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\Vc prc~cnl a lllcthod lOrcformulate Einstein's equations as functional ~l'Ollcsic~ Jelined on a melrÍl' manifold Such reformulalion is Illade al
lhc ll'\cl 01" tl1l' Einstein-Hilhcrt actioll hy I1lcans of a harmonic map transformalion Oclwcen Ihe spacclimc manifold and a funclional spacc.
\Ve l!lcn use c;lI1onical Iransfonnalions ami ~1aupcrtuis' variational principie in nrder lo reduce Ihe dilllensionality of (he functional space.
To ~how Ihc applícability 01' Ihis approach, \.l/eanalyze the wcl!-knowll case nf stalionary' axisynulletril.: lields. \Ve show thal the symmelries
tlr lhe l'lll"l"esponding funclional gcodesic equalions can be llSClllO gl'ner<llc new solutlons of Ein~lC'ill'.'"equ<ltion [n panicular, we generale
s(JIUliollsdcscrihing the exterior field uf a dyoll anu that of a slowly lOlalillg hndy.

Knll'lml\: Einstein's equations: harmonk map transformalion

Prescnlamos un método de rcformulaciün de las ecuaciones de Einstdn como gcoJésicas fUIH:ionales uctiniJas en unn vnriedad mélrica
Di•.:h;l reformulación se realiza al nivel de la acción Je Einstein-Ililnert por medio úe Ulla lrallsformill.:i<Ín con mapeos arm<Ínicos de b
varil'lbd del espacio-tiempo a un espacio funcional. Pmtcriormcntc t1tilll.amos transformaciones canónicas y el principio vnrincional de
¡\L1uperluis para reducir la dimensionaliJad del espacio funcional Para demostrar la efeclIvidad del mé(oJo. analizamos el caso. bien
l"tllJ(l(iJo. de campos axisimélricos estacionarios. Mostramos que las simctrías de las ecuaciones geodésicas funcionales corrcsponJicntes.
pucden scr ulilizadas p<lr<lgenerar llllcvas soluciones a las ecuaciones de Einstein. En panicular. !!Clleralllos una solución que descrihcn el
CIIllPOl'xtcrior de un dYOII y otra que descrihe el campo exterior de Ullcuerpo rolando lenlamente.

lk.\crilItOI"l'S: Ecuaciones de Einstein: IransformacÍ<ín con mareos armónicos

PACS: ()..t20.-q: 04.20.Fy

1. Introdllction

To ,implify Ihe structllre 01' Eillstein"s eqllations, it is usual to
!,,(lsWlaIL' lhe exisleIlce 01' one or morc Killing vector fields in
lhe spacL'limc under consideralioll 01",in lcss technicallenns,
llll' indepcl1dence nI" ccrtain eoonJinatcs. In a more general
scnSL'. lhe olllission 01' the eoordinates can he regarded as a
slll'cial L'ase nf the Kaluza-Klein approach. Incleed. to inves.
ligale solutions wilh t\VO Killing \'cclors in a systcm<ltic fash-
ion. \\'C L'an consider a Kalul.a-Klein type rcduction 01' Ein.
stcill's 111L'(1)'to Iwo dimcllsiolls [1 J. Thc dimensional reoue-
lion jusI amounts lo dropping. for all the tielos in the space-
lime, Ihe dcpcnoencc on the coordinales that can hc associ-
alcl! \\'itl1 the Killing vcctors.

III tbis wml\., \ve are cOllccrned will1 a diffcrent type of di-
11Icnsional reduetion in which thc llumher 01' ticlds-in our
CdSC. Ihe metric componcnts-is reduceJ to the minimulll
IlL'L'essary 1'01"descrihing the spacetime. This rcduclion occurs
al IhL' 1e\'L'101' the Einstcin-Hilhcn Lagrangian ancl consists
in drupping tlle lerms that can he reprcsenled as tOlal diver-
gellccs. and applying canonicallransformations sucll thallhe
1l1111lhL'r01""dynamical variahles" decreases. The "dynamical
V,lri"hles'" are in faet coordinatcs 011 a dilTerential manifold
which we introduce hy lIleans nI" a harmonic lllar transfor-
malioll \vllich acts on lhe spacetime manifold 11 J. A sCKelch
oflhis appro<lch has heell prcsented in a previous \vork [:21.

;\ possihle applicalion of Ihis reformulation is to use
lIJe symlllclries 01' tlle fllnctiollal gcodcsic eqllations, which
are solutions of tile gcodesic deviation cquation. lo gener-
ale new solutions fmm KnOWIl olles. Several solution gener-
ating techniques llave heen dcveloped during the lasl years.
In fact. Geroch [;q proposed a Illethod lo generale s(llu.
lions when Ihe secd soluti(llls have at leasl one Killing vector
lield. Kralller 141 introduced the cOllcepl of potential spaec lo
illvesligate sYlllmelry propertics of the Einstcin.Hilhert La-
grangian. and studied a techniqlle, which ean he applied whell
the spacctimc adrnits a non-null Killing veclor fkhJ. In mde:r
lo sho\\' the validity of tlle l'unctional geodesic l1lethod, we
apply il lO stationary ;¡xisymmclric spacetimes. which have
he:en extensivcly in\'estigaled in previolls works [:3,41.

In SL'CI.2 \Ve dclinc Ihe coneepl 01' funclional geodesic hy
means 01' a harlllonlc map. <llld olllline a method lo reduce the
dimcnsionality of Ihe I:inslcill-Hilherll~agrangian coupled to
an arhilrary matle:r Lagrangian.

In Sec!. .3. \\'e apply (llI[" method 10 slationary axisym.
melric fields in V<lCUlll1l.In Secl. 4. we: analyze the gendc:sic
dcvialioll equalioll in lile funclion<ll space and invesligatc the
exislencc of afllne collinalioll vcclOrs. It is shown tha! thcrc
arc ()nly lhree Killing vectors, \\'hich are Ihen used to generalc
new s(llutions.

SCCtioll .5 cOTllains an approxilllatc sollltion gcnerated hy
applying on the Cl1a/y-ClIr/.(lll Illetdc the: symmetries assoei-
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dlcd \\lllil lhe Kl1ling vcclols Wc study Ihe propertics 01' l!lis
solution and sho\\' (ilar illllay be intcrpreted as dcscrihing the
c,\terior lield 01' a gravitational dyon. Section ó is de\'(lIcd lo
defivation and slLh.1yof a Iinearizcd solution which contaill.'\
lhe ncccssary paramcters to describe the ¡¡cid 01' a slowly ro-
laling mass. Finally, we prcsent the conclusiolls ami oLltlinc
sOllle possihlc lines of fUrlher research.

2. General approach

Gol1(.\'1") ;¡Il(lline c1elllent dS'.! GoodXn tI.':¡j dctlncd
onX.Thl'lllap.Y: .\I-t ,Y.orequivalenllyX" = .\:0(.1'/).
is a l1annonic lllap il lhl' :Ictinn

1 -1 r---cC" \'U \,¡I ;; 1'" , ('
hll! -, v-y 'n13 •. i' .jrJ ( .f .:.)

is eXlrema!. ¡.c" ~h'll = O. Hcre y is lhe detenninant of lhe
mctric Yi,¡ and /1/ is Ihe dimcnsion 01' ,\1. Accordingly. lhe
Euler-Lagrangc cquatiolls fol1owing from lhe aClion Eq. (4)
call he \vriuen as

I.el us consider a Jifferenliahle manirold Al wilh Im'lrie
.II'1(.rk) and Ii!le elclllent d.,,'.! = gijd.r1d.rJ dclined un .\1.
FlIrlhcr. we considcr a Lagrangian (densily) 01' Ihe form
{ = {FlI + (.\1. where Cr'J/ = ~R is Ihe Einslein-
IlilhL'r1 I.agrangian and C,'l represenls ;In arbitrary IllallL'f
I,;rgrangian Ihat determines an aclion I¡!,r;w = I Cdl./, 011

.1/. If \Ve ncgkcl Ihe divcrgence terrns of CEH, which do nol
l'<lIllribute lo the lIeld equalions. the lotal Lagrangian can he
\vriuen as

_1_( c;:,,¡IJ.yn) +f'lt .\-JXI(,i) =0. (-)~ v - .'1. ./ J ¡j)'.1 .J' . )
V -.IJ .

wherc 1":1-, ¡¡re lile Chrislollel sYlllhols associated wilh lhe
lllelric (;"/1' Ir dilll(JI) :::; 1, l!len .1'/ -t '\. where .\ is
a paralTll'ler. ami Eq. (5) reduces to the geouesk cquatiol1s
.\.fl :;:::XH(/\) for thl' Illclric GlltJ

\\,:herL' 1'1 are the ChrislOllcl svmhols associateJ \,,¡ilh lile'J •
lIlelric Y'I' alld i.j.. = lJ, 1.2.3. The Einslein-Hilhert La-
~rangian is l!len a fUllction 01' lile mClric .(J,.I and its first oaler
lkrivalivcs !J'J)'-' Lel C,\f he;¡ function 01' Ihe maller ¡llllen-
tials '1'\. A = 1.2.. . J'. ami their lirsl urdcr t1erivalives
1(,\. The varialioll 01' Ihe aClion 19riw witll respect to lhL' 1Ill'1-
ric .'Ji), á/grav = (l, leatls lo the usual Einslein cquations

\Ve now defIne nev.' v.lriahlcs XO = {Yij, /(' }. \vhere
(1 = 1.2 .... //. Thc numher 11 may have any vallles in lIJe
inlL'rvaJ J) + 1 :s: 11 :s: 1/ + 10. depenJing on lhe Iltllllhcr nI'
inJepellJenl componel1ts nf !}¡)' In facL a lransformalioll 01'
Ihe space timc coordinales with four free parameters may he
llscd 10 reduce lo six 111L'Ilumher of indepel1delll fUllclions
.tl,;. Howcvcr. ir we use Ihis rreedolll to lix a J,riori Ihe 1H11ll-
he!" of dependent components of Ihe Illclrie we arri\'c 10 a
\'arialional prohlelll whicl1 in general is not equi\'alellllo lile
original OIlC. This approach is allowetl onl)' in spccial Gises
wllich will he trcatce! hclmv.

J\ccordingly, lile Lagrangian Eq. (1) has Ihe fUllctional
tkpcndcnce f.. = c(xn. S~;) ancl is. Ihcrefo!"e. detined in
lhe conliguralioll space dctcnnineu hy Ihe ne\\' variahles .\'11
antllheir lirsl order derivatives Xo...,

Tht: illlrotiuclion 01' Ihe I1CWvariahles XI> Illay he per-
lormed in a more formal \Vay by means uf a harlllollÍl'
rnap [;jo (jI. Considcr;¡ difTercnliahlc manifold X \vilh lIIelric

(6)

l 1 k I ~I /.- '
:)\0JyJ(r ¡Ir )1,--1 ijr Ik) + L.H

011 ,\'. whL're a dOl represellts thl' derivative wilh fl'SPl'CI
lo /\. A delaikd analysis oí" harl1lonic maps can he found
in [i, SI. By inCfcasing (he dimensionality of Al we ohtain
rmlll Eq. (5) a gellcralilalion nI' lhe gcodcsic equalion: a
fUllL'li(lnal geodesic (SL't:bclow).

Our llIain goal is 1(1relate Einstein's cquations (2) with
the harmonic map Eq. ()). To Ihis end, we inlroduce lhe con-
cepl tlr fUllclional geodl'sic inlhe following manner:

A harlllonic JIIap X j\f -t N. wllere 1'\1 is a 4-dimcn.
sional pscudoricmannian manifold with Illctric !h) satisfying
Einslein's equalions (2). \ViII he called a.limcli01wJ gl'f,desic
if Ihl'IT exists;¡ Illelric C;n,l on X such thal lhe hannonic Illap
Eq. (5) is equivalenl 10 Einslein's equaliolls (2).

('Icady, our delinilioll of fUllclional geOllcsic is condi-
lioned lo the l'xislL'IlCC uf a very spl'cilic mclric Gnd which
lllighlnol c.xisl. In l'ac!.;¡ comparison of lhe actions Jgra\. and
h", ....ho\\'s lhal rol' GI\;1 lo e.xis!' lhe gravilational aClion must
be represcnted as

;¡ rl'lalionsilip which. ohviously. i..; very rcslricli\'e ami ca!l-
nOl al\\'ays he salis¡ied, Tbis ('ondilioll might hl' fclaxed by
allo\\"ing IhL' (\\'(l La~ran~ians lo t1iller by a llllll Lagrangian
U.c .. ;\ Llgrangian which !Cads lo idelllically vanishing ElIler-
Lagr:lIIge equ<ltiolls) ur. in particular, hy a total derivalive.
JI \\'(luld he illtefesling lo find thl' lIlos1 general fortn nI' Ihe
Lagrangian f salisfying Eq. (7): however. our aim in this
work is lo sho\\' an explicil cxamplc (stationary axisyrnmelric
fields) in which (he represenla(ion (7) cxiSlS. ami lo invcsti-
gale inlllis ex <1mpie Ihe advanlages (JI"reprcsenting Einstein's
eqllaliolls as:t set of l'quations ror a l"ullctional gcodl'sic.

( 1 )

(2)

(3)

R '/1 "1'i] - 2" .f}¡J = ¡)iT 1)'

. - 1 r---c 'J (1" 1'[ ,.[ 1") ,"L-:)v-gy ,¡ JI.:- ij Ik +.l,.,M,

\\'here



H = H(I~,.S"",.') = P(\DSn - {. (l})

Sldrting 1'rorn lhlo'gL'lleral Lagrangian L \ve C;ln cOll'i1rucl
Il1l' CllI'IL'sponding"l blllillnllian" H as

,\
-'11,i•..applicd In H slll'l1 lhal (lile olthe !le\\' cOllnlinalcs, ...,ay

IWL'Ollll'Scyclil'. ¡.e.. nH' ¡¡JX'" = (J. \l,'here ¡/ is llll~ Hamil-
!lllli:lII ohlaillcd frnm }-{hy ;¡pplying thl' callonieallr,1I1S1or-
Illa1illl1 (10), Tile advtlnl;lge 01' lhis Iype 01' C<lIlollkal lrans-
Itlll1\alioll is lhal llll' COITl'sponl1ing conjugate 1II01llellllll!l blo'-
comes a rOllstant (lf 1I10lion. Accordingly, lhe aClioll 01' 11-:!
r;l1lonil'allransrormaliolls of Ihis (ype leads lo a Hami!toniall
01' Illl' lonn

( 12)

I 1.1)(/ = l.:..!.

u ~'" .'J
L ¡¡\'

iJDS' 1,,-'.')
1" ..!I

\\'hL'rC l!ll' l')'l'lic c(\ordin:lIC'i arl' 1;lhelL'd by .\";'" ".!)' .>; =
:L l. ... //. TIlL' reslllling Rlllllhian is 1hl'n a flllll'lion 01' llllo'
llollL'vrlic l'oOI"llin;¡tes :111dtllt'ir ,ls-;lleialcd "\"(:Iocilies", ami a
"L'I 1Ill'0llslalllS ,\' rclaled (o lhe 1ll0lllcnt;¡ conjugallo' lo lllc
n'die Cll\Irllintl!L••...l.e ..

shuuld apply. In lhe gCllcral case analY/ed herc, \\-'C applj
11- :! c;lnonieal Irallsfonnaliolls, ¡.t'., we Keep only lwo inde-
pendlo'nl variablL's X /II-".!} amI X (11 _'!)' becausc in the cxplicil
l'.\illll]lk \Ve \ViiI ílnalYl-l' in lhe suhseCllClll seelions Ihis is ex-
:lclly lhe n1l11llwr01' í1risin~ illdepcl1dclIl variahles.

11' il happens lh;l! l!le l'(lllill~;lllo' ll101l1enta /'/:, .') (01
Stll111' Ilj IIlL'Il11 :t""'\lci.lled \\ ith lhl' l'y'dic \';¡riahlL's cn-
In Illl' 11:1I11illonian (111 ¡lIII: lincar!y, l!len il is possi-
hit' lo l'Iilllinalc lhcrn hy ;lpplying ;1 IIlcthud proposed hy
!(oul!lllJl To Ihis lo'nd. \\"l'coll"lrucl Ihe Lagrangian {(u :n:::

{I'I :.!I(.\"/u ".!)"'"¡:.!'I :.!"/).\"I';' ".!).,r')correspondinglolhe

11:1IJ1ilhlllian (Ill. RllUlh's 11ll'll111dessenli¡¡lly consisls in Jler-
fOnllill~ " LL'gendrc Il'an"lol"lllalitlllS ror lhe l'ydÍl' coordi-
nate" only. ¡.l' ..

ThL' vari<ltioll 01" R willt rl'spcCI lo X<l leads lo a scl
ni sl'l'ond onkr di ITerenl ial L'\]l1aliOlls (EuICl"-Lagrallgl' l'qua-
lionsl whiell arl'¡l1e Illain liL'ld t..'ljl1atiolls. \\'!lCIl "(llvill~ lhl'SC
L'\lual1ons, "'l' l';Ul ignorl' lhl' l'yl'lie c(lordinallo's, alld I'nnsidL:T
llll' I{llulltian as a Lagrtlll~i:lll. :\ddilionall:, lllL' I1l'ld l'qua-
lions 101"lhe l'yclil' L'll(lrdinilles are ohl:lincd (variation will1
fL'''peCI [o .\" 1 in lhe Hallliltonian lúnn.

111 lllL' pnll'l'durl' lk'snil1l'd i1hll\'C \Ve Ilaw used Ihe
Halllillollian (tJ). This illll'lil''i lh:1I Ihlo' gClll'ral I.agrangian
dOL's 11(11l'olllain lerm.'; linc:lr in Illl' .'vlo'locililo's". ThL'rc-
forl' , lhe I{outhiall (IJ) \ViiI l"lHllain only quadratil' '.vcloci-
ty" Il'rlm. I Ienee. afie!" applying thc aho':e proclo'durlo'. Wl'eall
l'(JIlsider a general Roul!llilll PI" the fOfm

lo)

( 1111

(' 1) \'" 1 \',1 - , \'" \,1 ')
'",1' J, - (1,,;1 - ,i' ,/.'1 '

1, l' (1' \"n ,\'n = _Y"(/',',,_Y'''I
(l = " ".- ),

I\lorL'u\"CL we \\'ill prcsenl a mcthod \\'Ilich call hc used in
onlL'r lo auacK Ihe prohlL'm uf linding the Ileccssary rl'pn''iCn-
l:llioll (7). The lllClhod ulIIsists in treatin~ the l.agrangi;lll {
;1" in lil-Id IhL'ory and applying lo il canollicallr:lIIsforlllaliolls
wltidl slmplify the licld L'lIuatiolls. To Ihis clld, kl LISCOllsilk'r
1hL'~L'lll'ral Llgr:1I1gian { in llo'rms (JI lhe nl'\\' \ariahles So
\\ilh IllL' fUlh.'lional dlo'PClIdl'llL'C{ := {{X". lJX", ,1"1 J. For
lliL' ..•ilKlo'01 simplieilY, \\'l' in(rodulT lhlo'nOlalion lJX" \\hich
IL'pn:slo'llls all partíal dcri\'ali\"es X.'; so tha!. for illslanclo'.

",hal' 1'" = ¿)(¡OnS" is lhe canonieal eOniU!!:lIL'"1I101llCll-
111111 í\\llice Ihat our COllS11l1l'tiOIl01' the lIami!toni:lIl (9)
dl)L'S 11011111Il)\\ Ihl' usual prol"l'durc 01' inlroduL'ing a lol¡a-
1il)11\\'il!l r....specl lo which Ihe c\'olUlion llf lhe ."ysll'lll 111:IYhe
:1Il:1IyIi..'d. Our Hallliltoniall is only an auxiliar) luncli(ln kad-
ing 10:1 SL'I01' "II:lmill(lIlian el/ualions" whidl are lo'l[ui\"aklll
III lhc original Eult.:r-Lagrange lo'l[ualions. The ad\':lll(:lIIge 01'
llSll1g ¡hi" (ype 01' Hami1tonian funclion is t!lal dllC can intro-
ducc callonical transforlllatilllls in Ihe usual \\'ay. ¡./'. as Sl1ch
lr:lIlSf(lrInaliolls ",!lidl 11I"CSl'rVcHamiltoll lo'qualilllls. A:-. We
",ill Sl'i..'helo\\', Ibis l":lel l'all he useJ in onh:r lo rL'ducc Ihe
"dilllL'lIsionalily" (l1' the prohlclll.

,\ l'anollieal tr:lll'iloll11a(ion

1/1" :.!I = H1" :.!\(I,III :.!) \-1 . y:.! 1)
" ,- (IJ-!)'-lll :.!) .. I" , ( 111 r- ~ I,,,,,(,'\",,\' ..,.')D.\"IJ.\" - \'(S".,\',,"'I,

:!.I, PlIrl' killl'tk Lagrangians

lJ'.\" + I",,,,D.\"IJ.\' + 1,""IJ(h",.)DS' ~ [1, 1151

whl'rl' \' is a "potcntial"' lerlll lhal lIoes Ilot conlain dlo'ri\"a-
li\es nI" S". It Imns oul lhal tl1l' lurth':l" in\"esligalion 01' Ihe
!{oull1i:lll (l.agrangi;lll) l'anlll' di\ided in l\\"o dillerelll cases.

( 1-1 ).>;:::;I..L,.,II,

COllsidl'l' a Lagrallg¡:1II wilh v;ln¡shing plllelllial {
11"I,(.\"",.r')IJS"IJ.\"I,. \Vc han: droppcd Ihe CUII'.tan1S ,\"
"illl'l' \\'l' ;lre inlere"1ed in lhe Lukr-Lagrange equa(ions unly,
\\'hirh in 111i"el'iC la"c thc lÚrlll

\\hnL' l!le indcx (/1 - 2) rders to qU:lntiliL's oblaillcd hy
IlIL';lI1"01' a canollic.d Irans!"orlllation. 11call 1)(' Sl'l'n Ih;lt lhl'
C<1l10nil';1IIl"anstorlna(ions ha Ve reLluced hy 1/ - :2 Ihc n1111l-
hn 01 indepcnJcnleanollÍl'aleoordinalcs uf Ihe Hallliltollian.
In pnnciple, Olllo'eould l'olltinlle this proeedurlo' lInlil olle gClS
;1 _")"IC111in \\'hil'h all Ihe L'onjllgallo' 1ll0llllo'nla :m: cOllslanh
(d IIlU(iOIl :lIlLl hellcc the licld cqualiolls reducl' lo a sim-
I'il' "ysll'1ll of eqllalions wl1icll can he solvcd by qlladraturcs.
110\\'l'\'cl". in eacl1 SICp (lIlL' !las lo solve also lile cqllalions rol'
lhl' c;l1lonÍl'al transforllltlliolls. which can hecollle as diflicult
as lhe original ¡kILI cqualiofls ¡UI, Thercforc, whcl1 applying
lhis pnlL'l'dure lo cOlllTl'le lIamillonians (llll' has lp analY/e
[hc I"e"ulling equatio!ls earellllly in ort!er 10 lkcide which is
lhL' 11lost suilJhlc nUlllhel" 01' canonical lransformalions onlo'
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121 )

(23 )

3, Staliollary axisymmdrk fields

qual11ily, COll'iequl'1l11y, 1l1l' la"'llcrl1l {lf lhc riglll-Iland •.•ide uf

Eq, (.~o) v:l11i:->IlL':-'.amI \\"L"Ci:lll lI"'e j\lallpcr1uis' principie [~)l
lo dCli\"l' tllL' ¡¡cid eqllalioJls. Frolll tlle Hamil!onian associ-

:l1L"d\\ilh lile L:l.~r;lIl~i.lll (lt)l. \\'L' phlain

Thi •..1"l'•..UIt •.•110\\'S111,1111lL'caSL' of a Lagrangian \Vilh non-

\'anislling pOlelllial \' -f::- llcan be rcdllccd lo Ihe casc of a

purL' kinL'liL'i"agrangi;lll wilh a c()IJ!"(lImally 11":lIlSf(lI"lllet!Illcl-

rie. wlll"lI lhe i1i1ll1illnnian is conscrvcd, DH = ti. The fkld

equalil1n" ,1I'L'.Ihl'l"ef(ll"c. gi\'t~11hy Eq. (15) \Villl !lnlJ replaced

by 1<,/, = (H - \' )II"'J' ..\ci.'ordingly, SOIUliOlh 01' lhe Ein-
"l('in l'lIUaliolls arL' cquivak:nl lO lunclional geude"¡cs uf a

I\\'tl-dillll'nsi(lllal "paL'C dL'scrihL'd by lhe 1I1clric 1<IIJ'
In [llL' f¡lilll\\'ing "'l'l'li(lIlS \Ve apply [hc lTIclllod dL'\'cloped

llL'rL' 1(1lile L'a"'L'01' ,,[alionary axisYllll1lclric lields. rol' \Vhich

il i:-. \\"L"II J...nO\\'lllllal difkrclll :->(llutioll gelleraling IL'chniques

appl) ;lnd k;ld lo IL"aIIlL'\\' "'(llution".

wllL'rl' '. '. ,,¡,.', and -, are IUIlCliolls 01' {I ami:: unl)'. If,,¡,.' =
con •.•!., b¡. (2-H Icads lo lhe Slk~ci;¡lcase of slatiL' axisYllll11cI-

ric liL"lds. lhe c;lIclIlalion n!" thL' corresponding scalar clIrva-
lme k,Hls (o lhe Lagran~i;1I1 dCIl"it)'

Thi'\ l'OrrC",p(llld •..[o thL' \ari;llion ,Ir lhe I\Hl-dilllen •.•iollallin.:
l'klll..:nl

Inlroducing Eq", (I'}) and (21) inlo Eq. (20). \Ve gel

\Ve hegin cOllsiderill~ lhe slalion;lry axisYllllllctric line ele-
nlL'1I1in \Ve)'1 cUlnnil'al c(hlrdinale •.•

( Ir,)

( 17)

iJ
/).Y" -. -,-

iJ.\ "
\ =fJ¡

~, " ~. /'" /) \-I,[) \-' ,1_ [)(f" ji) \-1, '= 1)\ JI T 1 I",d . . - JI . Iw . '1 •

\\l1crc fi'u¡.,,¡ i:.. lhe Riclll<lllll icn •.•or of Ihc 1Ilclric lt,d" :lml '\
i•..Ihc 10lal Ikri\,:tli\'c "011 •.•hell"

iJ
11"" ¡¡Y"DoY'. ,""DI'/¡ .)fJ.Y'j-- liS)

¡" - , .J 1". nDYu

Ir lile lllClric /,",, does nol depcnd cxplicilly un Ihe ".paralllL'-

lL'rs" .1"1, Eq. ( 17) reduces lo IIlc cqualioll 01'geodesÍL' (k~vi;¡.

[ion rOl 11lL'cOllllecling \'l'ctor 1(. Consequclllly, (lI1L"can lISL'

Killint' \'L'ctors or aHillL"Collineations of Ihc IIlClJ'ÍL' I''''J in 01"-
der to gL'neralc Solulion •.•.Abo, \\'c h:l\'e Llscd lhis I1lcthod lo

•..ludy Il1l' jlllsihilily 01' relatillg sccmingly lIlHclalcd probkllls

hy IIll'illlS (11a hypcrsYlIlllll'lry j111.

whcn: I"~" ,¡re Ihe Chrisl(llfd sYlllhol •.•;1"~;OL'ialcdwilh Ji"IJ'

Lqu:ttioll ( l:i) ((IITCspolld •.•lo lhc lunclioll;d gc()dcsiL' L'qua-

lion" in a Iwo-dimensional space. Thc laSI lcnn in 11lL'kll-

h;¡nd side 01 Eq. (15) is du~ lo Ihe LKlliwl lhe IllctriL'II"I, L'\-
plirilly tkPL'lhls (l1l lllc spaCl:lillll' coordillales .1'1 whiclJ 1I(1\\'

;1lL' hL'ill~ ll"'l'd lo parallH..'11ilC tlle coordinales S", Thus, a

•..t)IUlillll 1111:11.(15) i •..a IW(I-dilllL'llsi{Hl:t1 flll1cli()[l31 gL'tldL'siL'

l!lal repre:-.elll:-' a •..olulion 01 ElIlstcin's cqualiolls. This rL'du(-
I ion of 11lL'prohkm is (Jf espccial illlpOrl;lIlce :-.incL' we can

1lO\\' lllakL' USl'01"a1l tllL' s)'lIllllclrics 01'l\\io-dilllcnsionallunc-

llonal t'cllL!esics in mdcr lo inv;.:sligalc s(llulions of Eirhlein's

l'l¡U;!liOllS. 1'01' in.'';lance, il i.'" possihlc lo inlroduce anille P;I-
r;lIl1eter •..in ElI, (1.:') stlch 1!l.lllllL"Ia •.•¡ lCrln dissapcar:-.. Addi-

li(lllall.\, ,llIL' L'an al\\'a)' •.•pL'rl(ll"lll a CiHH"tlill;tle Iran •.•l(nlllati(11l

Ih;l( hrint'''' (Ill" Lagrangian inlo ils cOlllorlllall,Y lbt fOnll, ¡.{'."

( = c:(.Y1, ,Y') [(D ,y 1l' + (IJ.Y') '], wilnc c: i, " """IIlI-
1l1;1Ifaclor. FurlhermorL". OIlL"can gCllerall' so!tlli{ln •.•u•.•illt' IIlL"

hdl(J\\ill~ approach, LL'1 S" he a ~Ollllioll or Eq. (151. Tlll'
i111¡n i(l"si1na I 1r;lns f( lrlll al i( l11

~L'nL'rat~s;1 IIl'\\ •.•nlu(inn uf Eq. (15), lo lirq urder in 1, if It
,,;lti,,!ic~ IhL' L'qua¡ion

2.2. I.a~rallgians" ith poh'lItial

I.L'! u•.•ulIl •.•il!L'r lllc L:lgrangi~lIl
{

, 1,

-,,- (-'i + ~") + 21'( '-""" + C'"
-('

¡:Ol lh~ sah" 01 Sillljllicil)', \\"e aSSUlllC here Ihal Ihe coordi-

Ilalcs .\"" are paramelri/L'd by T. The 1Ít.'ld cqllaliolls rOl lhc
I.agrangian (11)) can hc ohlaincd frollllhe varialion

SillL'C Ihe Lag.rangi<ln (1 IJ) does nol dcpcnd cxplicitly 011lhe

par,llllL'lcr T. 11lL'l'()JTCSP()IHlillg Eulcr-Lagrange equalitl/l illl-

plie:-. f) H = O. ¡.e,. the as•.•ocialcd Hamillonian is a con"cl"\'ed
126)

\\hich gClIerales lhe ll"'U;lI Einslein L'ljualions. \Vc procecd lo
L'tlll'\[nlL'l I"nlllli:'I. (~5) ;uHI(her I":lgr:lngian which lead"'lo a

.sL'1nI' IUllL'lioll;l1 ~L"tl(k,•..ic I..'qualiolls ;1'"describcd above.

F(lllnwillg lIJe dL''''niplioll giVL"ll in lhe prcviolls scclion.

Eq. (~:il can bL' \HillL'1l <1•.•in Eq, (Xl in (he following fOl"ln:

[\Vc madl' lile suh •.•tilulioll/,/J1!J = n(pDB) - 1J1,DIJ and
nq.!kelL'll the (()wllli\"crgL"IlCC 1(,l"llI"'I,

II')

(211)-,I/HDT.;' , ';' ¡)( _",1 L/); = ,1 ~D,\
. , ¡}-r¡;:-

Re\'. J1n, Fú. -1-1( I ()t)x) -l.-Ul~--J.:-;
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\\h~rL'lJ::: (D¡l'U:;), and .Y(\ (!j". •••'.).p). Now, si !lec 1
and vJ arc already cyclic coonlinales nf lhe Lagrangian (2(1).
WL'dircclly lIS~ lhe ROlJlhian dcnsity R, Eq. (12) rOl' Ihose
l'\ lí lrd ina \(.'s :

'Je 'ler:. =-' -D, + -' -Dw - e
iJ(D,) iJ(Dw)

kinelic unc. when: Ii"" (/1." = 1.2) is a '-) x '2 sYlllmelric
malrix

:lml.'\" = (j. \/),

(27) 4, Symmetries 01' lhe I'nn('\ional geodesics

l!ere 11..•, is the canonically conjugate "momcntum" asso-
ciat~d wilh lh~ generalil~d "c()ortlinal~" "",'. NOle Ihal Ihe
conjllgalL' 1II0lllentum fli (as well as ...,) does nol enter Ihe
ROlllhian (27) al all. As a conseClJCPcc. il GIIl hc shown lhal
lhe lIlelric fllnction -r is delcrrnined by 1\1,.'0llrsl urder partial
dilTL'I"L'lllialL'qualions thal call he inlcgratcd by quadraturL~s
II1ll'L' ',' and ....' are known ! I~I.

lI follows fmm Eq. (27) Ihal rl. .... is a '\:onslant 01' 1Il0-
¡ion" U.l'.. UII ..., :;::= O) in (ile manifold N. Usi~g Ihis fact. we
l';I11dcl1l1e al~addilional dillerelllial operator D ::::(-u:;. 01')
slIch Ihat D D == O. Introducing a lünclion ~!hy mean s nf ¡he
rclalillllship

(2X)

lIJe !<olllhian (27) becomes

Starling from Eq. (2\)). we can pcrform an inllnitcsimal trans~
fonnationlo gencrate !le\\' solulion, rrom known ones. which
are (,:allcd "sced" solulions, Taken (he sYIllJ1lClry vcctor It as
;1 rllllrlion 01' lhe p,lrallleler ..• ami Ihc coordin<lles only. the
sYllllllctry equation (17). (thc gC(ldcsic devialion equationl.
can he rewritten as

whcre a semirolul1 represenls Ihe covarianl Jerivative asso~
l'ialed with Ihc Illetric I/ul, givcn in Eq. (33). Notire thal in
Ihc case thal I/' is jusi a fUllction uf Y", evcn rOl' a I1Icl-
ric depending on the paralllL'lL'r .", lhe symllletry equalion re-
duces 10 that 01' aflinc rollincations. ConsiJer this last rase,
I/' ::::¡tcy/'). Intmducing lhe lllclric (33) inlo Ihe symllletry
equat i()[l ( 17). \\'L' gel

(2lJ)

\\I1L'l'L'f = \'XP ('2l'). The varialiun 01' R with rcspect lo 1
and ~l kads 10 Ihe Euler-Lagrange cquations:

/J',¡' - 2r'(D(D,¡' - (J!!D,!'l

+ ,,' r'[(DfI' - (O!!)'] + 1'-1 D/ID,¡' = O.

D',!' - ~r'([)JI¡'I' + 1J\!f),¡')

+~,¡'r'DJIJ!!+I,-'f)flDI¡' =0, (.151

/J" J - r' (DJ' - ml') + 1'-1 DI'DJ = O,

/)'I! - ~r' DJL!!! + 1'-'/JI'Dll = O, (.10 )

A detailed investigalioll (Ir Eq. (35) shows thal il pussessL's
Ihree illdepcndcnt S()lllti(IIlS:

11 ¡s slraighllorwarJ lO show (hat Eqs. (JO) are equi\'a1cnt
tu (he principal vacuull1 equaliuns (R¡w :::: O) \','hich follo\\'
rrolll Ihe stationary ax isymmetric line elclllcnI (2-l). ¡:or «lJ1l-
pIcIL'Ill':-'s. \\'L~mention thal laking E ::::J + i~LIhe ROUlhian
dClIsity (29) can he re\'.:rilt~n as

1/1' = (O, 1) . (.16)

1/] = (f,I!) , (.17 )

JI:';
U2 _ 1'2

(.1H)= (JI!. ~ ),

\\'1111

(l1eEpE =(DE)',

:;E =D' E + I'-'DI'DE ' (.12)

As expressed in Eq. (2lJ). lhe linal Roulhian lIlay 1'01'-
lIlillly hL' intcrpretcd as a "Iine elclllcnt" uf the forlll givcll
hy Eq. ( l-l) with no potcntial Icrm. so in this case it is apure

r..1urcover. il can he shmvn Ihal lherc are no affllle eigcn-
collinealiolls. that is, thc Sollllions (36-38) coincide wilh Ihe
Killing veclors of the IlIclric Lt1). Tu find more general SYIll-
lIlelr)' veclors. il is necessary lo cnllsider lhe 1Il0S( gelleral
(lI1.Wl:',l( = ,/'(.".S".IJX1,). In Ihis \vork. howevcr. we
want to focus altenlion on the symmelry vcclors (36-.'~X)and
lo show Ihal even thcse simple \'Cctors can be uscd to connecl
c1asses nI' solulions \\'ilh dilTcrcnt physical propcrties.

\Ve \\'i11 no\\' L'<lIIsider the IYpC uf solulions which can he
gl'neraled hy means nf tht: vectors (36-38). Le! f 1, f'l, ami f;l

he Ihe paramelers inlrodllced hy Ihe sYlIlmetry vectors I/í',I'~,
ami 1';; . respectively. according to Eq. (16). Acting 011a sectl
sollltion {f. n}. the vector IJj' Icads 10 Ihe ncw functional
gcodesic f' =- f and H' =- ~!+ f l. AccorJing lo Eq. (2XL

(.11 )'21'r:. = ----DE DE',
(E+ E')'

where ;In aslerisk represents cOlllplc:x cunjugation. The vari-
:Ilion (JI Eq. ni) wilh respecl to E or E* IcaJs lo Ihe Ernsl
cquation 11:.lj

Rev. Mi'x. F{~, +t (1l)l)X) -l.f()--44X
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w¡lh inili"I""lues 1'(':< = O) = f "nd 11'(,,, = O) = !l. The
i111egratioll uf Eq. (..J 1) leads to the flnitc lransformation law

Thc repeatcd application 01' '1:~leads to Ihe finitc lransforlll:l-
lioll which corresponds to the integral curves of 11:1 ando ac-
(.:ording to Eq. (16). satislies the dilTcrcnlial equalions (see,
rOl' inslallcc. ReL 14)

\Vhieh salisfies lhe initial valuc conditiolls. As exprcssed in
Eq. (42). lhcrc is no ohvious rclationship hetwcen lhe trans.
rormation gencrated hy 1/;1and other known solulion gencr-
aling transforlllations [15]. However, lhe cxistence 01' slIch
a relalionshir cannol he excluded al this level hecallse it is
neccssary (o use a dilTcrcnl represcntation of (42), namely
as a B~icklllIld lransformalion. E\'en if the Iransformalion ,/:1

IlIrns out lo be cxpressah1e in terlns 01' knO\vn (ransforma-
tions. lhe intcrprclillion 01' sollllions 01' Einstein's cqualions
as fllllcliona! geodesies allows lIS to invcstigatc more general
sYIllJ1lelrics such as a!Hne. curvalllre or Ricci collinealions for
lhe lIlelric ,ljrl/). f\.lorco\'er. il is possihle to analyze (he sym-
melrics Illenliolled ahove also as contact transformations, i.c.
dcpl'lHling on the derivalives nI" (hc seed solulions. This lask
\ViII he trealCd in funhcr investigalions.

Thc ¡inilc sYllllllelry transformation (42) can he used to
generale ('.raet SOlllliolls frol11 kl10wn ones. Ncvcrthelcss. in
Ihe Ilext secliolls \Ve \vill use only lhe infinitesimal genera-
1m (..tO) lo derive :lpproximale Solulions. sincc (he laller are
suflicienl lo investigale Ihe physical significancc 01' lhe solu.
lions generated by l!lis Illelhotl, anJ lhis is the main lask we
are inlcrestcd in tite prcscnt work.

5. Exterior '¡cid 01'a I(ra"itational d)'on

Thc ínlerest in lllonopo!c struclures has rapidly inereased
dllring Ihe pasl fc\v years liue lo their discovery in gencr-
alil.aliolls 01" the slandard model nI' particle physics. Mag-
nc(ic lIHHlOpolcs \\'CI"Cl¡rst inlroduced by Dirac 1161 in elec-
trodYllamics to sYllllTlclrize ~lax well's equatioll in a direet
\Vay. Certainly. Ihe lIlost important consequellce 01"the ex-
istcnee 01' magllelic lIHlllopoles is Ihe quantization of elee-
trie eharge. !\lost grand unilled Iheories posscss l' }.loof!-
Pnlyakov lllonopoles [171. In general rclativity there exist
t\\"o dilferenl sons 01' Illonopole struclllres: ;¡ magnctically
chal'ged b1ack hole and a gravilalional tlyon. In fact. the mag-
nClil' hlack hole is lhe lIlagnelic counlerpart ol" lhe eleetrically
charged black ho1c descrihed by Ihe Reissner-NordslJ"OIll
lIlelric. and is rebted lo il by a duality rotalion. A magnetic
black hole can also he interprctcd as a magnctic monopolc
wilh mass grcater lhan a detennined critical valuc [181.

A gravilalional dyolI is a hypothctical objcct lhe cxistence
01' which follows frolll lhe relati\'isric character nI' gravita.
tion. In Ncwtonian lheor)'. Ihe only source 01' gravilation is
the mass. In contrast, general relalivity predicts that mass as
well as rotation are slalionary sourccs of gravilational interac-
tioll. This 1eads lo lhe wcll-knowll analogy hetwcen relalivis-
tic gravity and electromagnetism. The gravilational ficld gen.
erall'd hy a dislrihulion of mass turns out to be analogous to
Ihe c1e('(ric lield. amI lhc lIeld of an angular rnolllenlum cur-
rent presenls charaeleristics similar to Ihose of apure mag-
Ilelic lil'ld. FOl"this reasoll. the lield generated hy an angular
IlH)menllllTl currenl is called "gravitornagnctic" field. For this
analogy lo he complele. il is ncccssary to rcquire lhe exis-
Icnee 01' a "gravitoltlagnctic Illonopole" as the countcrpart 01'
the lllagnelic Dirac IIH)Ilopole 01' elcctrodynamics. A gravita-
liollal dYOll is thus a lIlass endowed with a gravitomagnetic
1ll0nopo1c. In Ihis seclion. we will investigate solulions lhat
can be gencralcd fmm a static seed Illctric hy mean s of a com-
hin:llioll nI' sYllllllclry lransformalions. ami may he uscd 10
descrihe lhe exlerior licld 01' a gravitational dyon.

'1'0 givc a correet inlerprctation 01' lhe solutiolls prescnled
inlhis wnrk. \Ve willllse;J coordinatc-invarianllllelhod hascd

(42)

(40)

(39)

(41 )

l' = f( ¡+ ,,,n) .
\1' = 11+ ';(n' -f').

4 f (f' + n')
h (f' + lF) - 2 nj2 + .1F .
-2 (f' + 11')h (f' + n') - 2n]
h (f' + 11') - 2!1j2 +.1 F

, Dl.,.¡ Ü
'/:l = fl! Df + 2(n- - f-) iJ!I .

DI' = I'n'
ih:l '

I'=

U'=

l!lis is cquivalenl to adding a constant w[) lo lhe metric func.
lion (.v'. Ohviollsly. lhis sYlllmctry transformation is lrivial
since a coordinate transforlllation 01' the form ti = t - u...'oo
in the Hne c1elllent (2..J) ahsorhes the Bew term. Physically.
lhis is equivalent to the inlroduction 01' a rotating frame for
the line c1clllcnl (24). Similarly. it is possihlc lo show lhal lhe
parameler ("1 associated \vilh lhe symmclry vector '12' can he
ahsorhed hy Illcans of a rescaling of coordinales. Thc onl)'
non-trivial sYlTllllctry veclor is 11.1 and it can he useJ to gL'n-
cr:i1C ne\\' solulions 01' lhe I'orlll

Although. whcn aclillg alolle. the sYllllllclry vectors ,/t
and I/~ arc Irivial, we will see below lhal Ihey are hclpful
when used together wÍlh ,¡;; lo generate non-lrivial sohuions.
NOlc. ll1orctlVer. thallhe corresponding pararnelers f¡ andl"1
can lake any real value hecause they do nol cnter in thc SYlIl-
Illetry cqualions al all. Tllal is, pulling lhe infinilesimallrans-
formal ion, Eq. (1 ó). with '/1 and '12 given hy Eqs. (3ú) amI
(37) respeclively. one sees lhat the resulting gcodcsic devia-
lion equatiolls. Eq. (35). are idenlically satisfied reganlless 01'
lhe valucs 01"the paramelers fl and fl, respeclivel)'. Conse-
quenlly. lhe symmetry vectors '}~ and '/~ dclinc f!nilc sYll1-
IIlclry lransl'onnatiolls 01' the Routhian (2Y). In order 10 lind
the f1nite lransformation associated wilh 'It;. we consider the
cOlTespollding inllnitcsimal gcncrator '/:1 dclincd as

Rel'. Me\. /-"1.,. ..w (llJlJX) ..UO-t-l-X



1l,.\RI() NUÑEZ. HER:"-1A1\'1 )( 1(11 iF\'EI)1 l .. -\:\1) :\LBEI<T<) S.'\:'\( 'II!:Z

1I i ..•Ihl\\' Ill'l'l'sSaI'Y to dHlOSl' lhc parallll'IL'rs inlrodul'cd hy
1111:SYlIllllL'lry Iransformalions ..•uc1JIhal Ihe !lL'\\' so[ution hL'-

l'tlllles a..•ymploli •....ally 11a\.This l'lHldilioll Icads 10 the rcla-

lionslJip:-.

UPOII Ihe in\"t:sli~atinn 01 Ihe rl'lati\'i ....til' Illullipole 1ll0lllCnh

1111':t....~IIlplnlil'al!y Ilat ....olulion .....al'nmlill~ lo Ihe delinilillll

[1ropll ....l.d hy (icnJch amI Ibnscll IIUI. \VL' 110\\/proccctI lo

dni\l' lhL' ..•o!tllioll l"or a ~ra\'ilatioll;tl d),'tlll. 11'\vc cOllsi,1l'r a

....talil. a....y'llllllotically nal solulion (I. U = O) as ....cl'd lIll'lric

:IJld apply ((1 il lhe S)'Ill111L'lryIran ....rOrlllatioll associalct! \\'ilb

tlll' \l'clo!' JI:';. \\C nhlain a slalionary .....olution wilh f' = f and

~l' , :f'! /'l.. 11can hL' s110\\'11111;11rol' allY giVL'1laSYlllph)l~

il.;tll} Ilat f IhL' IlL'Wso111tiol1docs nol salisr)' lhe condilion 01

;[....~JlIpIOI;C 1l,¡lllCSStÍ 1(1 (icnlL'h-HallSclll~OI. COllscquL'llily,

il 1....nol po ....sih1l' \O co\'arianlly inlcrprcl Ihe sohuions gClll'r-

.ltl.tI 11y lhis lypL' 01' Irall';forlllaliull. Tu ¡¡\oid Il1i....dilb.:lI1ty.

\\l' lJ....l.;1 l'Plllhínalion (Ir thn,'c ditÚ:rclII s)'IllI1ll'lry Iransror-

lll<llitlll" lJ(l-JXI. Totlle sl'l'd slalic solUlillll f we first apply

lhe ..•YllllllL'lry \'L'clor I/i \Vilh p"ratllL'll'r I !. Thl' reslIlling so-

Itlllllll is IllL'n llscd as SL'l'd solUlioll 101';1Iran ..•fnrnl<ltioll \\'ilh

I11l' \('1..'101'I/~ alld paralllclL'r 1:2. ;llld. lin:lll)'. \\'C' apply 1IlL'

..•} 1ll11lL'lry\'eL'lor 1(:. The [le\\' solUliolll'an hL' \\TiltL'tl as

(-IX I'.!.III': ¡ I + ':.!)~:/"

(l. Fidd 01' a xlo\\ly I'IItaling masx

Finally. \\'l' \\'Clllld li"l' lo lllL'nlion lhal ll<.;ing llll'
Scllwarlschild tllclríc ;l.S ..•lartin1! S01Lllil1tl, íl ¡..., po..•..•i-

hlc lo gCl1L'ratl' (1lL' linl';llilcd Tauh~!'\UT (NcwlIlan-Unli-

Talllhll1'ino) SOllllioll \\ !lidl is al ..•o a L'andidale rol' de..•crihing

lhe L'.\lcrior lklt! (11;1~ra\'ilaliollal d)on. In gelleral. íl ShOllld

Iw possi hlc lo lind ollll'r Stlllll it lIh \\ hich. heí ng ditlcrcnl from

lhe Tallh-NUT 1llL'lríe 01'11lL'olle prl'SL'lllL'd hCfL'. prcscl1l sim.

itar propL'r1ics and hCIll"l' mighl hl' llsed lo dcsnihL' a dyoll.
Thcy ;,11 could di/Ter ollly in llll' sl'I 01' tTlullipok mutllc[Jts

highcl' Ihan Ihe llHlIIOpok Ol1l'; Illal is, Ihcrc lila;' exisl dir-
h.'ll'lll dislrihulillllS or 1ll;1..•..•1111..•..•L.s...ingIhe samc gra\'ilolllag.-

nclic IIltllltlpok slruCluH'.

lo f i. h'¡U<llíon 1-17) ....htl\\' ....lh,ll lhí ..•"'Ollltioll reprl •....ellh IhL'

1!l';IYílalional licld 01 a h\ldy \\;111 lilas ..•111and gra\'i(olll;t~~

nL'tíl' llltlllOpok' -//11:. IkIIL'l ..•. tlll' nL'\\' paralllL'll'r 1,1 lIlay

hl' int...'rprL'tl'd as IIlL' ....pl.cilil. "~ra\'il011Jagnclil''' llIa ..•..•\,,"'hicl!

lllay he Plhilivc a..•\Vcll a..•IIl'galiw. Thc I{Ha1 "gravilociL.'c-

Ilic .. lllas •..•nrllll' "L'L'd"'ll!tllionllas IHlt h•....l'll affl'c!l'd hy t1H';lC~

lion (\[' SYllllllCtl') Iran ..•lorlllatiPlb. For IhL' .....al...co! cOlllplcIL'-

!lcs ..•.\'oc prl'<';L'ntthc 1ll1'Irie IUIlL'lioll ...•nI' IhL' n('w ..•ollllion:

(.1.11(1 + , , )f [1 + , 1.¡( 1 + , , )J .J'

wllnc I~' , ..••a nL'gali\'L~constanl dclincd in Ihe illtcr\'al 1'2 E
\ :2.lll\l-1 f. As \\T lllL'llliollCd at Ihc L'llll uf Sccl. 2. lhe

[ldr;lllll'll:rs 1 [ alld f:.! do nOlllccd lo hc illlinitcsimally slIlal!.

('oll ..•eqllL'lIlly, Ihey can he chosell such that Eq. (45) is salis-

fietl ;md ':\ hecolllcs inlinilL'silllal!y smal! as required h!' tllc
Iralt ..•lol'lllaliollla\\' (16). In rae!. L'\'CIl ror \'L'I")' largc \'i.llucs 01

, J. ,,: rl'lllain ..•infinilesimal ;tlH.I /:.! rL'lllains in ilS dOlllain 01

dl'linilillll.

Tu ;\nalY/c ;¡ l'orK'fctc solulion. \Ve ha\'L' 10 speciry l¡lL'
il ....~IllpIOlil';I1I) Ilal secL! 1llC'lril'. COllsidL'r lile Chazy-Cur/Oll

1l1l'll'i•..: ¡:211

f = "'1'(-2111/1').

'1 =
''2

¡llld
1'2

l" = ----~-
.• , 1 (1 + ,,)'

'. = f':'! + _'2

(.151
For 11lL'....ludy (Ir Ihl' g.ra\ il;lIionallicld uf a....lrophysical hodics

likL' "1;lrs and planch. il i....IIl'lTssary lo ill\'CSligalc SlllUlíOIJS
whkh POSSL'SSa sd \llmass lllU[lipolc nHll1lcnls ;\\ well as;¡

"'l.t nr graYilolllagllelic mOlllL'nls rCflrcsl'ntillg the rolalíoll uf

the SUlirL'L'.In (onlrasllo Ihc ....Ollllioll prcsL'llled inlhe l<lstSCl'-
litlll. ;, SOllllioll willl l'l',l1islil' rol;lli(ln;11 propcrlie ..•lila)' havc

only gr;l\'itotll •.It'llL'lic lllUllipok ...•higher than or eqllal ttl lhc

dil'ok' UIlC. In this "L'ctitlll \\ •....dLTívL' a "111ulitlll \\ich s;lli ..•lil''''

Ihi" cOlldili(lll.

('tlllsídL'l' <l1l~ "l;ltítln;ll~ "'l'L.d "Il!lllioll (1.~!)"alisl'yin1!
tlil' l'ondiliollS 01' a....ylllptoliL. llalllL .......•.,'\s \vc h,l\c donc in

Sl'(1. 3, Wl' apply Ihrcc l.Oll ....l.ClIli\'L. sYIllIllClr} Iran ..•túrJlla-

lions aL'L'{\ldil\~ lo Eqs. (lhl ,llhl (Y))-(3~l. Thl' nl'\\' solUlioll

is tllen gi\'Cll h~

\\ Iwrl' 11/is a posili\'C' COllstan!. ThL' [lL'\\' solUlillll is Ihen givcn

hy "'lIhslilUling Eq. (46) in Eqs. (43) and (44). Choosing lhe

lll'\\' paralllL'lcrs according lo Eq. (..•5), \vc c;dculale Ihe C(ll'-

l"e..•ponding (il'l"<KIl-Hansen 1ll1l11ipo1cIllolllcnls and oblain

.\lo = 1/1 , (-171

f' = (1 + f,l,1[ 1 + ,,( 1 " ,,1 (!! + (1)]

, , ,. . ]~ - ( 1+ ,.,){I . - f -1 - :lt¡ U - ~l- )
.) -.

( .1'1)

ThL'l'l' arLOIJigher mass lllultipolc Ilwlllcnls -'fn which L'{)ITe-
"I)llll,j<.; III 11lL';l\isYlTlmelric lIlass distrihlltion nI' IhL' SOl!rn'.

;\Ild lJi~lJl'l" IIl01J1CnlsI'or Ihe an~ular mOlllenlulll currenl .1"
\\Ilich. hll\WVL'r. can hL' IlcglL'CICd silJce Ihey are proporlional

In ~l'IlCral. Ihi" IlL'\\' Stlllllioll i ..•nol aSYlllplOlically tlat. !lo\\'-
L'\'L'l'. il \\'L' dCllland Il1al IhL' [l;lrallll'IL'l'S I 1 i.llld ('1 ••••alisfy Ihl'
rl'lalion ....hips (.15). ;1..•YIIlPlolil' ¡bllless is cOllserv •...,d and thc

IL'slll1ing SUllllioll call hL~\\TíUL'll as

IÚ'I'. .lkr. /.Ú ..•.• l 11)()X)-l..W-WX
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to rhe SYlIlllll.'lry aüs, COIlSL'qucrttly, lilL' ne\\' SOluliolllllay he
inll'lprclcd ;ISdescrihing Ihe eXlerior lield ol";¡ slowly rol¡lIing
ma"s. Using Eq..,. (51 )-í551 and (2X), Ihe calculalion 01' Ihe
llll'lric COIllI'ol1el1ts leads lo

f' = J[I +(;\(1 +,")'\1]. 1511
(:1 ,) .).)

SI' = \1 -1- -:¡-(1 + f,)- (1 -1-ll- - J-). (52)

Thc ca!Culalion of IlC'••..solutiolls does no! presenl anl' tlir-
llcllltics. \Ve \ViII prcscnl here only tille Solulion which illus-
Ir;lll'''; our apprnach ami can ca,ily hc inlcrprclcd, C(lnsider
lhe ..,ú'd solUlionl2:!1

I .1" - 1
J=-.,+ I

.•..' = ".!.!lII:d 1
.,1 - y:!

+ 1.')- ---
- ,1' - I

Thi_" i\ l'qlli\';1kIlIIO lhe Lcrtsc-Thirring Illctric I:.!:q. lhe phys-
ical Illl'anin,!! nI \\hid\ has hl'CIl íll\"esligaled hy lIsing olher
appru;ll:hcs ;llld coincidcs \vilh rhat we have oh(¡¡ined ahove
hy jusi analyzing. lhe cmrcsponding 1l11111ipolcIllornenls.

j

ll=

.1.2 - I + Orel}:! - ])

(.r -1- 1)' -1-,,;e,! - 1)'

:.!ol(,r + y)

(J' -1- 1)' -1-,,;(!/ - 1)'
(5.1)

1 .1'2 -
-111----
,) .1':.'. - .'1 :? (571

wilh

Tlle lasl cqualion shows lhal lhe total mass 01' lhl.' hody is
gi\.cn hy /11:lIld thal onl)' Ihe gravilomagnctic dipok 1Il0menl
sur\"ivcs in accortlancc ",'ilh Ihe dipolc characler (Ir rotalioll.
Tlll' angular Illolllcnlum per unit Illass is gi\'cn by f:¡( I +(~)"2
alld can he po"ilivl' as \vell as negalive. corresponding to lhe
t\V() possihlc dirccliolls 01' rolation 01"Ihe sourcc \villl respccI

\\'he!"e 11/ ¡¡nd ni are ¡;onsl¡;nls, To illuslrale lhe 1,.'11cCl01
",Yllllllclry Iransfollllalions. we tir",l analyzc Ihe ",cl'd solu-
lion (53). An invesl!gation of lhe l'OITcsponding lllllllipolcs
"how lhal Iherc are graviloclectric as wcIl as gravilomagnelic
lIltll1opolc ami dipolc lllomcnls. Due lo Ihe prescnce of lhe
gravilolllagnetic 1ll011opole and gravitoelcctri¡; dipolc. Ihis so-
lutioll cannot hc cunsit!ered <1"a candidalc for lhe desniplion
o! lhe gravilalional lield of any aSlrophl's;cal ohjccl. !IelKl'
"(lIUlion (:'3) i" of no inlerest from a physical poinl nI" \.ie\\'.
Hm\"e\.er. il" \\"e apply IhlTl' differenl syml1ll'lry lr¡¡nsl"orllla-
lions lo solulion (53). ils physical lIIeaning can IOlally he
dl<lngcd. In facL pUlling Eq, (53) illlo Eqs. (51) ami (52), and
l';t!nllaling thc rclalivislic Illullipolc IllOlJlents orlhe reslIlting
Sollllion, \\'l' sce lhal all undesirahle 1Tl1lltipole IIIOlllenls van-
i"h ir 111 is assllllled lo take lhc \'alue

Tbl.'ll. lhe (lnly nonvanishing Illullipolcs are

A e1,11'. W leC!gllll' IIls

7. Conclusions

\\'e ha\"e presenled ;t Illelbod lo ['('formulale lhe Einsteill-
HillK'11 Llgr:\llg.ian couplcd 10 an arhilrary maller La-
gr<ll1gian. in SUdl a \\-ay Ihal Ihc I'csulting field cl)ualions can
hc in(l'rprell'd a" fUlIl'lional gCOl!csics in a dillcrcnt manifold,
Thi.., rc1'orlllul;t1io[l is rnade hl' Illcans or a harlllonic map, \Ve
t!len pnll'Cl'd ({I pl'r1'orrll :1dillll'llsiollal rcJllL'lion 01' lhe ne\\"
Lag.rangian hy ;lpplying. canol1icallransforlllalions.

As an applicalion of Illi" 1\I1'lhod. ami in onler lo prove
ils \"alidil)'. \\"e sludied lhe symmctries of Ihe funcliona!
gcodcsics n1' lhe space associalcd \vith a:dsYllllllelric sIal ion-
<lry gravilalional lIelds, and \\"l' werc ¡¡hlc lo generale sOllle
sollllinlls ¡¡nd 10 analYlL' lheir physical signilicance, It is <liso
pos..,ihlc (O silo\\' 12,11 thallhe Illclhod prcscnled here apply lo
oll1l'r \.tlL'Utllll ~ra\'ilalitlllal lIl'ld", likc Einslcin-Rosen \\"¡l\'CS.
rot<lting g.l'il\iltllional \\a\"cs, plane "l'lllllh:lric l¡elds, rol<ll-
illg cylindric;1IIYi "Y'lIl111l'lric gravitaliolltll wavcs, sphcril'ally
"YIIl111Clriclil'ld", a ... \wll as lo non \'aCUlIlll t1clds likt: 'In ad-
dilinnal purl' ..,calar til'ld or a perl"ecI fluid \vhich preservc Ihc
SYllllllL'lrics orIbe .\P,lLTtiIllC.

Tlle rclorlllUlaliOll 01" Ihe Einslein.Hilhcrl action as in
Eq, (7), indil',lll's lile possihilily uf analyzing it in Ihe frarne-
work nf olllL'r lhcories. like (he non-linear (í models, ami
sll-in~ tllL'or)'. Thc ill\'c..,ligatioll 01' Ihese lopil:.s could he 01'
inlcrl''''l. Í\lorl'o\"cr, \\'1..' \Vanl lo slress lile f¡¡CI Ihal tlll' idea
prl'''l'llled Ill'rc i" nol only a IIldhod lo gcnerale solUliollS. huI
al..,o d di1'krclll POill1 01 \'ic\\' 10 ",mk wilh Einslein's ct]u:I-
1ions.

Thi.., \\'mk ha.., hccll suppnrtcd hy DGAPA-UNAÍ\t. projccl
IN IO)-l-lJ6. :llld CON¡\CyT. l\ k.\ico. projecl 3567-E.

(54)

(55)

(56 ).11 = /:1(1 + ,:!):2111,

I
J'= -. -(r+-I-r_).

211I

I
y= -. -(r+-r_).

2//1

,.~ = ¡/ + (.:::l: I/I):! •

.'/q=/II.
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