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In this articlc wc g:ive ao introduction lo lhe Fock quanlizatiol1 01"¡he ~laxwell licld. At the dassic.ll leve!. we treat (he theory in bOlh the
cm.;l1'iant :lI1dcal10nical phase spacc formalisms. Thc approach is general since \ve collsidcr arhitrary (glohally-hypcrholic) space-times. The
Fod quantizatioll is shown to he equivalent to the detioition 01'a complex slruclure 00 the classkal phase space. As examplcs. we consider
slationary space-times as \Vel! as ordinary r-.1inkmvski space-lime. The account is pcdagog:ical in spirit and is lailored lo bcginning grauuale
stllt!ellts. Tlle paper is self conlaincu anu is inlended to tlll an exisling gap in Ihe lltcrattlre.
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En este artículo presentamos una introducción a la cuantización del rampo tic i\1axwcll A Il¡v~l (.:!;í .....i(o se da un tratamiento tanto en el
formalismo de espacio fase covarianlc como en el de espacio fase clIHínit"ll. El tratamicnto cs gencral pucs sc considcr:m espacios tiempo
arhitrarios (globalmente hiperbólicos), Se muestra que la cuanti/,.lI,.'i6n de Fo¡;k es equivalente a la definición de una estructura compleja
en el c....pacio fase de la teoría. Como ejemplos se toman espacios liempo cstadonarios así romo el espado de ~1inkowski ordinario_ La
pn.'....clltaciún se pretende sea pedagógka. está enfocada a estudiantes de posgratlo y llena un vacío exi ....lentc cn la Iileratura,

f)('.".n/,/orn: 7\.1cdnica simpléctica: campo de Max\Vell; cuantización de Fock

I'ACS: moliDo; 03.70.+k; 11.1O.Ef

1. ll1trocillctillll

Th~ lllotivalioll 10 wrilC Ihis anide comes frolll lhe aUlho(s
discol11fon wi(h the usual trealmenl thal lexlhooks gi\'c lo lhe
Clltlmlic(/Iqumlti:mion of free llclds in their f1rst chaplers [1].
There secllls to he a "quantumjump" fmm the quanlization 01"
lllcchanical syslellls \\'ith a f1nitc numher 01"dcgrees 01' free-
<10m 10 Ihe quantization 01' flelds, Bcre. hy lields we mean
lhal Ihe classical syslem to he quanlil.ed is descrihed hy (al
Icasl) olle funelion 01' space-time, Thc hest known examplc is
precisely the electro-magnelic neld, descrihed hy six quanti-
lies al each spaee-time point. In ordinary quantum mechanics.
one slarls \,,'ilh the phase space r of Ihe system. which is nor-
mally given by pairs (r¡I, Pi). i :;:::1,2, .... /1 01' generalized
eoordinales and their conjugate 1Il0lllenla. The quantizalion
procedurc implies a passage frol1l Ihe hasic Poisson Braek-
cls (I'B) !"clations {(/,Pj}:;::: bj lo the Canonical Comlllu(:I-
lion Relations (CCR): [(ji,jJj] :;::: ifu)j. This is usual1y callcd
llll' /)imc t/utlllfi:{ltioll cOIlc!itio/l. Qnc f1nally finds a Hilbert
SI)'ICC 1-{ i.Il1da representatioll of l!le hasic observables tjl alH.I
¡', as self-adjoinl operators on 'H satisfying the CCR. t'ilore
preciscly, (lnc should tlnd at the c1assical level a set S 01' el-
C'1IU'rltmyoh.H'n'lllJles (real funclions) on r lhal are: i) largc
cllough lo gcncrale, via linear cornhinations of producls of
lhem. :lny funclion on r and ; 2) s111all cnough to be eloscd
lInder Poissoll hrackets [2]. To these ohservahles, elclllents
nI' S. Ihe!"e will he associaled a quanlum operator in a unique
•••.'ay. satisfying Ihe Dime quantizalion condilion. For delails
see Scc\. 2.

\Vhcn lhe c1assical systclll lo he quanlized is a ¡¡cid the-
ory, olle is letl lo ask: Can wc follow the same preseriplion'!
thal is. can \Ve itlcnlil"y Ihe phasc "'pace 01' the prohlel11 ami a
sel S 01"hasic ohscrvahles'! How is Ihc Poisson hrackel de-
lincd'! Can we implement thc Dirac quanlization condilion
and tind represcntations of Ihe CCR'! 11' yes, which is Ihe
Hilbert space H? The ailll of Ihis paper is lo give answers
lo aH Ihis questions when Ihc elassical system to he quan-
(ilCd is Ihe free Max well ncld. In lile case nI' a Klein-Gordon
lield. lile prolllel11 is satis]aelorily adJressed Ily Wald 13J (Tlle
rcader is urged (o read Ihe lIrst three chaplcrs of that hook).
Recall that the Klcin Gon!oll tleld is dcscribed hy a scalar
field (1' on space-lime s<tlisfying the Klcin-Gordon equation:
(O - III:.:!)'[' :;::: ti. The main dillcrence het\Vee~ the Klcill-
Ciordoll amI Ihe i\.tax.\\'ell ticld is gaugc invarianec. This in
tlIrJl hrings somc suhlleties lO Ihe program of quanlization.
Thcsc prohlclll are dcalt with in this papeL

'fhe particular quantiz,alioll Illclhod \\le shall considcr js
lile olle knowll as Foek ydantil.ation. The intuitive idea is Ihal
Ihc Hilhcrt spacc orlhe thcory is constructed from "'t-particlc
stales". (In eertain cases (Hle is juslilied (o inlcrpret the quan-
IUIIl stalcs as consisting 01"I/-particle slatcs. For a disclIssion
see helo\\'.) As we shall see later, the Foek quantization is na(-
urally cOllslrucled fmm sol/lfioll.\" to ,he c/assicai eqllatiolls (JJ
moti(J1I ami re¡¡es hC;l\"ily on Ihe lincar Slructure nI' the space
of solUlions (The Kleill-Clonlon and Maxwell cquations are
lincar). Thus. it can unly he implelJ1clltcd ror quantizing lin-
cur (Fc,,) lield thc(J,-ics. The main steps 01' the quanlil.ation
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2.1. Classkal Illl'chanics

Ir!!) := íla',X'lX~ = f)abVajVb!!, (2)

sueh Ihat Xi'I,"} = - [XI' Xy Ja, Thc 'product' {" ' } is callcd
Pois.wm hmcker (PB).

Note lhat the Poisson hrackel {J. g} givcs lhe changc 01"
f givcn by lhe Illolion generalcd hy (Ihe HVr of) g, i.e.,

This condilioll is cquivalcll( lo saying thm locally thc sYIll-
pleClic form satisfies: ¡r'l = n'ut\7nf:= XJ. forsome func-
tion f. The vcclOr XJ is C<lllcd the lIalllilrolliall \'eclOr fietd
(Jf f (\\'.1'.1. 12). NOle thal the symplectic struelure gives us
a mapping hctwcen fUllclions on r ¡¡nd Hamiltonian veclor
tklds. Thus, fUnClioJls OH phasc spacc (i.e. ohservablcs) are
gener¡¡lors (lf inlinilcsimal canonicallransforlllatiol1s.

The Lie Algehra 01' veclor fields induces a Lic Algebra
slruclure on lhe space nI' functions.

A physieal sySICI1l is normalJy rcprescnted, at the classical
leve!. hy a 1'//(1.\(' -'1'(/("('. This cOIlSiSIS 01' a manifold f nI' di-
lllension diIlI(f) = '2/1., where /1. is an inlcger cOlTcsponding
lo Ihe dimellsioll 01' Ihe configuration space. Physical slales
are represelllcd by lhe poinls on lhe manifold. Ohservahles
are sllloolh. real valucd functions on f. There is a non-
degenerate, dosed .\"yIIII,tcetic two-forrn n dcfined on it. The
lwo-form U,,/, satisfies: V[(.nfllJ] = (J. and ir nab FI! = o lhen
\'b = O. Therefore, lhcrc exisls an inverse nl1b and it defines
<Inisomorphism hcl\Veell lhe cOlangent and Ihe tangenl space
at e¡¡ch poinl 01' r. Here square brackets over <lScl 01' indices
means anlisymclril.atioll. That is A[l1b) := ~(Anb - ..l/m) ¡ami
...t(,,/,} := A (..ln/, + .-ll",)]. The space r wirh the sympleclic
l\vo-form1l is c,lllcd a syrnplectic space (or a space endo\Ved
\Vilh a symplcclic struclure) and denoted by (f, fl).

A vector f1eld va gencralcs infinitesimal canonicallrans-
l'ormations il" it Lie drags Ihe sympleclic form, i.e.:

(1)c"n = O.

~rc Ihe following: Given a 4-dimensional glohally hyperhulic
spacc-timc (Jf,g)('l), Ihe firSI step is lo cOllsidcr lhe veclor
space e 01' solulions uf the equalions 01' mOlioll amI cOllslrucl
fmm it the vector space 01'physically indisfillRltis/wbte stales
r. ()nc thcn constructs the algehra S uf fundamcnlal observ-
ables 10 hc quunlized, which in Ihis case consisls 01' suitahle
linear funclionals on r. The next step is lo conslnlct lhe so
called nfle-parric!e Hilherr space Ho from lhe space r. As
rnentioned before, the olle p.:lrticle Hilbert space Ho receives
Ihis llame since il can be inlerpreled as the Hilberl space 01' a
one particle rclalivislic system (in the electro-magnelic case,
lhe photoll). Thc one-p~rticle space is conslrucled hy detining
a complcx slruclure on r compatible with the nalurally dc-
jillCd symplectic slructurc thcrcon, in order to definc a Hcrmi-
tian ¡nller product on r. The complelion wilh respccl to Ihis
inllcr producl \ViII he lhe one-particle lIi1herl spacc Ha. From
lhe Hilbert space Ha one construcls i(s symmetric (since we
are considering Bose f1elds) rack space :F.~(H), the Hilhert
Sr;¡ce al' lhe theory. The final slep is to represelll lhe algebra
S uf observables in lhe Fock space as suitahle cornhinations
01' (na(urally deflned) crcation and annihilation operators.

\Vc will construct in dClail the quantizalion outlincd
ahoye for the case al' the .Maxwell lIeld. In our opinioll, an
unitit:d trealment (although cornpletcly elemenlary) is not
<Ivailahle elsewhere. The struclure nI' lhe papel' is as follo\\'s.
In Scct. 2 we give an overview 01' lhe prerequisiles lo tackle
lhe quanti¡;ation programo In parlicular. \Ve review Ihe cal1on-
ical quanlization lIsing symplectic language. In the Sec!. 3
we cOllsider the c1assic<l1 lrealment of the Max wcll field.
\Vc follow lwo palhs in the phase space descriplion 01' Ihe
theory. Thc first olle. the so called covaria111 pl/lue "'I'(lce
sl.arts lrom Ihe so/utian.'> to lhe cquations of malian. The sec-
ond appro<lch. the 'standard' 3+ I fonnulation, is considcred
ne.xt ano compared lo the covari<lnl framcwork. Seclion 4 ad-
drcsscs the quanrization. We olllline lhe quanlizarion stralcgy
starling from lhe classical analysis ami show that it depcnds
on ccnain exlra slructure (a complex slructure) defined 011the
classical rhase space. \Ve consider thclllWO examples of par-
tinilar ¡nlerest on !\1inkowski space-time: lhe stand~lrd 'ros-
itive l'requency' dccomposilion and the self dual dccomposi-
¡ion. \Ve cnd with <ldiscussion in Sect. 5.

The PB is anlisYlllllletric so il is ¡¡Iso (minus) the change 01"y
gCllcralcd hy f.

Thc role 01"the symplectic struClure n in sympleclic ge-
ollletry is sOlllewhat similar lo Ihe rolc of the metric in Rie-
mannian gcolllelry. It pro vides a one lo one Illapping belwcen
veetors ami onc-fonns al each ¡mini 01' (he manifold. Thcrc is
however <lvery impOrlalll ditTerellcc: In sympleclic geometry
(lIlC can aJways Itl1d coordinates (q'./)j) in a finite Ileighbor-
hood slIch l!lal (he sYlllpleclic fonn takcs Ihe canonical fonn
(kl1own as Darhollx Iheorclll),

Throughoul the papel', \Ve use Penrose's abslr¿lel index
1l0Ialioll(b), and unils in which (' = 1, hut keep li explicil.

2. I'rcliminarics

In Ihis section we shall prescnt same background material.
hOlh in c1assical and quanturn mechanics. This scclion has
lwo p.lrtS. In Ihe firsl alle we will inlroduce sorne basic 110-

tions 01"sympleclic geomelry that play <1 fundamcnlal role in
lhe Hamillonian descriplion ol' elassieal systems. In Ihe scc-
ond pan we olllline lhe canonical quanlizalioll starting fmm
:1 elassical sySlCIlI as descrihed in See!. 2.1.

{f.!I}=c,J (3)

(4)

Rel'. M('x. Fí.\'. -W (4) (199X)402---l12
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Thc Poissoll hrackcl in this coordinates has the usual form

In the hasis of the langent spaee 10 r, the inverse of the SVITl-

plcctic lwo.form is given hy ~

( 13)

( 12)

(11 )

-In,n)
O .

. { uFi
1', = 1',.Ff} =--Dq'amI

(
O

n0! = J
1/.;>(11

nal, = 2(~)Ia (~)"J
ur¡) Ul'}

,r = {r¡'. JI} = ~JI
ul',

ami the evolution equations are

That is. in Ihe dual hasis {VfI(/' v (l/l¡} ror the cotangcnl
spaee the 2.form (lO) has a matrix rcprcscntalion Ihat can
he wriUcll as

(7)

{'/.p}} = nab'V" (q')"h(pj) = Ji. (5)

{'I\q}} = na''V,,(,/)'V,,('lj) = {PoP!}

= nab'Va(p;)'Vb(Pj) = O. (6)

Time cvolution is givcn by a vector I1cld h/l whosc inte-
gral curves are lhe dynamical trajcctories of lhe systcl1l. 00
rhase spacc therc is a preferred function. Ihe Hamiltoniwl H
whosc Hamiltonian vector ficld corrcsponJs prcciscly with
//(1. ¡.c,.

In such a ch~ut, lhe qi coordinalcs arc like 'position' anJ Pi
are likc 'Illorncnla'.

Sincc lhe symplectic form is c1osed. il can be ohtaincd
locally fmm a symplecric ,wtefltiai W(l.

\Vilh Ihis form, the Poisson hrackct hctween Ihe coordinate
functions takcs lhe fmm

Adopting lhe viewpoint that all observables gencralc
canonical transformations we sec Ihal lhe motion gcncratcd
hy Ihe Hamiltonian corrcsponds 10 'time cvolution'. Thc
'changc' in timc of lhe observables will be simply given hy
Ihe Poisson brackct ol' the ohservable with H: iJ := haV H!J =
nac'V,.Fi'Vaf/ = {f/, Fi}.

Ir lhc systcm has a conflguration spacc e, lhcn the rhase
spacc r is aUlOmatically "choscn" to he the cotangent hundle
01' lhe conflguration space T*C. There is also a prel'crrcd 1-
form on e that can he lineu lo T*C and taken to he the sym-
plcctic potential which dctcrmines uniquely the symplectic
structure. Therefore. the faet that therc exists a configuration
space pieks l'or us the pha."ic space and the symplectic two-
l'onn. For lield thcories this description is obtained when one
perl'orms a 3+ l decomposition on space-time and the phase
spacc is uefined from the initial dataofthe theory. An allerna-
ti,'e is lo consider the covadant varialional principIe. without
any dccomposilion, and eonstruet a naturally defincd sym-
plcctie Iwo-form. This is thc covadant phase space formalislll

thal \,l,'ill he seen in Sect. 3.
Let us look in detail at the simplcst example: a particle

in 3 dimcnsional Euclidean spacc. Thc state of the systelll is
specitied by the value ol' its configuration qi ano its momenta
variahles Pi. In this case. (jI are cooroinates in lhe conllgura-
tion space C. Hcre i = 1,2,3 and the dimcnsion ol' r is 6.
Thc rhase spacc has in t!lis case a cotangcnt hundle structure
r = re. antl lhe naturally definetl symplcctic potential is

(H)

(9)

In this formo we recover the usual Icxthook lrealmenl 01'

Hamiltonian mechanics.
In the case that Ihe system exhibits come gauge freedom

in the classical thcory, its description in symplectic langllage
gc(S modificd. The dctails are different for the covariant and
canonical phasc spacc descdptions. huI the common theme
is lhat the phase space accessihle lO the system is nOl a true
symplcctic space: the lwo-fonn n is degenerate. In this case
Ihe spacc is called a pre-symplectic space and f1 is a called a
pre-symplcclic struclure. In Seet. 3 \Ve lreal the Maxwell sys-
tcm and eomlllcnt on the stralcgy to deal with gaugc syslems
in hoth descriptions. Let liS now look at the quantization.

2.2, QuantizatioJl

In very hroad terms, hy quantizatioll olle mean s lhe passagc
frolll a classical systCIll, as dcscrihed in the last part, to a
quanlUlll systcm. Observahles on r are 10 he promoted LO
self-adjoint operators on a Hilhert Space. However, we know
thal not alt ohservahles can he prolllotcd unamhiguously lO

quantum opcrators satisfying Ihe CeRo A well knowll exam-
pIe of such prohlem is factor ordering. \Vhat we caf! do is
to construct a suhsel S of elementar)' C!assical \'l/fiables for
which the quantizatioll process has no amhiguity. This set S
should satisfy 1\\'0 properties:

• S sllould he ¡¡ vector spacc large cnough so that every
(regular) fUl1ction on r can be ohtained by (possibly a
¡¡mil ot) sums of prodllcts of elcmcnts in S. The pur-
pose of this condition is lhat we want Ihal enough oh-
servables are 10 be unamhiguously quantized.

from which the natural symplectic structure can he dcrivcd.

( 10)
• Thc set S shollld be small enough sllch lhat it is c10sed

lindel' Poisson hrackets.

Rev. Mex. Fú. 44(4)(1998)402-412
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The nexl step is to construcl an (ahstracl) quantLlIll alge-
hra.A. 01'ohservahles fmm lhe vector spacc S as the frce as-
sociaLivc algebra gcnerated hy S (rar a delinition and discus-
sion 01'free associative algehras see [7]). It is in Ihis quantum
algcbra A that we impose the Dirae quanlil.alion condilion:
Givcn A, n and {A, n} in S we impose

[A, E] = ih{-;4,B} ( 14)

3. Classical description for the Maxwell Field

In the classÍl'al phase space descriplioll of Ihe Maxwell
licld (herc are Iwo equivalent hUIcompiemcntary viewpoinls.
/lamely lhe cm'aria", :lIld Ihe cClllollica! formalisl11s. In whal
follo\Vs \Ve shall develop hoth approaches ami show their
equivalence.

J,1, CO\.'~lriantPhase Space

In this part \ve sh;¡lI introduce amI employ Ihe cO\'ariall1

p}¡ase S¡WCl'.Iol"lIlu/miol/ IS], Since in OUT opinioll this for-
Illalism is nol \Videly kllO\VIl,\Veshall outline the main SICPS
lIsing the !vlaxwell f¡eld as an examplc. The slarting point for
Ihe construclioll ol' the l'ovariant phasc space is lhe identiflca-
lion 01"the symplectic vcclor space r. Ihe phase space 01'lhe
pronleIll. slarling l'mm sollllions to lhe equations 01'motion.
Let LISslart by writing down lhe action for the free Max\Vell
Iheory:

2V[ail/,¡. The varialion 01' the action is given

( 19)

= - ~ r, F'" Fo', JGT d',1' .
<1 IH
1/'= - ~ .. \1 FO'v¡"A,) JiYld',1' ,

whcre F(J/'

by

It is important lo note lhat thcrc is no faclor ordcr amhiguity
in the Dime eondition sinec A. B and {A, B} are containcd
in S amllhey have assaeialcd a uniquc elclllcnl ol'..4.

The last step is lo find a Hilhert spacc H and a rcprcsen-
lation (Ir the elel11cnts of A as operators on "H, For dClails of
this approach 10quantization sec 12J.

In Ihe case l!lar lhe phase space r is a Iincar spacc, fhere is
a parlicular simple choice for lhe sel S, We can takc a glohal
chan on r and \vc can choase S to be the vcclor space geller-
ated by linear l"ullctions on r. In some scnsc l!lis is the small~
est choice ol' S one can take. As a concrete case, lel us look at
Ihe examplc ol' e = IR], Wc can lake a glohal chart 011 l' given
hy (l/,¡Ji) and cOllsidcrS = Span{l,ql.q'1..q:i,PI,¡''J.,P:l}.
It is a seven dimensional veclor space. Notice thal \Ve have
included lhe conslant funclions on r, generaled hy lhe unil
!"unctioll since we know thal {,]I, Pi} = l. amI we \VantoS to
he closcd lindel' PB.

\\'c can now look at lincar fllllctions 011 r. Denote hy }'a
all elelJlenl of r, ami using lhe fact Ihal il is linear space. }"a

also represents a vector in Tf. Given a O/le form "(J' we can
define a linear fUllction 01"r as rollows: F>.(Y) := A(J}.".

Note that " is a lahel of the l'llnclioll wilh }"fl as ilS arglllllent.
First. nole thal (here is a vector associaled to Aa:

.\0 := !lo'.\"

Sincc the 1"'o-fOl"I11is non-degenerate \Ve can re-\Vri!e it as
{F),.G,,} = O"uA(I/lb. Thus.

11'we are now given anolher lahel v. such lhal G"O')
V{I} '(/. \Vecan compute the Poisson Brackel

As we shall see in Sect. 4 \Vecan also make such a selection
of lincar functions for lhe Maxwell f¡eld.

The quanlum representalion is (he ordinary Schrüdinger
represcnlalion where the Hilhcrt space is H = L2(1r(I,,{1:1')
and Ihe opcrators are rcpresellled:

11(6A,á,l) := l (6F""oA, - .\F""6A,) d~", (21)

The volumc tenn tells LISthat Ihe aClion is extremized when
v,¡F(JU = {J. Since \Ve are asslIming thallhere exisls a olle-
forlll A(J such thal its exterior derivalive is the MaxwelI f1eld
/~jb := 2V[f,.-lhj. the equ<llion V[uFI'C] = O is automatically
salisfied (lhe Bianchi idenlity). Therefore \Ve have (he l'ull
sel nI' Maxwell el)ualions. Thc sel'ol1<.1term in El). (20), Ihe
bount.iary tcrlll, is often rcferred to as Ihe sympleclic cllrrcllI.
It call he interprcled as a I-I"onn on the space f 01"solutions lo
the el)uations of mOlion (it is analog to Ihe symplcctic pOlen-
lial w introdul'cd in Secl. 2), It is aCling on the vector bAa ant.l
producing a llumoer. \Ve can takc now another 'varialion" of
this lerm in ordcr to get the conservcd (pre)-sympleclic struc-
(ure ne. 'J,

wherc L is <lnyCauchy surface in tlle spacc-timc J\f(r) , \Vc
have not heell \'ery precise ahouI functional analylic issues.
\Ve are jusI reqlliring l'allolr condilions (on an)' ¿) such lhal
Ihe sympleclic form at spalial 00 vanishes. Ir, in parlicular,
we reslrict ourselves to solulions 01' lhe Max\vell equalions

( 15)

( 17)

( 18)

F,,(l') = n""X'l'" = !l(.\, lO).

SO\I,'C can \Vrile

(í ' ~')(q) = '1'('1).

(,;i, '1')('1) = ,1"1'('1),

(/i, ' '1<)('1) = -in
D
D
, "'('/)

'1'
Thus. we recover lhe convenlional quantum theory.

Rel'. Akl. /'ú. 4.l (4) (199X) 402-112
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that induce data of compaet s/lpport 011 any Cauchy surfacc,
that conditiollS will he satisficd(d). This bilinear rnapping dc-
lined by n ¡s, however, degenerate. Thcrc are tangent vcctors
.\" sueh lhal \l(X, Y) = O, V Y E Tr('). These are lhe
degenerate dircctions 01' O. The faet that lhe two-form n is
t1cgcneratc 011 r is an indication tha1 thcre is some gauge free-
d011l in the syslCIll. Let us now ley lo idcntify what lhe degen-
erate dircctions ol' n are. Sincc we are rcstricting oursclvcs 10

lhe space f. lhe tangen! vcctoes satisfy lhe linearized cqua-
tion 01' mOlino. thal in this case coincide with Ihe Maxwell
cquutions. Consider vcctoes orthe typc Xa = \lilA foc SOIllC
function .\. Tilen, using Ihe faet that ir satislles \7[aX¡I] = O
wc have.

\l(.\,JA) = [ -JFabvbA el);"

= i AVb(JFa
') el);a = O.

\Ve ean eonelude thallhe degenerate direelions of ¡¡are of lhe
ronn V nA. This is lhe manifcstation. in Ihe covariant rhase
spacc approach, 01' lhe "gaugc freedom" present in electro-
magnetismo In order lo gel a (fUe symplcclic space, we should
take lhe (juolicllt ol' f by (he degenerate dircctions of n lo gel
r. lhe (reduced) phase spaee of lhe theory. Nole lhat r ean he
cquivalcntly parameterizcJ hy lhe equivalcncc c1ass 01' gaugc
pOlentials [A,,], where A - ,1 iff Aa = Aa +v"A, or alterna-
tively. hy the gauge fields Fab• satisfying Maxwell equations.

\Ve can now write lhe (wcakly non.dcgenerate) symplcc-

lic form on r:

observahles there will corrcspond a quanrum opcrator. mak-
ing the correspondencc between solurions to Max well equa-
tions and quantum operators precise .

Let us re-write lhe symplectic form (22) in terms of the
familiar elcctric and magnetic ficlds. Recall that given a local
obscrvcr with four vclocity ,'1 (t (lf.<I = -1), then the electric
jieJd with respect to tbis ohserver is given by En := fb Fba.
It is naturally defincd as a ¡-formo Since we have a mctric
we can 'raise' the indcx and define the corresponJing vec-
tor flcld. We can abo deflnc the dllal tensor of the field Fab
by: -Fal, := !f"lu''¡ I~.tl. where f¡¡/J("a is the canonical volume
form dclined by the mctric g,,/, with a1l its indiccs raiscd wilh
the metric. The magnetic tield is detlned by So := t/J*Fba. In
the integrand 01"the sYlllplectic forlll. one is contracting the
tensor Fab wilh the lI11it normal Hn to the surface ~ (that is
(he Illealling 01"d~n := fobt.d. d'E./wd). so we get Ilaturally the
eleclric lield En with respect to ~. We can now cxpress (22)

as follows:

This expression can he rewrillen in terl11S 01"ohjecls defined
purely 011the hyper-surface [:. \Ve can write

,,,1, \'~ ¡ o/wrl* \""'F .-lb d .....u = 2" f Fnl Al, d .....a ,

_!*P 1 /l/J,.d, ,["\'frJIi- 2 crl./1.b f 'lfgh"'" •

_ 1 *F A r•.~nlb--2" crl b("'" .

(22) Thercforc. one can take the 3-form *F 1\ .4 and integrate it
\'on .

Note thal il is wcll detincd 011 r since it does Ilol dcpcnd on
Ihe rcprcscntative 01' lhe cquivalcnce class [A]. Note thal in
writing (22) we have uscd lhe fael that r is a linear spacc and
thcrcforc we can identify points in r wilh tangen! vectors.

The next stcp is lO construct observables of lhe theory.
namely. real valued functions on r. A natural strategy is to
use lhe symplectic form in order to construet such functions.
Lel h" he a "lesl l-form". The ohservahle O[hl : r -> ~,
laheled hy h, is defined in cumplele analogy with See!. 2 hy
the expression.

(O[h])(F) := fl(F, T) = l (Fa'hb - Ta' A,) el);", (23)

Note that the pullback to ~ 01' the dual tensor *F<lb is. in a 3-
dimensional scnse. the dectric fleld two-form: E,.,/¡ := *F,.,b.
This is naturally dual to a vector density of weight one
EC := ,¡enl, EH1" which is. as we shall latcr see. the elec-
trie l1eld arising frolll the canonical ¿¡ppmach. Here. 1¡obc is
the naturally dcflned completely anti-symmetric Levi-civita
density of weight one on ~.

Finally, one can ask what the Poisson hracket of the oh-
scrvablesdefined by (23) is. Given 11.,., and h~in r lhe Poisson
hracket (JI' the observahles lhey define is given by

whcre Tol, := 2V[o"bJ' Wc need it to be a well dctined func.
tion on r. so 0["] should he invariant under gaugc transfor-
mations An -+ An + \7(11\. Thus, we have to rcquirc that

{O["], O[h'll := !l(T, T')

- /' (T"'[ , 1''''''')_ 1/, - J./¡

.~
(27)

(24)

which implies v (lTab = O. Therefore. an element hn of r dc-
fines by itself a linear observable, since ha and ha + \7(11\ dc-
line the samc function. In the quantum theory. lo each of this

\Ve have secn that starting froll1the action. there is a natu-
rally definco symplcctic slructurc n nn r. \Ve constructed the
lineal ohservables 0["). the gencra(ors of the algehra S and
computco the Poisson hrackct amongst them. We shall now
go 10 the canonicai approach.
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(33)

(34)

(35)

{A,,(.r),ñ"(y)} = J~J"(x,y)
- 3{,,(.r). f1,¡,(y)} = J (.•.,y).

= L </".1' [- (t.. A)vañ" - N"Badñ"

+ '~f¡fIf,ñ/I(J': + N'("haCI/fiBobBcd]'
:2vh '"t

\Ve have tlenotcd hy Ba/¡ = F,¡b lhe field slrenglh 01' the 3-
dimensional polenlial AfI' It is relaled to the magnetic field
in lhe following way: D'I := *,;(I/IC Bbc. The lasl lcrm

in (33) can he rcwritlen: Illlc¡,bd B(lbBnl = Be ni (cdcf.rdl =
:2hltbBH ni,. In Ihe 'Dirac analysis' of lhc aClion (28) Ihe firsl
slep is (o idcnlify the cOlljigura[ioll variables. In Ihis case,
these are pairs [ti> := (t . A), A,,], Ihal is, we havc four eon-
figuration degrces of freedom pcr poin!. In Ihe actjon therc is
110 Icrm corresponding to lime derivative of <P so we have a
primary conslr;¡inl \ J = tI", :::::::O. The hasic Poisson brackets
are,

Asking lha( Lhe conslraint he prcscrved in time wilh respecl
10 (he Hamiltonian (33) leads lo lhe secondary conslrainl
\'~ := \I"ITn :::::::O. Thcre are no ex Ira constrainls. They
form a Pir!!! Class syslem(f). One can elirnjnate lhe fIrSI
one by gjving Ihe gauge condilion \":1 :== c/J - .\(x) :::::::O,
wilh .\ an arhilrary funclion on ¿. We can reduce the con-
slrainls (\ J, \:1) ."jllce lhey form a second class pajr. We
are Ihen left \Vilh Ihe Gauss constrainl \:! = \7

0
n° ~ O.

Now, 1J has !he role 01"a LlI¡.:m"¡.:e mlll!iplier. Therefore, Ihe
ph¡¡se space 1" is coordinalizcd ti)' lhe pairs (Aa, ñb), hav-
ing three degn:es of frcedom per point. The constrainl sur-
raee tare the poinl in r' wherc lhe Gauss constraint j.s salis-
fied. In lhe c<lnonical piclure, gauge Iransformations are those
canonical lransformations gcneraled hy Ihe (first class) con-
slminl.s. The reduced phase space C. is then lhe space 01' or-
hils gencrated hy lhe gauss constrainl in f. The canonical
Irans!'ormalion gcncralcd hy Ihe (smearcd) Gauss constraint,
G['\) = r.'\ v"ñ"d".I. is given hy.

Thcrefore, (he (reduced) phase space is given hy pairs
([A]. I1) 01"gaugc equivalence class ofconneclions and vector
densitics satisfying Gauss' law. Thus, we recover lhe two (me
degr('es o/ji"l'edofll Ihe the Maxwcll tleld has (corresponding
lo lhe Iwo Iypes of polarizalion). One alternative lo lhe re-
duccd phase spacc description is lo impose ¿¡ ¡.:auge condition
in order (o selecl one parlicular represenlalive from (he equiv-
alence cJass. A convenienl gauge choice in Ihis case is lo ask

(30)

INTR.ODUCTION TO THE FOCl\. QUANTIZATION OF TIlE MAXWELL FIELD

\Ve can pcrfonn a Legendre transform of the Lagrangian den-
sity in order lo Iind Ihe Hami1ronian:

JSño. _

J(L,A,,)

= _/h_:'har(L,A, - vr(t. A) + N"F,,,)
,\

s = - ~ /, dt { N'¡¡' {/¡ar /¡brlFa"Fcd4 . / lr;
.)

- \~, /¡"c [(L,A" _ v a(1 . A) + N" Fa',)
1 •

X (L,Ar - vr(t. A) + Nd F;d)] }, (29)

In lhis parl wc shall presenl the canonical phase space Jc-
scriplion of the Max welJ Pield, which is nonnall~ kno~'11 as
Ihe 'Dirac analysis' [9]. However, our presenlallon wlll he
'covariant" in Ihe sense Ihat our analysis is coordinate free;
thal is, we do not assume any coordinale system 011Al. Thc
aClion (19) can he wriuen in a 3+ 1 fashion. First we wrile the
expression for lhe action as follows,

3.2. Canonical Phase Space

s = - ~ { !la' gcdF"cFt", v1YI ¡J4... (28)41M

NeXL, wc decompose Ihe space-time metric as follows: !J0f¡ ~
IIU/' - IIlInlJ. Hcrc J¡/lb is lhe (inverse of) lhe induced lI1elnc
on (he Cauchy hyper-surface ~ and n° the unil normal lo ~.
Wc also introduce an everywherc limc-like vector lield tfl and
a 'lime' function t such that Ihe hypcr-surfaces I =constant
are di1Teomorphic lo ~ and such thal laVal == 1. Wc can
wrile fa = N 'lO + Na. The volumc elerncnt is givcn by
v1Yi = N /h. Using this identil;es in Eg. (28) we get.

where (t . A) := t"A", amI 1 = [to, Id is an inlerval in Ihe
realline.Note lhal sincc for alllhe tcrms in lhe prcvious equa-
lion, hOlh Ihe olle-form Aa and lhe field slrenglh Fo/¡ are con-
traclcd wi¡h purcly "spatial" ohjccts (naNa = nflllab = O),
(hen oOlh A" and F"" in (29) are (he pull-haeks lo I: 01' lhe
Sp,lL'c-time ohjecls. Fur simplicily, we shall continuc lo writc
A'l for lhe 3-dimensional pOlenlial.

From lhe 3+ 1 form of the aClion (29) we can find lhe
Illomcnla canonically conjugaled to A(l:

It can he rewrjuen as.

ñ" - ,¡¡, I '''(t'' - V")F,-NI. i 11('

,¡¡, a,'., bF, ,¡¡, E" 11
::= Nh A n 1Jc == l. (. )

lhus, lhe canonically conjugated momenla is jusI Ihe c1ellsi-
ri:.etl electric tleld (w.r.L .E). In lhis subseclioll, a 'lilde' over
a tensor lIleans thar ir is a density 01' weighl olle.

The Eg. (30) can he sol ved for Ihe 'veJocity', L, A",

L,Aa = :;,; hacña + v,(t. A) - NdFu' (32)
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Ihat \1 := va:in = O. This is a good gauge conJition sil1ce
Ihe pail (\"2' \1) fOl"lns a second class pair(Y). Thlls. \\'e can
coordinati/c I' •. by (Aa" EH), a pair 01"divcrgcllce-lcss (trans-
\'erse) vcctor lields on ~. \Vc have uscd the faCllhal wc !lave
a lIlclric un ~ lo de-dcllsilil.e the llloll1enla I1.

Tlw Poisson brackels 04) induce a (weakly) non-
dq;cllcratc sYlllpleclic form n on pairs 01" langcnt veclors
(,L-!. ,lE) 011 T' r':

\1 ((á.\..5E): (á.4'. ,lE')) =
/~ J¡; ,,'.,.(J.4;,á£" - JA"JE''') (:ll»

TI1L' Poisson brackclS on lranS\'erse traeeless quanlilies
(The J)irac br¡Kkct in the standard tenninology) are given hy,

wherc ~ is the Laplacian operator compatible wilh lhe llIetric

¡,al,.
\Vc can now relate Ihe Iwo appmaches ami sec thal Ihe

phasc spacc r frolll last section is precisely the space re COI1-
slructcd via the l"anonical approach. The kcy ohscrvation is
lhnl tllcre is a OI1L'to one correspondencc he(wcen a pair of
initial dala 01"compact support on ¿, satisfying Ihe transve-rse
condilion. amI solulions (o the t\,lax well equalions on .H.
modulo gauge transformations (an element of 1') [41. Therc-
fore. to each elelllent FH/, in r thcre is a pair (An" EII) 011
re (~y(u A

"
1 = f'a" am.l E!I = J¡,flb n(' F,." and more impor-

tantly. for each pair, lhere is a solulion lO Maxwell\ equa-
[ions Illal induces (he given initial dala on L. ¡-Iere, 'ullller-
l¡nc' denoles restriction lo ~. Frolll now on, we shall rcfcr to
clemenls of the veclor space r in-Jislinclivcly either as Fnl,
oras (:1".EII

).

Observahles rOl' Ihe space r cal1 be constructcd directly
hy giving slllcaring functions 011 ~ (compare lo lhe disCllS-
sion 01' Ihe prcviolls seclion in which the ohservahles werc
constrtKted fmm space-lil/lc smcaring ohjel~ls). Givcn a 1-
form .1/" on ~ we can detine,

givcn by tllc idenlilicalion 01 phase spaces. The rclation is
,!;iven by y" = ~ aml.l"'l = :!"\["I/II)/II"

No(e Illal any pair 01' lest lields (y". /,1) E r defines
a linear observable. bul they are 'mixed'. More precisely, a
one-form !Ir, in ~. lha( is. a pair (Ya' O) E r gives risc to <In
('/c(,lric .lit'1t/ observahle E[!I] ando conversely. a vector tield
((l. In) E l' defines a ('("'!leclio1/ observahle A[J].

As \\"c llave seen. tlle phase space r can hc altcrnatively
dcscrihed hy cquiva1cnce classes of SOlllliollS 10 Ihe t\,:laxwcll
cquatiolls in lhe covariant fonnalislll or hy pairs of trans-
verse veclO!" lields OH a Cauchy surface ~ in the canonical
approacll. In hoth cases. Ihe elclllcnts of Ihe algchra S lo he
qllanti/.ed are linear fUllcliol1als 01' Ihe ha'dc lields. In (he co-
varialll case llley are cOllstruclL'd out of spacc~lilllC slllearing
liclds and in Ihe canonical Ianguage out of a pair nf space
slllearing l¡clds. Illlhe nexl scclioll we cOllsidcr the construc-
lion of lhe quantllllllheory.

4, Quantizatinn

In Ihis scclion \Ve shall cOllslrlll.:t the quanllllTl theory. This
scc(ion is divided illlO four parls. In tlle lirsl one we COI1-
struct Ihe ollc-particlc Hilhert space Hn from Ihe phase space
r nf tlll~ classical 111L'my.In 111L'sccond par!. \\"c inlroduce
lile sYJT1lllclric Fock spaL'c:F a'isociated wilh the ollL'-panic1e
lIilhcrt SpaccH(l. In lile lhinl pan \vc linJ represcn(alions 01"
lhe CCR an the ,!;iVCllFock space. Finally, in the last pan we
give sOll1e L'xalllples.

"¡.I, One-partil"ll'llilhert Spare

The lIrst slep in Ihc qualltizalioll progralll is lo identify the [-
panicle llilhcrt space Ho. The slralegy is tlle foll<m:ing:: starl
wilh (l'. f!) a sYlllplcctic vcclor space amI define .1 : r --t r.
a linear operalor sllch that ./"1 = -l. The ('()1l1JlIl'x slmclllrc

.1 has to he compalihle wilh the sYlllplcctic slrllclure. Tllis
lIleans thal Ihe hi linear Illapping dellncd hy JI ( ' •. ) := n(...l.)
is a pnsilivc dellnilc Illetric 011 r. The HerJnitian (l'omplex)
inner pmdllct is thcn givcn hy

Tlle comple\ slrllcturc .J ddines a a llalural splitting of rt.
the cOlllp1exilication 01' r. in the following way: Define the
'posilive rrequcncy' parl lo consisl of veclors 01' lhe I"onn
(11+ := ~('I> - i.l'!') ancl lile 'Ilcgalive I"reqllency' pan as
,1'- := ~('Il+ iJ'}». N(lIC thal '1'- = ~ + and '1) = '11+ + '1)-.
Since f'i = -l. [hc eigenval11es oí".I are :l::i. S<l <lile is de-
cOlllposin~ Ihe vcctor space 1" in cigenspaces 01' .1: .J ('i):i:) =
::!:::i'V:I:.\Ve Ilavc lIsL'd lhe tcrlll 'positivc frequcncy' since in
lile case 01' ,\1 rvlinkowski space-time that is lhe slandard de-
composition. The Ililhert space H is lhe complclioll 01"r with
1"L'.'ipcCt10 Ihc innl'1" I'roducl (-lO).

Thcre are IW(l alternative but complelel)' equivalent de-
scriptioll orille l-parlicle HilhCrl space "I-{o:

I::[!!] := .l J¡; ,/".1' E"!!" .

Similarly. gi\'cn a vcctor lIeld ffl we can constrllct.

.llfl= /~J¡; d'., A"!,, .

Askin~ (hal £[.1/] be gallge invariant does nol illlpose any con-
dilioll OH !Ia. since Gallss' law does nol '1ll0VC' lhe ekclric
neld. Note howc\'cr Ihat E[!J] takes the same value ror y" and
Yll + v,,).. Il is conveniclll 10 restricI ourselvcs to .'1(1 salisl'y-
ing 'V" Yn = (l. The requircmenl that A[J] he gallge invarianl
le lis LISIllal v,J" = O. Thercfore. in order lo gel well dclined
uperalors. \Ve neet.! the pairs (Yn, 111) lo helong 10 Ihe pllase
space 1".These are the precise images orthe observables (23)

( .. ) =,',/,( .. ) + ;+, \1(., ')._ ¡ _ 1
(40 )
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l. Ho consists of real valued functions (solution 10 the
Maxwell equation for instance). cquipped with the
complex structure J. Thc inner product is given
by (40)

2. 'H() is constructed hy complexifying the vector space
r (tellsoring with Ihe complex numhers) and then de-
cOlllposing it using J as dcscrihed ahoye. In this COIl-
slruction. the inner product is givcn by.

(41 )

spaccs H. lhe cOI1'plc.\ cOlljllgate space; JI.", lhe dual spore:
and H" the dual to the cOlllplex conjugate. In analogy with
the nOlation llscd in spinors. le( us denote elements 01"H by
4")"\ . clel11cnts 01'H hy <1>/1' . Similarly, elemenls of H" are dc-
Holed hy 1>:1 and elelllenls ofH" hy 1>tI'. However. by using
Ries/, Icmma. \Ve rnay idcntiry H with 1-{'" ami -H with H '".
Thercfore we can eJimillalc Ihe use 01"primed inoices. so Ó,.\
will be llsed for ;In clclllcnl in H'" corresponding 10 the cl-
L'mcllt (j"\ E 'H. An c1elllcnt dJ E l8:tn sH then consists of
clclllcllls salisfying

..1.2. Fock Space

(45)

(44)

(50)[A(().C(/¡l] = (,1'," l.

C(() . '1' :=

(O. '¡'Cl,. /2 (lA, í,.I,I, v'3 (lA, d,.4,A,I, ... ). (~9)

A lIlorc delailed treatlllcnl 01" Fock spaccs can be fOllnd
in 1:\. D. 141.

An cICIllCnl1¡.:¡E (9'1Ft will be denoled as '1/JA¡ ... A". In partic.
ular. the inner product 01"veclors 1.;". 1> E H is denotcd hy

A((). '1'=

(c ,/," 0c ,/"LI, '"3C ",0404,,1, ) (4X)"'A~ .• V:;, "'/1 , .V.) •..•A{j , ....

\vherc. rol' allll. we have 1/,:11, .ti"

is givcll hy

A \.cctor 111E :F~(H) can he rcpresented. in the ahstraet
index notation as

Ir Ihe domains nI' Ihe operalors are defined lo he Ihe subspaces
01".F.~(H) sllch that lIle norllls of the righ! si des 01' Eqs. (4X)
aJ\(1(~9) are finile lben ilcan be proven lbal C(O = [A([)¡t.
It may also he veril"icd that they satisfy Ihe commulalion re.
laliolls.

Now. lel ~A E H and lel lA denote the corrcsponding d-
elllcllt in H. Thc lIIlflihill/tioll operarar .A([) :F..,,(H)---1'
.F....(H) associalcd to lA is dcnoteo by

Similarly. the crell1ioll O/'l'lHlOr C(O : Fs(H) -+ :F.•..('H) as-
socialcd wilh C-\ is denncd hy

(~2)J,(H) = ~ ( 0,H)

L In(i';, ... i';..)I' < oo.

The HilhCrl space Ji is the complex conjuf.:are 01' H with
{{";l.' . {-:j' ... } an orlhonorlllal hasis. \Ve are also dclining
@"H=C

\Ve shall inlroduce Ihe abslraet indcx notation for lhe
Hilhcr! spaees since it is ll10st eonvenicnt way 01' describ-
ing the Fock spacc. Given a space H. we can eOl1struct Ihe

1I is importanl lo note that Ihe only input we needed in
urde!' lo construct 'H was the complex structure J. For a gen-
cral space-tillle there is no prcferred one. This in tum Icads to
Ihe intinile ambiguity in Ihe represenlalion orlhe CeRo In Itu:
case 01"stationary space-times Illere is a preferrcd. canonica!.
complex slructure given by Ihe Killing ticld. This conslruc-
lion rOl"lhe case ofllle Klein Gordo" lield is descrihcd in [101.
For Minkowski spacc-lime therc are several ways 01' charac-
teril.ing Ihe usual quantizalion. Thc slandard lexthook Ircal-
ment uses a (globally inertia!) lime coordinale t lo perl'orm
Ihe posilivc-rrequency dccomposilioll. Anolher way 01' sc-
lecling Ihis decomposition is lo ask Ihal the vacuulll on Ihe re-
sulting theory he Poincaré invarianl. A third way is lo ask Ihat
lhe coherent sI ates in the quantull1 Iheory have the sall1c en-
ergy as the classical solulion on whi<..'hthey are peaked [l:n

Note that in this case. the I-particlc Hilbcrt space COI1-

sists 01' 'positive rrequency' solutions.

GivCIl ti Hilbert spacc 'H Ihere is a natural way of cOllstrucl-
ing its associated Fock Space. In Ihis part we shall descrihe
lhis universal construclion 01' the Pock space associatcd lo Ihe
Hilbcrt space H and then give in detail the represenlatioll 1'01'
Ihe t\lax\' •...cll field in Minkowski spacc-lilllc.

The symmelric Fock sp(Jce associated lo H is dcfined lo
be the Hilhert space

whe!'c we define the s)'mmelri;.ed tensor prodllct 01' H. de-
noted hy l8:tH sH, to be the suhspace of the n-fold tensor
prol!ucI (l8:t11 H), consisting nI' lotally s)'llltnelric maps n
HI x . x Hn -+ (satisfying
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4.3. Reprcscnlalion of Ihe CCR

In the previous scction we saw that we could conslruct linear
observables in (f. O), in eilhcr of the c1assical constructions.
For the covariant piclurc the observables are given by (23)
ano in the canonieal by (38) ano (39). This is the set S of
observables for which thefe will corrcspond a quantum opcr-
ator. Thus, for O[hJ E S there is an operator 6[hJ. We \Vant
lhe cmlOf/ical coml1llltation re/afioll.'! lo hold.

[(¡[IIJ, Ó[J'J] = ih{ O[h]' O[hJ) = iHl(h. h) . (51)

Then \Ve should nnd a Hilhert spacc and a rcpresentation
thcrCOll nI' our basic opcrators satisfying the aboye condi-
tiOllS. \Ve have aH the struclurc nceded al our disposal. Lel
liS take as the Hilbert spaee the syrnrnetrie Foek space:F, ('H)
and lellhc opcrators be rcpresentcd as

(¡[hJ. q, := h [C(h) + A(h)) . q,. (52)

Lel us denote by hA the abstraet index rcprcsentation CDr-

rcsponding lo ha in Ji. First, note that hy construction the
opcrator is self-adjoint. It is straightforward to check lhat the
cornmulation relations are satisfied,

A particular important cxample 01' a space-timc with a
globnlly detlned Killing ficld is t\linkowski spacc-timc (in
faet it has an intinite llumber 01' suth vector flelds, une ror
each inenial referenec frame), Prom now on, let liS restrict
our altention to Minkowski space-time and inertial hyper-
surl'aces r:. Thereforc, the induced mctric hab is the Eu-
clidean llat mClric. \Ve will perform two different decompo-
sitions of r, ror t\VO differenl complcx structures. First, we
shall consider the ordinary 'posilive frequcncy' decomposi-
lion. This leads 10 Ihe standard ljuantum theory of the frec
Maxwell tleld fOllnd in lextbooks, Next, we Jecompose r in
self-dual and anti-sell'-dual flelds,

4.4. /. Posifive/f"(?{jllenc.'" decol1lposifio/l

Since it is completely equivalent In use the covariant or
canonical notatioll, we shall denote elements 01' r as pairs
(A~. El')' of transverse U.e. oivergence-free) vector fielos.
Thc first stcp in the quantization is the introduction ol' the
complcx slructurc.J : r --1 r, lt is givcn by,

(55)

4.4. Exam"les

[Ó[h].cJ[h'J] = h'[C[h].A[h'J] + h'[A[h],C[h'J]

= h'1 (fí;\hIA _ h~hA)

= h' «h, h') - (h', h))
= 2ir,' [m( (h, h')) = ih O(h./.') , (53) (56)

+ ó.t!'A"~-1/' Ea)
- i(.¡-lr,ó.II'.! ilfl + Ea ~ 1/'1 Ea

With this dcfjnitions, \ve can construcl the inner product in
H. For F, t in 'H we llave,

Next, \vc can conslrucllhe projector operator ¡{+ : r --1 rt,
such thal F.~,.:;::l\'+(Fal,) is the posifive frequency pan 01'
Fal, E r, Thc projcctOI is given by (he following action in
ICl"msof lhe pairs 01' initial dala,

((.'l. f), (.'l. f)) =

2~'./"d'T[.'I,,~I/'.'J" +f"~-I/2fa)]. (58)

The nonn 01' Cija' JI!) E H is given by,

(F.F) = ~n(F+.F+)

= ~ r ,¡'.r(e+" 4+ - £+"4+ )
11 ./'i'. ~ {¡ ~ (l

= ~ /' di;/' [(EfllL - ó.lj'1Aaó.-II'1E(l - ¿aAa4h. ~

(54).J:= -(-L, .L,)-I/' L,.

\Vhere \Ve have useo (50) in the seco no line and (40) in the
last lineo Note Ihat in this last calculation we only llsed gen-
eral propertics 01' the Herll1itian inner product and thercfore
\Ve \Vould get a representation ofthe CCR for any inner prod-
lIC( (., .), Sincc the inner product is given in tum by a complex
struc(ure J. \Ve see that there is a one to one correspondencc
bctween Ihclll.

As Illenlioned at Ihe cnd of Sect. 4.1, the choice of a complex
struelure .J is far froll1 heing a slraightforward proccss. For a
general spaee-time, there is no a priori criteria lo seleet one,
Furthermore, there are an inrlnitc number of choiees thal give
illequiwilelll quanturn Iheories [3]. In the spccial case that
there exists a tirne-like Killing vector field t(t on lhe space-
time (Al,!J); lhat is. for a stationary space-till1c, there exists
a canonical choice of cornplex structure given by the killing
neld. From the physical viewpoint, this choice is motivatcd
bccausc it gives to eoherent slatcs peaked at a particular SOlll-
¡ion an cncrgy equal to Ihe c1assical energy associated lo Ihat
solution {l2], The complex slructure is given by,
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Olle should kccp in rnind tha! aH lhe ohjects (gil' f(l) are
Iransvcrsc. The reasan for ,!lis requiremcnt is that the com-
plcx struclurc lakcs a vcry simple form (55) in terms 01' trans-
verse veclor liclds, making also the exprcss ion for Ihe Ilorm
look simple (58).

Wc are IlOW in positioll of asking whcthcr un observable
gcncratcd by lhe pajr (!Jo, fa) induces a well defincd opcra-
101 OH .F, eH). Ckarly. i f the pair (Ya. f") helongs lo Ihe 1-
panicle Hilbcrt spacc 'H ,he answer is in lhe affirmulivc. Wc
shall takc Ihis critcria 'lIso as neccssary conditioll. The qucs-
(ion is now whethcr lhe pair (ga, fl1) defines an clernent of
r. lIi.1ll1cly. whcthcr they are 'well hehavcd' initial data for a
soJulioll 01' MaxwclJ cqualions wirh f1nitc norm. This will be
(he L'ase itrthe Ilorm of (9n' f"), given by Eq. (58), is IInite.
This qlleslion is 01"relevance when defining observables given
by Ihe lluxes ol" electric anu rnagnelic fleld across surfaces
hOllnded by c10sed loaps. The Heisenberg uncertainly princi-
pie lakes a panicular simple form when this observables are
considercd r J 5J.

construcled from ttle *-operator decomposition as fol10ws,

«(A. E). (.1. E)) = - 0
1
, /' d".,.(E"d" + A" Bo). (62)

~ L. ~

Note that this norm, in contrast lo lhe positive frequcncy
decolllpositioll case, is nol IJOsirive definirl', and is (here-
rore, physically incorrect. In Illath jargon, onc says that Ihe
eOlllplcx struclure defined hy the *-operator is not compat-
ible wilh the simpleclic slructurc. If one were to quantize
naively this "Hilherl space", one would get a Fock represen-
lalion with ncgativc norm stales. In spitc of l!lis, it is possible
lo quanlize Ihe system •.••.hen dealing with self-dual fields. A
holomorphic quanlizalioll with a posilive definilc inner prod-
ucl was eonstrllcled in [16], and thc eorresponding loop rep-
rcsclllalion is Ihe subjcct al' II?J.

5. Discussiol1

-1.-1.2. S('U~d/l{/1 Decnmposirio/l

As we I1lcntioned in the lasl seetion, one ean define the dual
tcnsor to Ihe clectro-magnclic field tensor P,II), by -P,lb :=

~f ,,¡)rrlFea. NOle thal if we apply the duality *-operator again
\vc get:

wbcre fin is the elecrric \'ccrorl'orcnrial. i.e., such Ihat E'I =
ffll"llJ¡.d('.

Finally. wc could follow the salllc steps as in lhe prcvi-
OllS case and write lhe 'norrn' in the I.particlc Hilherl space

In this papel', \Ve !lave inlroduced Ihe Foek quantizalion for
the classical Maxwell tield. \VC have scen Ihat givcn a phase
spacc point, thal is, a solution to Maxwell equations on space-
lime [01 equivalentIy. a pair (A. E) of inilial dalal. we can
CO/1struct a quanlulll slale via a crcation operalor. There are
several qllcstions that eome to mind. First, how can \Ve Illakc
conlacl \vith Ihc ordinary Irealmcnt al' Foek spaccs given in
texlbooks'! Recatl Iha!, from lhe outSCI, the hasic lIelds are
\>\Tittel1in a Fouricr expansiono This alrcady assulllcs a vector
space structure for the background space-tirnc (Minkowski)
and a globally delined vector field (lime coordinate) in ar-
der lo pcrform rhe Fourier Irallsfonn. The cxpression (58),
\Vhen re.expresscd in the Fouricr componcnls takes the famil-
iar forlll 01' the inllcr product found evcrywherc. This proaf is
len as an exercise rol' Ihe reader.

Second, we can ask how is Ihat the particle interpreta-
tion ortlle !heary arises'! \Ve have lIsed Solulions to Maxwcll
equatiollS to create Ihe 'n-particle statcs', hUI a c1assical
clectnHllagnctic licld ccrtainly does not look like a parti-
ele. Le! liS reeall hO\I,' i! is done in ordinary lextbooks. In
Iha! case, the solutioll lo Ihe Maxwell equations is writlen
in Icrms of [l plane wave expansion (via a Fouricr Iransforlll),
amI cach planc wave wirh wave veclor k is interprelcd as (the
wave funClion) of a pholon of 1ll0lllcnlum in Ihe k direClion.
Thus. the Foek space is conslructed frolll plane waves, cach
wilh the interprelalion 01' a 'particle'. Striclly speaking, plane
waves are not normalizable and, Ihcrefore, do nol he long to
our phase spacc r.

Finally, we can ask how the Fock quantization com-
pares with Ihe standard Schrtldinger represenlation we are
used to in ordillary qllanlum lllcchanics. Rccall thal in this
case, qU<lllllllll slates are given by complcx-valucd runctions
on conliguratioll space f/J(fl). Therc is howevcr, a unitarily
equivalent rcpreselllalion whcre Ihe wave functions are (ana-
Iylic) fUllctions 011 phasc spacc eíJ(zJ = (j) - ¡Pj). This is Ihe
so called /Jarg/ll{//1II rcprcsellratüm of quantum mcchanics.
This is not lIsually done in onlinary quantum mcchanics, hut

(59)

(60)

«(, I )(Aa) = ~ ( A" + ida)
En 2 En _ iBr¡

¡"t cd l(xc ,d . ,,')
'1.(1/' = '2 U¡u(}bj - 1£(11. .

sinec f I ,fnkl - '~Óeól Thercf(lfe. the *-('per,'llor. . fI W( - - fe liJ'

JcJines a complex slfllcture J on r. Note Ihat this strllc-
lUre is availablc for any 4-dimensional Lorenlzian manifold
(AI.Ynb) without the need lo introduce exlra structure. As
discussed ahoye, Ihe *-operation JccomposcJ Ihe complexi-
fication of r inlo eigenspaces wilh eigenvalucs ::f:i. Thc ele-
l1lenls o( F1ú 01'rt sueh Ihat -F1b = iF:'J are called self-dll.nl;
and Ihose thal salisfy -F;b = -i~;b are anri-selfdll.al. The
corresponding projeclor is given by,

Thereforc, Ihe self-Jual electro-magnctic tield is of the form:
F,;/, = ~(Fnb - i.Frw). In terms of ohjects defincd on the
hyper-surface ~, nalllcJy cleetric ami Illagnelic ficlds, a sclf
dual elclllcnt is of Ihe form En - illr¡. Let us now write Ihe
projectol" I(t acting on the pairs (A'l' E(I),
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\Ve could in fael COllstruCI a Fock spacc for lhe harmonic os-
(¡1Ialo!". whcrc Ihe 'particles' \vould he quanta of cncrgy ¡:q.
In this case lhe oasis is given hy lhe 111)kCIS, corrcsponding
10 lhe cigcnstatcs 01' lhe Hamiltonian. Thc Illost nalUral rcp-
rcscntation for t!lis construclion. in ICfms 01' \vaVC-fUIlClions
is lhe olle gi\'cn hy Bargmann. Thus, lhe Fock rcprcsclllation
is lile ¡¡cId thcory analog 01' lhe complcx Bargmann repre-
sentat;on (for deta;ls sce [121). Is there in lield theory the
analog nf Ihe Schrüdingcr reprcscnlation? Can we construcl
jI'.' rhe ans\','cr lO holh qucstions is in Ihe afllrmativc. In Ihe
Schrodingcr rcprcscntation. quantum statcs are functionals 01'
the potent;al A" on ~. '~(A) and the has;c ohservahles (38)
and (39) are rcprcsentcd as dcrivativc and multiplicative op.
cralor rcspcctivdy (18]. JUSi as in ordinary quantum IIlcchan-
ics. whcre the Schrodinger and Bargmann reprcsentalions are
conneclcd by a cohen'llf sfate transformo Lhcrc is a similar
Iransfonnation in field Iheory rclaling Schrüdingcr and Fock
slalCS. \Vhich of Ihis representations is more uscful? The an.

((/), Reeall that a globally hyperbolic space{ime is one in which the
enlire history 01' the lIniverse can be predicted from conditions
at {he instant 01' time represented by a hyper-surface ~. In tech-
nical terms ~ is a Cauchy surfacc. For details see [4).

(/1). In thi~ notatioll. the index '(1' of a vector {.''' is 10 be seen as a
laoc! indicating that {1 is a ••..ector (very much like the arrow in
;1).ami it docs not takc valucs in any set. That is. '(l' is notthc
component 01' pon any basis. Fordetails see ¡.1-6}

(1-). A Callchy surface is a spacc-likc surface E whose domain (JI'

depcmlence is the entire space-Lime M.

(ti), A flltlClion 01' compact support is a fllnclion Ihal vanishes oul-
side a compact reg:ion of~.

(1'), \Ve denote hy.\u the int1nilc dimensionaltangent vector (with
ahstraet indcx: a) uclined by X••(;r) ,

(J), A!irst c1ass systCl1l has the property that the Hami\tonian vet'-
tor lidus X~\ and X~'2 are tangcnl to (he \ 1 = \1 = ()surfacc,

(fI). t\ ~eCllnd c1ass pair 01' constraints is such that the symplectic
slruclure rcstricted 10 the surface they dclinc is non-degcneratc.
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