ('{)sH[o:-lillll sin (,...:1 + Qo) + /){"()sn cos(:.....!!+ Oo)]}.

The norm<llized transmission coefficient, T(B). rOl"lile LP
is ohraincd hy <Iveraging in timc the SUTllof lhc square 01"the
ahoye cOlllponents and dividing hy the averaged intensily. so
lllat

_ [ros'(O - ,,) + ,,' si,,' (O - o)]
T(O) - T.,+ (T" - T..) ., . (7)

1 + ('-

I
whcre T/~"""H is the Iranslllission coefficienl for a Q\VR fo1-
lowed hy a LP. when randomly polarizcd light is lransmitled
Ihrough the comhinalion, namely

III which T/~~\\"R and T~wll are lhe lransmissioll paramclcrs
along Ihe fasl and low axes oflhe Q\VR. T(B. ó) is lile Irans-
missioll eoefliciellL of lhe combinatioll Q\VR-LP, for com-
plelely polarized IigIH. whcre H is lhe azimuth angle of lhe
LP in ehannel/ .. ¿lfld ~" is lhe azil11ulh anglc of lhe QWR. This
cóerticicnl can he dcrived in a similar approach as Eq. (7),
giving Ihe inlcllsiLy 11.. as

The total transmitled intensity through a channel in Ihe po-
larimeter, which uses a LP I<lbeled hy Ihe angle e, is Ihen
given by

J = JOT¿" + I"T(H).

\vhere lo is the non-polarizcd light and 1" is the intensity of
cOlllplelely polarized ¡¡ght. Ihe translllission cocffkicl1t 01' a
LI' ror ranuolllly polarizcd light is T(\-P, given hy

+ I/.)(_~"""Il T.l.!' + TQW1t TLP)
- j¡¡ , l' Jl ' ( 12)

(9)

The inLensitics Ji and Ij admitlcd hy two 01' the chaoncls
in Lhe polarimeter (See rig, 1) can he labeled hy the orienLa-
Liolls of Lhe LPs Oí and ej such that

I ~\\"R Ip {., [ ,) , ')], = loTo + (" ) ,,- /'1 ms- (o - ~,)+V,.- + 1

+'1':< + /'1 sill' (o - ,;,)+ /',} (13)

with 1'1,1'"2 and fJ:~defined hy lhe following:

( 10)

+ 1" [(TL" _ TLP) ('Os 2(H . _ 0)(1 _ ,")]2 (c:..! + 1) l' .~ _. l,j

Thc total intcnsily J.: is givcn by

(11) (14)

Rel'. Alex. ¡:{'l_ .w (-1.) (199S) .192-.196
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The ckar channel /{ is assult1ed lo lt1easure Ihe lotal partially
polaril.cd lighl inlensity clllerging fmm Ihe sample

( 15)

By algchraic inversion nI" Ihe expressions ror Ihe four inlen-
sities llli:asured by the polarimeler li. !.¡, I,... and /, \Ve can
derive nf Ihe values (), = Ihe alllounl 01' completely polarized
lig.IlI (/,,) antl Ihe amounl 01' Ilon-polari/ed liglll (lo). The po-
laril.alion a,.imuth is ohtaincd fmm Ihe rollowing expressioll

Tbe l'I1ipticily is gi\'en hy FI(;UI{E J. Photograph nI" the ."l:n"or hc¡¡J.

IJ:¡ ci J/Ji + ,1(,/:1'/' - '/, )('1:<'/" + '1,)
2(¡¡,''11 - '/1)

( 17) .t I'mtotype instrulllent ami calihration

ami thcrcl'ore the dcgree of polaril.atiol1 (DOP) is ohtained
fmm

Thc valllc nI' In for Ihe al1lount 01"randomly polarized inlen-
sily im:idcnt on lhe sensor head is .

1x - ------------- (llJ)
[cos2(Hi - o) - cos2(H} - a)]

J, =

Thc sensor he aL! 01"lhe poJarimcler shown in Fig. 3 \vas de-
signed according lo Ihe specifications indicaled in Fig. l. Thc
complele instrumenl l~)lconsisls of the optics integraling Ihe
sensor heaL!. a hllndlcof oplica11ihers conducting the reccived
lighl frolll the sensor head to Ihc pholO-dindc recei\'ers ami a
dala acquisition sySIL'Ill. Each 01"the LPs and Q\VR arc 211l1ll
diallleler. The four aperlurcs arc arranged in a triangular ge.
ol1lelry, wilhin a 7 Illlll diaJllctcr l'irc!c, as shmvn in Fig. 3.
Thc phOlO-diodcs arc mlllliplexcd inlo a l2-hit analogue lo
digilal convcrlcr. Data slored by ;[ prtH.:essor are serially COIll-
lllllnicalcd lo a Pe. in hlocks. al regular inLervals.

The accuracy with which tlll' anglcs and transmission pa-
rametcrs nI" Ihe tP and ()\VR are known is crucial 1'01"thc
polarimeler 10 yield accmate measurcments. Usually the val-
ues of paralllelers T". T.~. T" and TI arc r)f()\.ided hy the mall-
ufacturer. bul it is morc l'ollvcnienL lo ohtain lhe paramctcrs
lindel" (Jperational C(lllditioIlS. Ikl{)I"c performing any poI <lr-
i/ation rneasuremenl using Ihe nO\Vp. the values 01"Ihe all-
gles and lransmission parallll:tcrs 01 lhe LP and QWR must
hc Illcasured. Following: this. a ealíbraLion rOllLine integ:ralcd
wilhin lhe software lIlu.st he fo!loweu. which includes mC<I-
surelllenl nf Ihe phnto-diodc ollsets. The calihration procc-
dure ¡¡Iso compensales ror errors in lhe rcadings introdueed
by 1I111:\.cnperformance or cach pholo-diode. non-uniform il-
Illmin¡¡Lion 01' a1l cllannels ¡¡nd losscs in Ihe I¡hers. \Vhen 11011-
polari/.!.:d or randolllly' Jlolari/ed lighl is iJlllminaling Ihe SCIl-
.sor head. Ihe two chanllcls ¡ami .i should IlleaSllre Ihe sallle
intcnsity (Ihe: total inlensily scalcd by T/() which is linearly
proportiona1 lo the va1ue recorded in channell. To reslore Ihis
rclati(lnship in Ihc prcsencc (JI"the ellccts ucscrihed ahove, Ihe
l{llhl\ving cqualizati(ln f;¡c\(Jrs are inlroduccd

T¡'( 1,

1,

(21 )

(20)

( IX)

/0 = /1 - 1".

Dor = _1_,,_
.1" + lo

(jI = PI ('os:.! (o - v) + P:! - T(;WH.

'/- = (TLP _ TI.I') ('os ')(H. - n)J l' .,. . - 1 •

(J - QWH 1 )k TO ,

'/' - "(J- - U'J)
- I TO ,

Finally the Stokes parametcrs {I = 1, (2, U, V} can he writ-
tl'l1 in terllls of the polaril.ation al.illlllth and cllipticity. using
lhe weH "nown rclationships [81 for normalized intensilil'S
givCll by

/ _ 2(li - Jj)(e' + 1)
l' - (T¡'/ - T.;P) (f':! - 1)

The 1\\'0 so1utions to Eq. (17) sitllply correspond lo reciprocal
ddinilions of lile ellipticity E = !JIu ami E-I = alb. lhe for-
Iller is lIsed in Ihis \\'ork. The amouot of complelely polaril.cd
1ighl is oblaineL! from

Q =,o~[~arctall((')]("Os:2(1.

e = ros [~arct:tll(t»] sil12n.

v = sin [2 aret an( (,) ] _

(22)

(2:1)

(24)

Ji
í/( 1,
IJ

fA
Tr\(\\'H II

h

(25)

Re\'. Mex. Fú. ~~ (4) (lt)t)Xl.W2-3íJ6
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FIGURE <l. Polarization a.t.imuth rncaslIrClllcnls: Tht:' ordinatc is
lhe angle hy which the external LP has hcen rotated hy Ihe motor.
Thc ahst:isS¡1is the measurcd rotation in dcgrccs (n). Thc avcra!!cd
experimental error is 0.1 {Jf a Jcgrcc.

FI(;URE 5. \leasurclllclll of Stokcs Paramctcrs Q. U. and l'.
The average experimental elTOI"S for the normaliseJ parametcrs arc:
(J.OOI rOl"paramcler (J. O.()(J"¡ rOl" paramcter U and O.OO..¡ for paml11-
clcr F. These paralllctl'rS are tunctiolls orlhe wrappcu polarization
azimuth frol1l Fig. 4.

The main sources of experimenlal crrors werc lhe ineorrecl
dctcrminatioll 01' the angles and Iransmission coefficients nI'
lhe LPs and Q\VR. followed by inaccuracics inlroduced hy
the e!cclI"Onies in the re(,;eivers and convcrtcrs. Anolhcr prob-
able source of error lhal was nol compensalcd by the cali-
hratinn pnlCedure. was Ihe devialinll nI' the relardance 01' lhe
Q\VR fmm lhe nominal rctardance of ~:}Q0. the rel:mler was
ealihrated fOl"630 nm. I:or lhe particular experimental syslcm
th:1I was lIsed. aJditional errors were callsed hy unintenlion¡¡1
partial polarization 01' Ihe souree. The faclors most likel)' to
alTeel lhe experimental performance 0'- lhe DO\VP were:

l. The error in the assesstllent 01"lhe lransmission paralll-
elers <lmllhe azimulh angles 01"the polarizing optics in
the sensor head.

Afler Ihese calihralion factors are calclllalcll aH sllhscqllelll
itllensity measurcmcnls are scaled by lhe corresponding fac-
tor prior to subscqllent calculalion 01"lhe polarization paralll-
clers.

A l.P eXlernal 10 Ihe polarimcler was useu as a test po-
larizalion 1I10JulalOr and was illulllinatcd by a randomly po-
larized Jight sourcc (()70 I1Ill lighl clllitting Jiodc) and then
rotalcd 01"lhe polarimeler hy a stcpper molor. Measurcments
\vcre oblaincd ror the various polaril.alion slalcs gcncraled
for rolations from 0° (o 178.20 in JJ equal stcps. The mo-
lor had a resollltion (JI' I.So :f: 5%. Each experimenlal rcslIlt
is <Inaverage of SOO Illeasurcmenls produceu under the same
conditions. The experimenlal error has heen quanlilied as the
slandard deviation 01"aH lhe measurcd values for a parlicular
seUillg 01"the LP. The results are illuslrated in Figs. 4 and 5.
Tlw curves fOl"rolalioll. shown in Fig. 4. are wrapped al in-
lervals of ií j...J. hecause I:q. (16) was used lo exlracl the value
of (o). The experimental results for the Slokes parameters
(Fi~. :)) sho\\' how they I"ulfill the well knO\vn relaliollshir for
completely polarizel! light

u' + \,' + q'

4. Pcrformancc c\'aluation

1 . (26)

2. The resolution 01"lhc A/O eonverlcr llsed (Ihe experi-
J11cnls were perl"onned wi(h one 01' 12 hil). The mini-
IlllJlIl error lh:u c(luld he expecled in the quanlificalion
or lhe Stokcs paralllclcrs. produ(,;ed hy qllanlil.alion ef-
fccls, \Vas O.{)O{) l.

3. The performance 01"lhe four pholo-diodcs and lheir re-
specti\'e lincar :llllplilicrs.

FrOlll [!le [hree faelOrs Iistcd ahoye, only [he lirst OIlC"'as
inlrinsic to lhe OO\VP. while the other 1\\'0 greally depended
on the parlicul:ir Jata acquisition systCJ11 cmployed. The per-
fonnance 01" the pr.olo-diodes. the signal amplillers and the
¡¡ecuraey or 1he A/O cllnverlers lIelermined lhe accuracy wilh
which lhe an~des amI p¡¡rametcrs were measured. To aseer-
lain lhe Illagnitudc 01' lhe absolutc error introdlleeJ inlo lhe
Slokes parallleters mcasured hy Ihe DO\VP. due lo qllanlil.a-
tion and incorn:ct l1leaSIll'Clllent 01" lhe al.imUlh angles, the
t\\'O clTects \Vere sillllllalcd theoretica!ly. The eomputer silll-
ulatioll exalllined the silu<ltion in whieh lhe OO\VP lllcasured
changes in the po1aril.:llion slalc nf a linear LP rotating froJ11
(lo 10 1S0°. Inilially lhe silllulalion rouline assllllled that the
angles and lhe paralllelers were eX:lclly known. but Ihe four
intensities \l,Icre quantized into 4096 digitallcvels. simulating
lhe accuracy of a 12 hit A/O con verter. The error in each 01"
the challnels was estimaled as (he dilTerencc helween Ihe ex-
ael ami lhe eSlimalcd inlcnsities. The results are rcported in
Table 1. sccond colullln. t\ devialion of one degree I"rom lhe
exacl vallJe \Vas addcd lo one of lhe angles. (J, leaving aH Ihe
other :Ingles amI ahsorhancc par:lJlleters intacL The purpose
was lo show the dcpendeney af lhe Stokes paramelers on the
ac(,;uracy in lhe IllC:lsurelllcnt of Ihe :Ingles. The results are
shown in Tahle 1. third colurnn. Although the A/D converler
used for lhe experimenlal work hall a resolution (JI' 12 bils.
a numher (Jr factors would conlrihule 10 reduce Ihe clTcclive
precision in reality. Firstly, it was diflieull to produce experi-
mental conditions which 1Ililize the \Vholc Jynamic rangc. In



.'96 GENERAL \IETHOD FOR THE CALCUL:\TI()~ OF STOKES I'r\RA.\lETERS .

TAllLE 1. SUl1ll11aryoflhe theorelical R~1S errors antl experimcntal standnrd dcviation

12-hit rcsolution 12-hit resollltioll + lO-hit resolutioll Experimelllal data

RrvlS error deviation of 10 Rf\,lS error Standar dcviation
Rf\.lS error

l, 0.00007 0.00007 0.00027 0.0025

IJ 0.00007 0.00007 0.00026 0.0011

h 0.00007 0.00007 0.00027 0.0013
Ellipticity 0.0001 0.0024 0.00035 0.0017

Q 0.00013 0.0463 0.00049 (U)014

e O.lXXlIO 0.0794 0.00045 0.0044
l. 0.(XlO33 0.0050 0.00079 0.0045

addition. there wcrc SOllrccs 01' noisc prcscnt from aJ1lplifka~
li(lll and s\\'ilching circuitry. \Vc estimate that the experimcnts
\\'erc conducted as ir lIsing a resolution smaller than that pro-
"ided by a lO-hit A/D cOllvcrler. This situation was simulatcd
;¡nd rcported in Tahle 1, fourth colllmn.

\Vhcn the rcsolution of lhe A/D convertcr was rcduccd.
Ihc valucs that the rcconstructed polarization azimuth could
Ilavc \\'crc spread o\'er a smaller number 01' digital levels.
In Tahle 1 the slandard dcviation 01' the experimenlal intell-
silies was olle ordcr 01' magnitude greater Ihan the lO-hit
rcsolutioll RMS error. This could mean that the experimenl
\Vas performed using an even smaller dynamic range, or thal
incorrect ,,¡¡ltles 01' the experimental parameters and angles
alTected Ihe inlcnsities through incorrect calihration factors.
Considering Ihal a rcsolution of 12 bits mean! Ihat the four
inlcllsilies eould use 4096 quantization Icvels, and thal in rc-
ality only aboll( 25% 01' thc Illlmber 01' available levels were
lIsed. one could not expect (o onscrvc experimental crrors
smaller than those produced by a lO-bit quantization.

5. Condusinns and discussinn

\Ve llave devcloped a DOWP whose polarizing clelllents can
he positioned al arbitrary orientations and thcir characteris-
ties lila)" he non-ideal. The lheoretical Jescription of any po-
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.). A,S. Sidditjui. Optica! polarilllctcr hnving four channcls. Patent
USPalcnl Nn. USOO508134XA. (1992).

lari/atian stale Illcasured hy Ihis polarirnetcr was maJe in
lenns 01" explicit Iransmission cocflicients and a/imuth an-
gles. \Vc nuilt a sy.';{elll to test Ihe concepts \\.'ithout intcnd-
ing 10 achieve a highly accuratc instrumcnl. however the ac-
curacy was comparable with the most advaneed pnlarime-
lers [101 reponed in the literature. \Ve lhcrcfore cxpect furthcr
retinements nI"Ihe optical and elec(ronic systems to yield im.
pro\'cd accuracy. especially when the polarimeter dcscriheJ
hcre is optimi/el! for a gi\'cn range of polarizalion state mea-
surements.

Some 01" lhe limilations 01" a ()O\VP are thal it is clearly
nol capahk of the minimum spatial resolution and is funJa-
Illentally Iill1ited by Ihe !leed 10 lIlaintain coherence over the
clltire aperture. Nevertheless its importance is significanl in
lile conlext 01' fUlure polarizing imaging syslel11s hased on
Ihe pixelisalion of polarizing clements. The use 01' polariza-
tion imaging in applicalions such as robotics ami industrial
inspcction will rcquire simple cost elTcctive technologies and
lhe DO\VP may very \vell occupy ¡¡n important place in thosc
contexls.
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