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The Onsagcr reciprocity relatioos fm lhe Sorct and Dufour clfcets are shov.'1l10 hohJ tfuc in a hinary mixture of incrt dilute gases only if
lhe diffusivc force is appropriatcly chosen. This slalcmcnl follows from Ihe solution 01"lbe Boilzmann cquations for lhe mixture vía lhe
Chapman-Enskog method lO flrst arder in Knudscn's pararnclcr. Wc abo sho\\! thal if lhe gradicnls in the chcmical potentials are taken as
díffusive forces. the linear relalions hold truco but Onsager's relations are not ohcyed.

Kl'yU'ords: Boltzmann cquation; Onsager reciprocily rclations: hinary mixture of diluted gases

Se muestra que las relaciones de reciprocidad de Onsager para los efectos SOTcty Dufour cn una mezcla binaria de gases inertes sólo son
vrilidas cuando la fuerza difusiva se escoge adecuad¡¡memc. Esta ¡¡lirmación se sigue de la solución de las ecuaciones de Boltzman para la
mezcla via el método de Chapman-Enskog: a primer orden en el prirametro de Knudsell. ~lostr<1lnos tamhién quc si se lOma a los gradientes
de los potenciales químicos como fuerzas difusivas. se satisfacen las reacciones lineales. pero éstas no obedecen las relaciones de Onsager.

1>e.~cr¡l'l()res: Ecuacion de Boltzman: Relaciones de reciprocidad de Onsager; mezcla hinaria de gases diluidos

PAes: 0520: 05,60: 05,70,Ln

1. lnlroduction

The Onsager reeiprocity relatiol1s (ORR) are Ihe corner-
stone of linear irreversihle thermodynamics, Althollgh illl-
plicitly hidden in the old work 011 thennoelectricily tlonc
by Lord Kelvin in Ibe middlc 01' lasl cenlury 11,21. Ibey
were only hrought inlo Ihe fore 01' modern irreversihle pro-
cesscs in 1931 hy L. Onsager l~lJ. In his work. lhey werc
extraeted from a quite ingenious application 01' chemical ki-
nctics and lhen shown lo follow from the premises 01" thc
Einslcin.Smoluchowski formulation of lhe theory 01' llllClU~
ations [3-6]. Aftcr Ihat, several derivalions !lave heen 01'-
fercu using arguments ranging [mm the kinctic theory 01' di-
lute Illuhicomponcnt systcms [7,8], moderalcly dense mix-
tures [9J. the Ibcory of Iluctuat;ons [5,61, ami tbe principies
01' slatistieai mechanics [10-131, A rcccnt revicw papel' eov-
crs all 01' these topics (14J, Ncvertheless, it appears lhat in
lrying to link lhe phenomenologieal aspccls 01' lhese relations
wilh microscopic theories. a question arises which is crucial
lO understand and to ohlain such rclalions. This question eon-
cerns the appropriale choice of thermodynamic forces and
!luxes which is nol as trivial as it may appear, Rather than
attempting a long discllssion 011this issue. we shall discuss a
very specitlc example which c1early illuslrates thc poinl. This
will allo",' the reader lO consider similar situations in which
the underlying amhiguilies, which wc shall here point out in
detaiL may arise.

As i[ is ohvious from the ahoye statemcnls. this is mcrely
a pedagogical papeL Nothing lO he said is ncithcr nevO"nor

original. Thc problem is to discuss thc lhermal and diffusivc
cllccts in a hinary mixlure of dilute chemically inert gases;
yct, rol' lInknown rcasons, we have failed lo find it appro~
priately lrcatcd in lhc currenl literature. These effects known
aflcr Sorct ¡¡nd OufoUl" Illust satisfy the ORR. From the phe-
Ilomcnological ¡mini 01' vicw. lhey have hecll exhallstively
discussed in the lilcrature [2, 1.15). Yet. a proof 01' their va-
lidity starting fmm the Bollzmann equation is apparently ah-
sent whcn the Chaplllan-Enskog t1lelhod is used to solve this
equatioll, Ir Grad's Illolllcnllllethod is used instead. then lhe
Onsager sYllllllctry indeed follows [16]. although the gist 01'
lhe validity is sOlllewhat obscured hy lhe inevilahle tedious
mathematical dctails behind lhe melhod itsclf.

\Vhal we want lo show in a vcry specific way is that. when
lllass dilTusion is present, coupled lo another veclorial trans-
port process. lhe appropriatc choice 01' the ditlusivc force is
essential 10 carry out the proof 01' thc ORR. And. conteary
lo what is helieved and evcn insinuated in phenomenolog-
ical irrevcrsible Ihcnnodynamics, such a force is Ilol given
ncilher hy the conccntralion gradient nor by lhe gradient 01'
the chClllical potellti¡¡\s by lhemselves, This faet was already
hinled by Hirschfcldcr el al. [1'1) several years ago, Here. wc
will explicitly pro ve it with a microscopic modcl.

1'0 providc the rcader with a self eontained and c1ear ac-
count 01"lhe problel1l tú he here discussed. we go hack lo one
01"lhe hasic postulatcs of linear irreversible thermodynamics
(LIT). nalllely in the M~ixncr-Prigogine formulalion oí" the
thcory [l. il. one assumcs lhat lhe l1uxes which are present in
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(De) (Dc )grad Cj = -a I • ,graJ Jtj + DT
j

grad T .
11 ¡ 1 ¡I,

whcre L 1I is relateJ !O the ordinary dilfllsion eocflieicnt
(Fick's law), L2'1 is related to lhe Ihermal conductivit)' (Fouri.
cr's law). L12 is Sorel"s coeflicienl and L21 is Dufour's eo.
cfficienl. 11'Eqs. (1) are correct, as in Ihe case 01' Ihennoelee.
trieily as the reader may easily find in Rer. 1, Ihen the ORR
rcquire that L12 = L.n. Notice Ihat we have lIscd species "o"
lo wrile Eqs. (1), bul we could have equally ehosen species
"//'. Also, il is equivalent to use the coneenlration as an inde.
pendent variahle or the ehernical pOlentiai sinee,

a non-cquilihriulll state of a physical systclll are linear COIll-
hinations 01' lhe thermodynamic forces. In isutropic systCllls,
Curic's principie (7) rcquircs that coupling among fluxes and
forces can only be tCllsorially hOlllogcncous. Thus in typi-
cal eX<lmples where the fluxcs are matter, !leat, clcctrical or
otller currcnts, lhe forces are lhe gradicnts 01' appropriatc in-
tCllsivc variables. conccntrnliofl, tcmpcraturc. clcetrical po-
lcntial, ano so on. Far a more complete account 01'such phc~
1l0111Cna, Ihe rcader may takc a look al lhe lable in p. 39 uf
Ref. 1. The spccitic case lo be considcrcd in this papel' is ¡Ilal
01' a binary mixture nI' dissimilar dilute gases in whkh thefe
is 11m\! of malter tlue lo a conccntration graJicnl ami !low 01'
hcal due to a Icmperature gradient. Since CfI + eh = 1, a, b,
lahellíng the two species, C, heing their concentration, Ihe
ahove mcntioned postulate stales that ir J, is the rnass flow
01"spccies i and .lq the heal !low in (he mixture, and furthcr,
sincc J(I = -.l" we can write Ihat

(2)

(4 )

(5)

(3 )

(6)

i = (l.,U,

1
11 = - ¿ {JiU¡ ,

P ,

DI" DI"DI + v" . fu = ] (f"Io) + ] (foJ.) ,

DI" DI"DI + v". D•. = ] (f,,fo) + ] (f¡,I,) .

",( •.. 1) = ./f;(I'. Vi, 1) dv"

I j'" 1 J"{1('(1', f) = '2l11u. ("~J(I £1('(1 + '2""1, e¡; J¡, de/,.

ConsiJer a hinary mixture of dilulc. ehemieally inen gascs of
speeies (/.anJ b. It is worlh mentioning here lhal the extension
lo l11ulticompollenl mixtures is just a maller of nOlalion. Also.
Ihe nOlalion here I'ollowcd is iJentical to Ihe one used in Ihe
hook 01 Chapman and Cowling 118J so Ihal we shall avoid
lInnceessary repelitions. Therefore lhe Boltzmann equalions
for the mixture are

tlw cqualilily sil11ply il1lplying the principIe 01' microscopic
rcversihilily. Ir i = j then a(vj, Vjl ---7 v~, V;I) is the appro-
priale slandard Ilotatioll (see ReL 18).

To solve Eqs. (2). \Ve resort lo the Chapman-Enskog
IJIcthod which assumcs thal 1¡(r,Vi, t) rnay he expanJeJ
in a powcr series of Klllldscll's parameler Ji anJ that its
lime dependence occlIrs only Ihrough the conscrved densi-
ties, namely, Ilurnher dcnsity H¡(r, t). momenlum Jensity
llu(r. t) and internal encrgy density nc(r, t) wherc u is the
harycentric velocity,

2, Review 01'basic conccpls

Ihe transport coefticients. Finally. in Sect. 4 we will show
why tite argulllenl fails if the gradienl ol' the chcmieal po-
teIllial (or Ihe cOllcenlration) is sought as a thcrmodynamic
force.

In Eqs. (2). Ji == J¡(r. Vj, f) me Ihe single particle dislrihu-
tion fUIlCliolls ror specics i = u,b and JJ(Jdj) Ihe eollision
kernel s \vhose explicil rorms are not needed for lhe reSl of
the argulllents. Clearly. these kcrnels contain Ihe collisional
probahility rales

where fJ = 11/,(1/1.1( + 1111,11/, = P(I + PI!. antl

('¡ == Vi - 11(1'.1) is the thennal velocity and 11 = 11" + 11".

( 1 ),1(/ = - L21 graJ eq - L22graJ T

.1" = - L1Igradcq - L12gradT

\Vhich would rcquire suitable redefinitions of the coefficients
L11andL12.

The question we wanl lo resol ve in this paper is ir indeed
Eqs. (1) are the appropriate exprcssiolls of the !luxes in tenns
01"Ihe arhilrarily chosen forees grad Ci (or JIj) and grad T. Por
this purpose, \\/c use a rnicroscopie moJel. narnely Ihe Bollz-
JIlalll1 equation, hecausc Ihis model has scrved as one provid-
ing the microscopic foundaliolls 01' LIT [1,7, S]. Therefore,
Eqs. (J) oughl lo he ohlained rigoruusly from such a mude!.
\Ve shall show thal Ihis is nol Ihe case unless the thennody-
n<lmic forces are chosen appruprialely as hinted ahove. For
reasons that we hope hecorne clear through Ihe analysis, one
has lo he very careful in choosing the correcllhermodynamic
lorees il hoth Eqs. (1) and the ORR are lo he oheyed. This
qllestion has heen cilher avoideJ [7J 01' nol sufficiently wel!
laken in Ihe lileralure. specially ,vhen rcsorting to kinetic the.
ory as a microscopic thcory [161.

In SecL 2. we shall hriel1y rewiew the kinelic aspects of
the prohlcm, in Sect. 3 we shall compute the muss and heat
Iluxcs ror Ihe mixture i1lld exhihil the Onsager sYllllllclry 01'
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Thcrcforc

f,(r. v" t) = f¡[r, v,I",(r, t), n(r, t),e(r, t)]

whcrc

C(9n) = .1 dv~ dV(l1 dV~1 u(v¡¡, V(ll -t V~, V~l)lg(lIMa,

( 13)

evaluale the partial dcrivativcs in lhe usual way, and lake C1

as independent variahle for lhe vclocily, one gets that

iC(,p" + ,p,,) = ./ <Iv;, <Iv1, <Iv;,

X <7(v", v" -+ v;" v~)lg"bli'.(d>a + <1>b), (14)

with a similar delinition of ~(9a + 9IJ)' Also, gi = Vi -

V:. i = (l, b ami 9a/, = V" - Va. The equation rOl' 9 is oh-
tained from Eqs. (12-14) hy sirnply exehanging indices (l and
b. \Ve also emphasize that due (o the fael that J1(0) has been
denncd by t:hoosing the t:onserved Llensities to he complctcly
determincd Ihrough itself. the 9i 's salisfy Ihe so-called suh-
sidiar)' nmditions. namely,

for 'I'i = (bij. Vi, (.n.
If we now call

( 16)

( 15)

8¡i0) 01.'°)
:7=-0'/ +Vi.- 01' '

L "',/0), f,tOI'I', dei = ().
i=f1,1J '

[ (
",,('f 3)V IIIIl + -- - - viII T

¡ '2kT '2~1= e,'

x (1 + ¡"Pi(r, v;i"" n, e) +. ,}, (7)

with i = (/,b. Al Ihis stagc wc wish lo cmphasize that Eq. (7).
lhe ultimale cxpression oí' lhe so calleo Chapman-Enskog
Illclhod ror solving lhe Boltzmann cquation, is Ihe orily ap-
proximation rcquired in Ihis work. Thc physical basis behind
Ihis approximalÍon is very casy 10 understand. The Boltz-
mann cquation, as exemplilied by Eqs. (2), describes Ihe dy-
namics of a dilulc binary mixture in jl.spacc. No trace ofthcf-
1Tlodynamic or hydrodynamic variables are conlaincd in ¡t. In
ordcr lo relate this dynamics Lo Ihe 'macroscopic world. so me
additional assumptions are requircd. These assumptions are
lile basis nf lhe Chapman-Enskog Illcthod:

i) The Knudsen pararnClcr j' is a Illcasurc al' the Illacro-
scork graJicnls in the systelll. This is how they enter into Ihe
picture.

ii) The local variables defined by Eqs. (3-6) are ínlro-
dueeJ via lhe local equilibriulll assumption, namely Ji be-
comes a time indcpendent functianal of thelll.

Thus, in Eq. (7), the firsl equalily ís símply Ihe local equí-
lihriulll assumption and in lhe seeond one we have arbitrarily
dropped oul all lerms af arder 11 > 1 (Humelt and higher ap-
proxímations). Thus, ",~I) '" </Ji, i = a,l>. \Yhcn Eqs. (4-6)
are subslillllcd into Eqs. (2), wc lind hy Ihe slandard procc-
dure t!lal to zcroth order in/t (Euler Huid),

whosc solutions are the local Maxwellian distribution fun.
liollS,

!llj O lIIi] f(O) 1> 7+ kTc¡ ('í : Vl1 - ~:TVI' i , i = a, . (1 )

Further, sint:c Vl1 is a second ordcr lensor whic.:h will not
couple with mass or hcal diffusion, we will take \711 = O.
This assumption is a typical examplc of Curie's principIe
rcferrcd lo in the introJuction. Since our hinary mixture is
isotropic, only fluxcs and forces of the same tensorial rank
t:ouple 3mong themselvcs. Thus lhe seeond order tensor vu
cannot give rise to eithcr mass J1uxcs or a heat flux which are
first orLlcr tensors (vcctors), Morcovcr, in Eq. (17) take i = {l,

add ami suhstraet v 11111 antl call

(X)

( 10)

i,j=a,b.

(
1/1.,):l/2 {m- 2}¡t°)=nj --'- exp __ 1 [vi-u(r,t)] ,i=a,b (9)

, 2rrkT 2kT

providcd one chooses to define the densities defined in
Eqs. (4)-(6) only through f,IO) and ínlerprets the thermody-
namic temperature in the convcnlional way,

pe = ~lIkT
2

\l,'herc 1,' is Bo1tzmann's constanL In this approximation, the
!leal and mass !luxes vanish identically 17,8, 18J, and the
stress tensor is diagonal,

"/la
n"o =-.

"
Then

11'= 1'[ = IIkT[ (11 )

which is simply Dalton's law,
To lirst order in p we get thal J = ('a' [VIIIllaO + ('~Z~- D 8111 T

DI'

af,\"} a¡lO)
-a-' t-+v" 8:' = fáO) (iC(",,,)+iC(,,,,, +<Ph)} , ( 12)

fjO) , ( 18)
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whcre hy taking n/nn as common factor in the first an thinl
Icrms, wc finally gel that

,1= ('~, [(moc~ _~) OlnT + nad ] ¡(O) (19)
- " 2kT 2 or n (lb Q '

whcre

Dnoo llallb(mb-ma)81np d
dab = -O + - O = - /,a (20)r n p r

Eq. (12) and (19) and their analogue for i = {¡ , are Ihe linear
inlegral equalions thal </Ji (i = a, b) must salisfy, Their solu-
lion follows once more fram the standard rncthod, so that no
details have to he repealed. One gels that

OlnT
</Jb= -qAb(Cb",,) . ~ - 1lcbDb(Cb,. ,,),dab, (21)

where (he scalars A¡ and V, satisfy linear integral equations,
namely,

(22)

- /lma / caf~O) . Da(ca)ea de" . dab. (26)

The expressions C(c" Da) and C( Ca Da + c"Db) , whieh eon-
tain the collision probabilities, can now be symmetrized fol-
lowing exaeUy Ihe same steps Ihat are used in the proof 01'the
H-Iheorem (see Rcfs, 7 and 8) lo get that

(27b)

so Ihat

and similar cquations for Ab and Vb. With all thcsc results,
wc are now in a position lo compute the mass and heat fluxcs
and thus lo prove the ORR for the Dufour and Sorel effeels,
We shall pursue this lask in the following seetion,

3, The Qnsager relations

Reealling lhal in the Euler approximation (1' = O) alllhe vec-
torial tluxcs idcntically vanish, the quanlitics [hat wc want lo
compute are,

Jb = _ nmb (lb + Iba) al" T
4 Or

mHb / 2 (O)-3 cbfb Db dCbdab .

To compute Ihe heal flux. we convenienlly define,

(28a)

(28h)

i = a,u, (24) (29)

fOI" (he mass flux. ano

f()f the heat flux, Reeall thal

(25)

J' - /¡IO).J, (" 5) d• fJ - a 'Ya (.(1 - '2 Co; Co;

f (O) (" 5)+. Jo; cPo; (.0; - '2 Ca dCn

whcrc

(30)

Thc rcmaining steps are straighlforward, although ralher
elumsy, Take Eq, (24) for i = a and subslitute into it Ell.
(21 ) fOl </Jo lo gel thal

,
~:z lT1.¡Ci

(,i = 2kT'

SUhslilution 01' ciJa ami </J/, from Eq, (21) inlo Eq. (30), rear.
ranging Icrrns ami performing Irivial intcgrals rcadily Icads lo
thc cxprcssion.

Rev. Mex. Fis. 44 (4) (t99X) 420...426
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J' = - ~ [J f(O) (C2 - ~) A 2 d + J flO) (C2 _~) • 2 d ] O In T• q 3 a a 2 a Ca Ca b b 2 .I1bCb eb 8r

+ J f/~O)c.[qÁ"c,,) + qA" c" + A"cb)] . D"cb dCb } dab. (31)

This last cxpression. under lhe same symmetrization argurncnts used lo arrivc al Eqs. (27) rcadily transforms ioto,

, 1 [J 101( 2 5) 2 J (0)(C2 5) 2 ] OlnT "(" ab) "( b ba).l , = -:3 fa Ca - 2 Aaca dCa + fb 'b - 2 Abeb dc" ~ - :¡ l + l dab - :1 l + l dab (32)

wi¡h la and lb delined in (27a) and (27b). Eqs. (28a). (28h)
and (32) have now the form of Eqs. (1) writlen in ¡he intro-
duction. namcly.

.la olnT-.- = -!La, -0- -!Laadab,
II/'a r

,Jb olnT- = -4 -- - 4bdab, (33)
HlIJ q 8r
, olnT

.l , = -14" ~ - (l4,a + I4,b) dab

where, hy simple inspeetion of their full form, it trivially fol-
lows thal,

(34)

Equalions (34) are Ihe main resull of this ealeulalion, namely
the ORR for the Sorel and Dufour effeets respeelively. So me
rcmarks are thcreforc pertinent. This result was obtaincd hy
lhe appropriatc choice of the ¡ndependent diffusivc force,
namely da/,. From Eq. (20), whieh delines Ihis quantity, it
appcars c1carly that a gradient in the pressurc is unavoidably
prcscnl in its slructurc. An alternativc form rol' (his force.
whieh is derived in Ref. 18, c1early refleels this property. In-
deed.

Starting fmm cilher 01' the two forms of dab one could
attempt reeasting it in lerms 01' density or ehcmieal pOlen-
tial gradients only. Although Ihis is indeed possihle, the ORR
fail to hold, as it will he shown in Ihe nexI section. Finally,
il is worth pointing out that previous derivations af lhe ORR
for the crossed etfccts in multieomponcnt mixtures have only
considered mutual ditTusion coefflcienls [7,8]. A simple ex-
aminalian 01'the proccdure followcd for such a case is unap-
plieahle to the Sorel and Durour cffecIs.

4. Other thermodynamic forces

In this seetion wc want lo show that if one insists in idcntify-
ing the lhermodynamic farees for the mixed thermodiffusion
effects as the gradients 01' the chemical pOlcntiai, as in eqs.
(1) of the introduclion, in spile 01' fulfilling the eondilion that
dab = -(1¡,a the Onsagcr relatinos fail to hold true. As it is
skelched in the Appendix, Eq. (35) may al so be written as.

= -dba, (36)

and whcrc.

whcrc (1(1 anó PI, are lhe partial pressurcs of specics a ami (J.

ror an ideal gas.
Using Eq. (36) in Eqs. (21) ror ¡Pi (i = a, b) lo compute

.1 a wC gel Ihal

PaPb ( 1 1)dn.b= -- -VPa - -VPb ,
PP Pa Pb

(35)

kT
(VI';}'!' = -v 11111,.

mi
i = a.b (37)

(38)

Rey. Mex. Pis. 44 (4) (1998) 420-426
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and a similar equalion for .lb, Further,lhe modified heat ftux .1' q is also readily ealculated 10yield,

/
(O) ('2 5) [ ("a"b "'amb)] [ ]+ Ja Ca - 2" -VaC" -p---¡;:¡- .Cad"" (V/'a)T - (V/''')T

/ (0)( 2 5) [ (nan" "'a"',,)]+ J" C" - 2" -V"C" -P---¡;:¡- 'C"dCb[(V/'b)T - (VI'a)T] (39)

Appendix A

mac:roscopic irreversihle lhermodynamics. the thcrmody-
namic force associatcd with diffusion must be <lab as given
eilher by Eq. (20) or by Eq. (34) (see ReL 17). As a final
remar k, wc wish lo insisl Ihat these rcsults may be easily ex-
tended lo deal with lhe eross effeels belwecn mass and hcal
flow in lllulticom¡:'0nent mixtures .

Equations (38), Ihe corresponding one for .lb and Eq. (39)
are now of the fOfm

bJ.la = - LaqV In T - Laa [(vPa)T - (V/lb)T]

.lb = - LbqV In T - Lbb [(VI'b)T - (V/'alT] (40)

.I'q = - LqqvlnT - Lqa[(vPa)7' - (v/'"h]

- Lqb [(VPb)7' - (V/'alT]

whcrc the diagonal coefficients Laa, Lbb, and Lqq rcadily
identiliahle from Eqs. (38) and (39) and, fUrlher, are irrele-
van! for OUT discussion whercas,

L"q = ma / J~O){CaAa +Ca Va [~Tlanb(mb - m")]} .cadca

Lbq =mb / J1°) {-CbAb -CbVb [~Tlanb(ma -mb)]} 'cbdcb

We star! from the express ion given by Eqs. (35) [18],

flaP" ( 1 1)dn/, = -- -VfJ(l - -VPb ,
(J]J (Jo (Jb

wherc]J¡ = ll¡kT and (JI = Him, i = n, b. Whence

Vp¡ = H¡k\lT + kT\ln¡ ,

so thal (Al) beeomes

(Al)

L -/J(O) (C2 5) [V (na"b mamb)]qb- /, 'h--2 - bCb ----- 'c/¡dcf¡,(41)
P kT

where now obviously,

/ln1l¡, ( )+ -- 111/1 V In IZn - n¡'fl V IIlllb .pn

For an ideal gas

(A2)

Lbq ,pLqb. (42)

Moreover, sinee.lb = -.la, Ihe firsl two Eqs. (41) imply that

Lbq == -Laq,

kT ( 3 2rrkT)¡ti = -- In n¡ - - In -_ ,
"1i 2 In,

so that

.1" = -C"q V In T - Laa [(V/'")7' - (V/'b)T] ,

.1'" = -Lq" V In T - (Lqa - Lqb) [(v l'a)7' - (VI'b)T], (44)

hUl the Onsagcr rclations are nal ohcycd. This means
that lo achievc compatibility between kinctic lhcory and
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SubSlitulion 01'Eq. fA.3) inlo Eq. (A2), and rearrangement
ofthe lerms leads at once lo Eq. (36) .

(A.3)
kT

(vp,)7' = -v In ",.
T1l1

(43)Caa == Lbb,
solhat Eqs. (40) may be rewrilten as
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